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Magnetic superlattices, classical spin chains, and the Frenkel-Kontorova model
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An equivalence between a simple magnetic model subject to an intrinsically nhonconvex Heisenberg inter-
action and a Frenkel-Kontorova-type model is formulated. The magnetic model is able to reproduce the
experimental results obtained on Fe/Zlrl) superlattices and for this reason has already attracted theoretical
attention. The problem is formulated via a two-dimensional area-preserving map and the effect of the surfaces
in the magnetic model, which are introduced by appropriate boundary conditions, is shown to be equivalent to
the introduction of a discommensuration in a Frenkel-Kontorova-type chain. Further analogies between the two
models are presented. The analysis is used to reconsider and clarify some of the features of the magnetic model
and to add some contributions to its phase diagram in the space of paraf®&#463-182608)02009-9

[. INTRODUCTION effective potential methods produced the phase diagram of
. the same model in the space of parameters.
In the last decade great attention has been devoted {0 One of the essential characteristics of the FEITH su-

magnetic films and superlatticésthis interest has been . . . . .
. . . erlattices is the competition between the antiferromagnetic
driven by the enormous experimental advances in the growt : . . : i
exchange interaction and the Zeeman interaction. The first

and characterization techniques of these materials, as well 2 . ; : : . .
in the investigation ones, which have led to the realization o © favprs an antlpa_rallel orientation of ne_lghborlng SPIns,

. . ' . .e., a difference ofr in their orientation, while the second
h|gh qu_allty samples and the d'sco"erY of many new an ne tends to align all the spins in the field direction, with a
mFerestlng phenomena, Su?h as the oscillatory exchange COYaro (or equivalently 2r) difference in the orientation of
pling between ferromagnetic films separated by nonmagnet'ﬁeighboring spins.
spacers, the giant magnetoresistence efféemnd the biqua- On a general grounds, competitive interactions can make
dratic exchange couplirfy. the determination of the ground state far from trivial, as the

Additional interest in magnetiC Superlattices comes frominterna| degrees of freedom are frustrated by two or more
their lack of translational invariance in the direction normalinteractions,  which  favor  different  equilibrium
to the surfaces and by the high-ratio surface to volume otonfigurations? A clear example of such a difficulty is
these systems, so that they are ideal candidates to investigajen by the ground-state properties and the spectacular
the effect of surfaces and/or interfaces. phase diagram of the Frenkel-Kontord¥¥ model and of
In this framework, Fe/GR11) superlattices have recently the axial next-nearest-neighbor ISiNNNI) model®® both

received consistent attention. These superlattices, grown byaf these models being characterized by two natural length
sputtering technique as single-crystal samples with a uniaxiacales, just as the uniaxial antiferromagnet in the presence of
anisotropy, show an antiferromagnetic interlayer couplingan applied field.
for a suitable choice of the Cr thickne&kl A).° Magnetic As a consequence of this simple observation, it is obvi-
measuremenfsperformed via magneto-optical Kerr effect ously tempting to describe the magnetic system in the wider
(MOKE) and superconducting quantum interference devicdramework of frustrated model€,and this is exactly what is
(SQUID) techniques showed two main peaks in the magneticlone in this paper.
susceptibility at the so-called surface and bulk spin-flop tran- In fact, | will show in the following how it is possible to
sitions and other minor peaks in the intermediate region, irestablish an equivalence between a Frenkel-Kontorova-type
the case of an even number of Fe layers. In the consideradodel and the uniaxial antiferromagnet with an external
situation, the system is isomorphic to a classical two-magnetic field in the direction of the easy magnetization
sublattice antiferromagnet, with ferromagnetic planes antiaxis. The equivalence | am going to formulate connects an
ferromagnetically coupled, and it is suitably described by antrinsically nonconvex interaction—such as the Heisenberg
simple uniaxial antiferromagnetic model. Starting from thisinteraction in the magnetic model considered—with the para-
model, the behavior of the system with an even number ofligmatic convex one given by the interparticle interaction in
planes was explained, using a numerical self-consistent aphe Frenkel-Kontorova model. In particular, | will show that
proach, as due to jumps of a Bloch walThe occurrence of the effect of the surfaces in the magnetic model is equivalent
this series of experimentally detected phase transitionto the introduction of adiscommensuratiorin a Frenkel-
stimulated further theoretical work: a determination of theKontorova chain. The importance of the concept of discom-
ground state of the system formulated as a two-dimensionahensuration in the analysis of the considered magnetic sys-
area preserving map emphasized the importance of the disem was foreseen by Michelett al® My approach goes in
creteness of the magnetic lattice and of the chaotic nature dhe well-estabilished path in statistical mechanics of reducing
the map® due to the high ratio between the uniaxial anisot-a wide series of observations to a restricted number of mod-
ropy and the exchange interaction; a very recent study usingls, and the analysis performed is also used to reconsider and
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clarify some of the many interesting features of the magnetigectory returns to any neighborhood of any point of the tra-
system and to add some contributions to its phase diagram jectory. The reason for this distinction is that under certain
the space of parameters. boundary conditions, for example,

The paper is then organized as follows: In Sec. 2, for the
sake of completeness, some of the basic properties of the
Frenkel-Kontorova model are recalled; in Sec. Ill the mag-
netic model is introduced, and the determination of its
ground state is formulated by means of a two-dimensionaihe equilibrium configuration which has the lowest energy is
area-preserving map. The equivalence between the magneficdiscommensuratigrwhich is not associated with a recur-
model and a Frenkel-Kontorova-type model is then showntent trajectory and is not considered as a ground state, since
The interpretation of the magnetic field dependence of théhis kind of solution is a zero-measure set in the map repre-
ground-state configuration and of the magnetic susceptibilitpentation. Despite their zero measure, discommensurations
of the Fe/C¢211) superlattices given the established equiva-Play an essential role in understanding the generation of sto-
lence and using the concept of discommensuration is prechasticity in the map phase space. For our purposes, they
sented in Sec. IV, whereas the low anisotropy case for thBave even a greater importance, since they are the configu-
film and the semi-infinite system is considered in Sec. V/rations providing the ground state of the magnetic system in

: Un— Uny
|IITI W—Za, (5)
N—N"—o»

Conclusions are drawn in Sec. VI. the presence of surfaces, as | will show in the following
sections. A rigorous definition of discommensuration will be
Il. FRENKEL-KONTOROVA MODEL given in a moment.

Any ground state is specified by theénding number f2a
In this section | will outline some of the basic properties of the corresponding trajectory in the standard rjri’aﬁﬁ;lg
of the ground state of the Frenkel-Kontorova moteds the ~ where
subject is extensively treated in numerous papers and re-
views (see, for example, Refs. 11, 12, and 16);28y de- = lim Un— Uy
scription will be no more than schematic. ., N—N'"~
The Frenkel-Kontorova model describes a chain of elasti- NN
cally coupled atoms submitted to a periodic poter(galzero  The winding number represents the mean number of revolu-
temperaturg The energy of the system can be written as tions around the cylinder per iteration of the map, and it can
be either rational or irrational. In the first case the ground
state is commensurate with the lattice:

(6)

1 A i
UZEZi (Ujq—Ui—p)?+ EZI (l—CO 77: )’ (1) .
ui=ll+ai, (7)

whereu; is the abscissa of thigh particle. . _ ) .
The goal is to determine the ground state of this systenj/N€rée; is an arbitrary phase factor; the corresponding tra-
iJectory is associated with fixed poifiti.e., periodic cycles

and its properties, which turns out to be a far from trivial tas h Jard h ¢
as the harmonic interaction and the sinusoidal potential favoll the standard map. Moreover, the set of commensurate

different equilibrium positions of the particles. All the equi- ground state§ can b'e either continuoqs or discontinuous. In
librium configurations of the system are given by the former situation it can be parametrized by a set of func-

tions{u;(@)}, wherea is a continuous factor, varying from

U . — to +9. In the latter situation this is not possible and
u -0 Vi (2)  there exist two ground state configurations
|
Introducing the new variable,=u;—u;_, Eq. (2) can be vi =il+a;, v =il+a, (8

written as a two-dimensional recursive mapping: such that no other ground state exists in between them. This

AT wu is a sufficient and necessary condition for the existence of a
Pir1=Pi— 2a sin e (3) discommensuration, that is, a minimum energy configuration
u;, such that
Uit 1= Ui+ Pis1, (4) Ui_<ui<Ui+v (9)

which is known as thestandard map*=2°

The standard map is area preserving, since its Jacobi d(for an advanced discommensurafi¢see Fig. 4 in Ref.

|[J]=1, and settingd,=u;(mod2a) the mapping can be )
folded onto a torug0,2a]x[0,2a]. As the map is derived lim |u;—v;"|=0. (10)
from Eq. (2), any trajectory in its phase space is associated ixw

with an equilibrium configuration of the system.

By the analysis of the standard map Aubry was able to The continuous case is an exceptional situation, which
determine the properties of the ground state of the systenmccurs only in integrable maps; it corresponds to the absence
First of all he introduced a distinction between the concept obf a lattice locking of the commensurate ground state. On the
minimum energy configuration and the concept of groundcontrary, in the discontinuous case, the lattice does apply a
state!1819 The concept of a ground state is restricted tolocking effect, and this means that none of the particles can
minimum energy configurations which can be represented bpe at a maximum of the sinusoidal potential in physically
recurrent trajectories in the associated map. A recurrent trastable solutiond®? It was proved by Aubri*'8°that a
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discommensuration corresponds with the set of homoclinitive integers. The two phases, labelke@ndB, are separated
intersections associated to the corresponding fixed points. by horizontal lines corresponding to first-order transitions. In
In the case witH/2a irrational, Aubry proved:!’~1%that  states of typeA there are particles at the minima of the
a transition exists at a well-defined valhg of the constant potential V if Q is odd, while if Q is even the phase is
\ (depending on the value &j, which he calledransition  characterized by the absence of particles at the minimg of
by breaking of analyticityThis transition can be related to in the phaseB, on the contrary, there are particles at the
the discrete nature of the structure and the existence of maxima ofV, regardless of the parity @.
nonvanishing Peierls-Nabarro barrféri.e., the smallest en-
ergy barrier that has to be overcome to move a domain wall . MAGNETIC MODEL
along a chain. The transition by breaking of analyticity is
associated with the breaking of a Kolmogorov-Arnold-Roser Consider now a magnetic superlattice composed by ferro-
(KAM) curve of the standard map, and precisely of a KAM magnetic films separated by nonmagnetic spacers, in the con-
curve which encircles the torus; a curve with such a characdition of antiferromagnetic coupling between the ferromag-
teristic is called nonhomotopic to zero, since it cannot benetic films. Suppose that the only effect of the intrafilm
reduced to a point on the toroidal surface by a continuou§iteraction, which is usually much stronger than the inter-
deformation. films one, is to keep all the spins belonging to the same film
The number of results proven by Aubry applies not onlyparallel to each other and that each film can be represented
to the Frenkel-Kontorova model, but also to any chain ofby a single layer. Under these assumptions, the determina-
particles with a nearest-neighbor interaction, such that itéion of the ground state of the three-dimensional superlattice
energy can be written as reduces to a one-dimensional problem in the direction nor-
mal to the films surfaces.
In the case of Fe/@211) superlattice? the system is
isomorphic to a classical two-sublattice, uniaxial, antiferro-

] ) o . magnet, so that, denoting by; the angle formed by the
18 o X . A
provided that the function. satisfies some conditiorts; magnetization of théth layer with the direction of the ap-

the most restrictive of these conditions is thék,y) istwice  pjied field, the energy of the system B0 can be written

E=2 L(u,Uj;q), (12)

differentiable and satisfies for atlandy as
PL(XY)
0 E
Ixay =e=0, 123 WSZZ [He cos¢i— ¢—1) —Ha coS' ¢~ 2H cos ¢],
which means that the interparticle interaction must be strictly
hich hat the i iclei i be strictl (15

convex. This condition ensures that the corresponding map ivsvhich is equivalent to the enerav of a classical soin chain
unambiguously determined. ! ay p .

On the other hand, the work by Aubry was not devoted toHE. and H, are the exchange interaction and thg ur_1|aX|aI
nisotropy constants, and is the external magnetic field.

the determination of the actual ground state of the system fog v ith =012 f. d

different values of the parameters. This determination is du oran in |n|_tz_e systemwith i=0,£1,£2,...), a !rst-or er

to Griffiths and Chod®?Lwhich developed and employed an phase transition occurs wheat exceeds a critical value,

effective potential method which works for both convex anddr_“’Ing the system in the so—_called bulk spin-flop .ph%?sm

nonconvex interactiond/, given the energy of the system in this phase, the spins belonging to the two sublattices form an
’ angle ¢= =+ /2 with the direction of the applied field. The

the form antiferromagnetidAF) phase and the bulk spin-flofBSF)
phase have equal energy fbr=HBE\/2HEHA—HA2. The
upper and lower boundaries of the metastability region
associated with the first-order nature of the transi-

Using the effective potential method, Griffiths and Chouiign are Hesr= /—ZZHEHA+HA and Hi=(2HgHA—H2)/

were able to produce the phase diagram of the model in the2HAHE+ HZ, respectivelf’® For H=H = 2H.—H, the

space of paramete?%?l saturation regime, with all the spins aligned with the mag-
An interesting variation of the Frenkel-Kontorova model gime, P 9 g

. ) ‘ L . - 2021 netic field, is reached.
is the one in which the potential is a Fourier serie&’ All the equilibrium configurations are obtained by

E=2 [V(u)+W(ui—u;_y)]. (13

[

K
= — . JE
V(u;) (277)221 ec(1—cos 2rku;), (14) o Vi 16
i
where the coefficients, are assumed to be sufficiently small
that no other minima or maxima are introduced in the potenWhich leads to
tial V with respect to the Frenkel-Kontorova caseéhich is . _ .
obtained fore,=0 with k=2). The phase diagram of the HelSin(¢i+ 1~ di) +SiN( i1~ i) [+ 2H sin ¢;
above model withe;=1, €,=0.1, ande,=0 for k=3 was +H, sin(2¢;)=0. (17)
again obtained numerically by Griffiths and CHSt! Their A ¢
analysis shows that in this situation one can distinguish twdntroducing é= H/Hg, {=Ha/Hg, ands;=sin(¢,— ¢;i_1),
different types of commensurate ground state with the sameq. (17) can be rewritten as a two-dimensional recursive
winding numberP/Q, whereP andQ are irreducible posi- mapping
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S 1=S;—2£ sin ¢;— ¢ sin(2¢,), (183 turn by nearlyz/2 near the surface and asymptotically reach
the antiferromagnetic configuration in the bulk. It was also
ir1=di+sin sy ), (180  suggeste that the extension of the region of turned spins

should increase continuously with increaskguntil the on-
set, forH=Hggg, of a uniform bulk spin-flop state, with all
the spins rotated by nearty/2.

For a film with an even number of planes, one finds an
r_alnalogous behavior of the excitations. There are two surface
Fﬁwodes, and foH = Hggethe one localized at the surface with

The map is area preserving, since its Jacohis 1, and it

is invariant with respect to the transformationp,6)
—(—¢,—5S). Its domain ig[0,27) X[ — 1,1], once the vari-
able ¢ is defined as mod(2). Trajectories in the ¢,s)
space are associated with equilibrium configurations. The A

and BSF phases are reproduced by second-order fixed poin e spins antiparallel tl shows a complete softenif§The

AF
such that ¢n+2’3“+2)i(¢“'5“)_' They are P :(Oﬂ)’ surface transition is again a first-order phase transitiyyr
PiF= (m,0), PBSF=(— ¢, —sin2¢), and P3%"=(¢,sin 2¢), s therefore the upper boundary of the associated metastabil-
where cosp=¢&/(2—¢). A linear stability analysis shows that ity region, whose lower boundary will bidg, below which
the AF fixed points PA" and P4™ are hyperbolic for no nonuniform configuration can be minima for the system.
H<Hpggsrand elliptic for higher fields. On the other hand, the In between these two valuebls is the field of energetic
BSF fixed pointsP®SF and PBSF are hyperbolic foH=H/  equivalence between nonuniform configurations and the an-
and elliptic for lower fields. In the metastability region, both tiferromagnetic one. Bothlg andHg have to be determined
the AF and the BSF fixed points are hyperbolic. In this re-numerically. From the analysis of the map phase portrait at
gion we can still distinguish two regimes; fét<Hg the  different values of the field, one can find the ground-state
stable and unstable manifolds associated with the BSF fixedonfigurations for the semi-infinite system and for the film,
points are enclosed by the stable and unstable ones assogp will be shown in Secs. IV and V.
ated to theAF fixed points, and the opposite happens for

H>Hg .3 . .
Let us now turn to the semi-infinite and the film cases. In E'qUIvaIence with the Frenke_l K.orlltorova model
the semi-infinite situation Eq17) for i =1 is modified in Consider for the moment the infinite system. In the map-

ping, Eq.(18) the presence of the sihfunction is due to the
He sin(¢,— ¢1)+2H sin ¢1+Hp sin(2¢1)=0, (19)  Heisenberg interaction between neighboring spins, and it
which introduces a boundary condition for the map of themakes the_map multivglued, as a direc_t consequence of the
infinite system: this condition is taken into accolrt with nonconvexity of the Heisenberg interaction. At each step two

the introduction of a fictitious plane far=0 such that choices are possible:

$1= i1~ ¢b0) =0. (20 bni1= ot (~1)"UHvm, »=01, (23
For an N-planes film, two fictitious planes must be

in;roducedl,“ fori=0 andi=N+1, respectively, so that in whereWw =sin"%(s,,,) is the principal value of the trigono-
this case the boundary conditions are metric function sin® and v isN;he branch index. Each pair of
. initial conditions generates™2trajectories afteN iterations
$1=SiN(h1~ o) =0, @D ofthe map. The cghoice of the bganch index is trivial only for
i _ _ bulk systems characterized by low periodic configurations.
Sn+1= SNy 1~ én) =0, 22 Anyway, in the case of small parametetsi<1), i.e., when
Only those trajectories of the map EG8) which satisfy the the exchange interaction is largely dominant with respect to
boundary conditions represent therefore equilibrium configuthe Zeeman and the anisotropy ones, there is a natural choice
rations of the system in the presence of surfaces. For thef the branch index to obtain the ground state. Neighboring
semi-infinite system, it is possible to obtain a nonuniformspins tend to align in a nearly antiparallel way, and this situ-
ground state if the inflowing orbit to a hyperbolic fixed point ation is reproduced by the choice=1 at each step. The
intersects the boundary condition line<0); in fact, far same reasoning does not hold for comparable interactions,
from the surface the system must have the same configuravhich turns out to be the case pertinent to the experimental
tion as the bulk. For the film, the trajectories associated witsituation. Several years ago, Belobrev al3’ proposed a
equilibrium configurations must have two intersections withlocal minimizationcriterion to select the branch index. The
thes=0 line, exactly separated hy steps. criterion consisted in two conditiona) aZE/(9¢>§>O for all
It is interesting to consider the effect of an applied mag-n, and (b) when condition (a) is satisfied by both the
netic field on the semi-infinite system and the film. The semifbranches, one has to choose the branch which gives the low-
infinite system, in the limit of small external field and small est energyat that step Unfortunately, we verified that this
anisotropy with respect to the exchange interaction, was anariterion, and more generally any local criterion, does not
lyzed several years agd>*In a uniaxial semi-infinite anti- apply in our situation: we followed all the trajectories for
ferromagnet with the surface spiastiparallel to the mag-  which condition(a) was satisfied, and it usually happened
netic field (AR ), a surface transition occurs at a field that the configuration with the lowest energy foen, did
Hgs=VHAHE+ HAZZHBSF/\/E, as pointed out by the soft- not originate from the lowest-energy one for=n;, with
ening atH=Hgg of the surface mod&® This instability  n,<n,.
was predicted to drive the system in the so-called surface Myself and co-workers propos&da different criterion:
spin-flop staté® In this phase, the spins were predicteth  the branch index is always @nstantof the mapping, once
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the parameters are fixed, and the choice to adopt is the orsnusoidal potentia]Eq. 14. The second-order fixed points
which reproduces the correct ground state for the associate®),- and Pgg are the periodic configurations with winding
infinite system. numberw= 1/2 which give the ground state for=1/2. The

In the infinite system there exists a threshold valueA phase is equivalent to the bulk spin-flop one, and Bhe
Hy=(2Hg—Ha)cos@/4) for which the angle formed by phase to the antiferromagnetic configuration. The horizontal
two neighboring spins is exactly/2. So, forH<H, the line separating thé andB phases is equivalent to the bulk
choice one has to fulfill to reproduce the uniform bulk spin-spin-flop transition. Identified 2with Ke; and{ with 2K e,
flop configuration isv=1, while forH=H, it is v=0. For  [see Egs(14) and(15)], this transition, fory=1/2, is located
H=Hy,, the two choices are equivalent. We believe the conat
stancy of the branch to hold for finite and semi-infinite sys-
tems, too, and we have numerical evidence for all the situa- 16e,
tions we considered, although we were not able to give an - E+16€2°
analytical explanation. The criterion is expected to hold as 2
far as the uniaxial anisotropy becomes so large that the syd-he condition which ensures no additional minima or
tem is more adequately described by an Ising model rathenaxima in the potentiaV becomes in our caskl>Hj,
than a Heisenberg one. which is again the interesting region of our systém.

The invariance of the branch index under map iteration Although in the following only thev=1 choice will be
has important consequences: as is apparent considering thensidered, it is interesting to take briefly into account the
form of the Heisenberg interaction and E@3), as far as regime in which the particles are subject to the nonconvex
v=1 the coordinates; are subject only to the convex part part of the Heisenberg potential. First of all, it must be
of the Heisenberg interaction, while fer=0 they are sub- stressed that this region is “explored” only due to the pres-
ject only to the nonconvex part of the interparticle interac-ence of the external magnetic field. Actually, Griffiths and
tion. This is equivalent to say that, whem- 1, the map, Eq. Chou® showed that the ground state of a system with an
(18), satisfies thewist conditior™® which, given the defini- energy given by Eq13), with a Heisenberg interaction form

(28)

tion of the variables;, is for W and the following one foWV,
Ip; V(¢i)=h codpe;), (29
ﬂ) <o. (24) ' '
ISi | 4 never experiences the nonconvex partéffor any p=2,

putting on a rigorous ground an earlier hypothesis by Baner-
Since the coordinates are subject oeitherto the convex jea and Tayldt® for the p=2 case. The presence ofpa 1
part of the Heisenberg interaction to the nonconvex one, it contribution makes the nonconvex part accessible, as actu-
is possible to introduce a harmonic approximation, which isally happens for the chiral modél or other types of
expected to be correct for values of the magnetic field suffimodels?®*3 In our model, too, for very high values of the
ciently far fromHy,. The energy of the system in this ap- magnetic field, i.e., near the saturation value, all the spins are
proximation becomes canted in the field direction and the ground state is provided
by a trajectory obtained with the=0 choice®
1 To summarize, theonstant branch index criterionve
H<Hp, E:Z [E(‘ﬁi_(ﬁil_w)z_zg €S ¢; have introduced has two main consequences: the equiva-
lence, for a wide range of the applied figt] of the mag-
netic model with a Frenkel-Kontorova-type model with a
—{ co¢ ¢i}’ (25) misfit d=1/2 and the possibility to tackle a series of models
with nonconvex interparticle interactions, like thesephson
1 junction array4*%°> which seemed precluded, up to now,
H>Hin, E:Z [— 5(di— Bi—1)°—2& cos from a map approach analysis.

IV. Fe/Cr(211) SUPERLATTICES

—{ cog qsi}. (26)
Consider for the moment the situation in whiély<<1.

Consider the first case, which is the one defined in the interThe phase portraitsee Fig. 1is extremely regular and this
esting range oH, Hy, being much higher thahigse and ~ Means that we are in a quasi-integrable limit.

close to the saturation valud,. For /=0 our system is On the contary, Fe/Q211) superlattices are characterized

now equivalent to the Frenkel-Kontorova modd), with by a relatively h|gh ratio between the uniaxial anisotropy and
w=a [or, equivalently, withd=|(u— 2a)/2a|=1/2] and the exchange interaction. A reasonable estimatdgs-2.0

kG andH,=0.5 kG, and the corresponding phase portrait

mu; a? for a magnetic field in the range of interest is shown in Fig.

- % A—di—, (27) 2. strong nonintegrability effects and, in particular, the ho-

moclinic intersections between the inflowing and the out-
or, in the notation of Griffiths and Chdd, with  flowing orbits from the antiferromagnetic fixed points are
vy=(1-d)=1/2 andK—2¢. The presence of the uniaxial apparent. Moreover, these manifolds oscillate and intersect
anisotropy makes the system equivalent to a Frenkelthe boundary condition line=0. This means that several
Kontorova model with a second-harmonic contribution to themetastable configurations coexist and the ground state must
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FIG. 1. Phase portrait obtained from mapping E@) for small
anisotropy{=0.01 and an applied field such thidtge<H<Hg. H (kG)
The various labels denot@) hyperbolic fixed pointsP2™, (b) el-
liptic fixed pointsP5SF, and(c) nonhomotopic to zero trajectories. FIG. 3. Magnetic susceptibility as a function of the applied filed

Arrows denote inflowing and outflowing orbits associated with thefor a N=22 film, with He=2.0 kG andH,=0.5 kG.
hyperbolic fixed points.
method, the problem is more complex than the actual

be determined by a comparison of their energy. The presenggound-state one, as each trajectory in the map phase dia-
of metastable states is intimately connected with the strongram is associated to an equilibrium configuration, regard-
nonintegrability of the map and the pinning effect producedless of its energetic stability or of its energy. The determina-
by the lattice?” It is interesting to note that the stable and tion of the ground state is possible only oralé the stable
unstable manifolds “cover” all the domain of the varialde  equilibrium configurations have been determined, by a com-
so that nonhomotopic to zero curves cannot exist. This is thparison of their energies. Moreover, energetic stable configu-
characteristic of the stocasticity regime defined by Gré&ene rations correspond to topologically unstable
in his analysis of the standard map. trajectoriest16464The advantage is that a map is an exact

Nonetheless, the determination in an accurate way of theepresentation of the equilibrium configuration space and
equilibrium configurations of a film is still possible, given a displays in a graphical way the various kinds of solution the
limited number of planes, and it was performed /=22  system can have, the presence of possible metastable con-
and, for a restricted range of, for N=16, too. At the grow- figurations, the importance of effects due to the discreteness
ing of the magnetic field some intersections of the manifoldsand to the nonintegrability of the system, and the occurrence
with thes=0 line disappear, or a previously metastable stateof strongly chaotic regimes, which is exactly the present situ-
becomes the ground-state; this causes abrupt changes in thigon.
ground-state configuration and consequently in the magneti- The behavior of the system becomes comprehensible in a
zationM (H) of the system. Correspondingly to the jumps of more direct way if one considers the connection existing be-
M(H), one has spikes in the magnetic susceptibilitytween the mestastable configurations and the homoclinic in-
x=dM/dH (see Fig. 3. tersections. As it is shown in Figs. 4 and 5, the ground state

The first peak forH>Hg (at H=1.045 kG was not is providedalmostexactly by a subset of the homoclinic
present in our earlier versidr® of Fig. 3, as the true ground- intersections between the manifolds relative to the AF fixed
state for this and lower values &f is embedded in a very points. The only coordinates which slightly deviate from this
chaotic region of the map phase portrait, and we missed isubset are the ones on the first and last planes.
This is a clear example of the difficulties of a map approach If we take for a momen{¢;} as a coordinate along a
to the ground-state determination. In fact, using the maghain rather than on a circumference, it is clear that the

ground state is represented by a discommensuré&en Fig.

1.00 s — 6). The explanation is straightforward: the spins on the sur-
0.40
» 0.00
® 0.00 et -
-1.00
d(rad. . i ,
(rad.) 0.40 o(rad.) 0

FIG. 2. Phase portrait obtained from mapping E#8) for
Hg=2.0 kG,H,=0.5 kG, andH=1.073 kG. The inflowing and FIG. 4. Inflowing orbit in (— 7r,0), outflowing one from (0,0),
outflowing orbits associated with the AF fixed points are shown,and ground-state configuratigsolid circle for the odd planes of a
and their homoclinic intersections are apparent. N=22 film, with He=2.0 kG,H,=0.5 kG, andH=1.113 kG.
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0.40 | = e 0.40

H=1.147 kG
: el ® 0.00 W
- ?j"\\
. . \\ \\
N, \\v
. '~5 '\_\. -
o
-0.40 =TT 0 -0.40 *
d(rad.) -m d(rad.)
FIG. 5. The same as in the previous figure, whth=1.120 kG. FIG. 7. Inflowing orbit in (—,0), outflowing one from (0,0),
The inset shows the outflowing orbit and the ground-state configuand ground-state configuratigsolid circle for the odd planes of a
ration in the proximity of (0,0). N=22 film, with He=2.0 kG, H,=0.5 kG, andH =1.147 kG.

faces have a reduced number of neighbors, so that they affecreasing oH the discommensuration proceeds discontinu-
the most influenced by the magnetic field, which tends td?usly into the film, until a symmetric configuration is
make them parallel to its direction: these spins belongs téeached foH=Hsge.”® This description is confirmed by the
opposite sublatticesN is even and this means that a rota- analysis of theN= 16 situation. In this case a reduced num-
tion of nearly 2 between the first and last spins of the chainber of discontinuities are detected, since the ground state
must intervene. This is exactly the definition of discommen-réaches the symmetric configuration with fewer jumps. For a
suration in the Frenkel-Kontorova moc[ebe Eq(S)]’ given film with N>22 a similar behavior is eXpeCtEd, with the
the substitution; (7/a) = ¢; [see Eq(27)]. The effect of the  discontinuities accumulating #tsge.®
surfaces is then to introduce a discommensuration. For H>Hggr the effect of the magnetic field starts to
Micheletti et al® were the first to use the concept of dis- 0vercome the other interactions and the spin configuration in
commensuration in the analysis of this system. Using théhe middle of the sample resembles the bulk spin-flop phase,
effective potential method, they studied the phase diagram d¥hich is close to the top of the energy barrier produced by
a film with an even number of planes and of a semi-infinitethe uniaxial anisotropysee Fig. 7. The transitions in this
system in the parameter spacé,{). Their results for range of the magnetic field increase the number of spins in
é‘: 0.25 are in excellent agreement with ours. this pOSition(See F|g 8. The Change from a Configuration
Together with the presence of a discommensuration, th&ith neighboring spins almost mutually antiparallel to a con-
other key ingredient is the high value of the anisotropy. Forfiguration with an increasing number of spins near the bulk
H<Hgge~1.118 kG, the magnetic field fixed, all the meta- SPin-flop phase is r(_asppnsmle fqr the steep increase of the
stable configurationé@nd the ground statare characterized background magnenz_a_nc?rﬁ to which the jumps are super-
by a “forbidden zone” around the maximum energetic costimposed. The transitions occurring fod>Hgssr were
for the anisotropy: the homoclinic intersection around-/2  interpreted as due to the enlargement of the core of what
is always avoidedsee Figs. 4 and)5 This means that the Was called a bulk discommensuration, positioned between
“particles” are pinned by the lattice. The high value of the tWo tails reaching the AF phase. In this description the dis-
anisotropy determines a Peierls-Nabarro barrier which forcontinuities cease when the two AF-BSF interfaces reach the
bids a continuous evolution of the ground state at the inSurfaces. Our description is substantially equivalent, even if
creasing of the magnetic field, and the discontinuities occuft 9growing of the core is still observed after that the last jump
whenH forces the particles to overcome the barrier. So, fort@kes place. From a mapping perspective it is instead worth-
Hs<H<Hsgp, the ground-state evolution is the following: While to stress that the transitions cease when the trajectory
at Hg a discommensuratiéh nucleates at the surface with Providing the ground state is distinct from a subset of the

spins antiparallel to the applied field in the AF phase; at thd'omoclinic points not only in the proximity of the surfaces,
but for all layers, and reduces to a regular nonhomotopic to

zero curve®®

"H— —
e 0.60 —
&
~~ xj//'/
= ,;{’/r
o o
8 i
e e
g “ 0.00 N
Aﬁ}(//}/ v\ .";l
0 =t . . P . s TR - \\~ \.\ ;,"
0 2 4 6 8 1012 14 16 18 20 22 \
\\,. '\\’/ ! '
n -0.60 _ - o
®(rad.)

FIG. 6. Ground-state configuration for d=22 film, with
Hg=2.0 kG,H,=0.5 kG, andH=1.118 kG. FIG. 8. The same as in the previous figure, with- 1.294 kG.
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e
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0 2 4 6 8 10121416 18 20 22 n ®(rad.) 0

n
i ) ] ) FIG. 10. Inflowing orbits in ¢ 7,0), for {=0.01 and different
FIG. 9. Ground-state configuration for M=22 film, with  yajyes of the magnetic field in the metastability region of the sur-
Hg=2.0 kG,H,=0.02 kG, ancH =0.201 kG; the lines in the inset  {5ce transition.

are the best fit of the coordinates in the first and second halves of
the film. length of the BSF core joining the AF tails exist all the way
down to {=0. Actually, these transitions may exist if one
V. LOW-ANISOTROPY CASE considers the homoclinic intersections, or subsets of them,

. which exist as soon 0* being associated with the non-
Let us now turn to the low-anisotropy case. As we already as> g

ted th h rait i ' | | flocti integrability of the map, but no transition is indeed possible
'?ho € (_a_mtap pb.ﬁe pfotrhral |stex r%me)t/ rfﬁqular, re Iec mf one considers the actual ground state.

€ quasi-integrability of the system. DUe fo the low valu€ ot 1, omar words, the form of the ground state as a discom-
the anisotropy, the dimensions of both the surface and thﬁ1

bulk spin-flop metastability regions are greatly reduced. Foy ensuration and the impossibility to have particles at the top
He=2.0 kG andH,—0.02 kG we have, for example of the sinusoidal potential mirror the finite size efféthut

N B ' this does not necessarily mean that the ground-state evolu-
HSSF_O:ZOI.k.G. and we foun#iis=0.200 kG. e tion is discontinuougand we numerically verified that it is
Consider initially the effect of the magnetic field on the certainly not forN up to 100, forz=0.01)

.semir—]i.nLintiLe sys.tetm AR ffor H>fH SSF Thiil is the rft.egimel:\_ Let us now turn to magnetic field values lower tHaggr.
In which the existence of a surlace spin-tiop configuration, , ;g regime there is a range of magnetic field in which the

was OF‘G‘.”@”V proposed. The. analysis of _the map Sh.owe%flowing orbits intersect the=0 line (see Fig. 10
that this is impossible as the inflowing orbit does not inter-" 1. ic e metastability region for the semi-infinite sys-
sect thes=0 line," which is the necessary condition to have ;. - "\t jower bound is given by the condition that the in-

a surface localized nonuniform configuration. It was thenflowing orbit be tangent to the=0 axis; this happens for

inferred by energetic arguments that the system becomes up-_, |7 =~ 7 . .
stable with respect to the nucleation of a domain wall whichp| =Hs=VHeHa—Hj. Surface-localized, nonuniform, con-

produces an interchange of the two sublattices, making thg?li'rations’ e, e}[r:ruetﬁurf;\ge spip-flopt_phasee FIIO% f;rlfjéd
spins on the surface layer parallel to the applied ff[@his ot lower energy than the configuration are obta

result was recently confirmed. for Hs<H<Hssr. , . .
Consider now the film case in the same regime of the The surfacg spm-flop' conﬂgyraﬂon h?‘S Fhe form of a dis-

magnetic field. A nonuniform ground state is provided bycommens_urat!on, even if t_he discontinuity IS t0o small to l_)e

nonhomotopic to zero curves. The effect of the surface is stil etected in Fig. 11; the distance of the discommensuration

to introduce a discommensuratigeee Fig. 9, but in this rom the s_urf_a(_:e grows Wi.th ;he magnetic field, untl it is
case the notion itself of discommensuration for the finitepUShed to infinity, accomplishing the interchange of the two

system must be reconsidered. In fact, at variance with thé“blatt'ces' a_H_’HSSF' _ i . .
The question addressing the continuity or the discontinu-

high-anisotropy case, even for large valueNotthe ground itv of th i f the di tion f h ¢
state is now provided by a nonhomotopic to zero curve? Of the motion ot the discommensuration from the surtace

which is clearly distinct from the set of homoclinic points.
Actually, the considered trajectory is likely to be a KAM 0
curve so that there would be no discommensuration, and on .. ]
the contrary there would be particles arbitrarily near the P
maximum of the sinusoidal potential, if this curve were con- :
sidered for the infinite system. Moreover, at variance again -
with the high-anisotropy case and confirming the connection &
between metastability and pinning effects, the ground state is
the only stable equilibrium configuration given our boundary
conditions; following Aubry’s notatiod® the ground state is
then said to baindefectible As a consequence its evolution -n
with the magnetic field is continuous.

Some attention is then necessary considering the phase FIG. 11. Stable equilibrium configuration on the odd planes of a
diagram of the system. In this range of fields it was ar§uedsemi-infinite system, for=0.01 and a magnetic field in between
that the transitions between configurations with a differentHg andHggr.
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for Hs<H<Hgse may be answered considering the film due to their zero measure in the equilibrium configurations
case. The surface localized configuration for the semi-infiniteset, are therefore of the greatest importance for the consid-
system has a counterpart in nonsymmetric ground-state cog’ed magnetic model.

figurations for films with a sufficiently high value ®f (for Moreover, the results for the low-anisotropy case seem to
example, theN=22 ground state is always symmejric indicate the existence of a threshold lige= (&) in the
These nonsymmetric ground states are characterized by tfeodel parameter space, separating an unpinned and undefec-
same distance of the discommensuration from the surface 4¥le ground-state region from one in which a nonvanishing
the semi-infinite system. The evolution of these configuraPeierls-Nabarro barrier forbids the continuous evolution of
tions to the symmetric one at the increasing of the magnetighe ground state. In the “noncontinuous” regime, the ground
field is continuous. This is inferred by a numerical analysisState is provided almost exactly by a subset of homoclinic
of the corresponding magnetization, which shows no jumpsintersections, and the discontinuities cease when the trajec-
but above all by the fact that the ground state is alwaydory associated with the ground state becomes a regular non-
undefectible; no pinning effects and consequent discontinuifomotopic to zero curve, as in the low-anisotropy case. This
ties are therefore expected. We then argue that the evolutigiPuld suggest a possible connection with the transition by
of the spin-flop configuration for the semi-infinite system isbreaking of analyticity in the Frenkel-Kontorova model,
continuos too; i.e., no Peierls-Nabarro barrier exists either ifvhose investigation is beyond the scope of this paper. Actu-

this region or in theH >Hggrrange for=0.01. ally, it must be stressed that the transition by breaking of
analitycity occurs at a fixed, and irrational, winding number;
VI. CONCLUSIONS the analysis | performed is different, as | focused on the

ground-state problem of the system once the surfaces are

| showed in this paper how it is possible to establish amproperly taken into account, rather than on a peculiar wind-
equivalence between a simple and realistic magnetic modehg number.
and a Frenkel-Kontorova model with an additional second- My analysis obviously applies also to finite Frenkel-
harmonic contribution to the sinusoidal potential and a fixedKontorova chains, with an even number of sites. To my
misfit d=1/2. The determination of the ground state of theknowledge, this problem was treated only by Braiman
magnetic model—a uniaxial antiferromagnet in the presencet al,*® for a pure Frenkel-Kontorova modéi.e., without
of an applied fieldH—was formulated as a two-dimensional the second-harmonic contributioprA comparison with their
area-preserving map; the results are consistent with the exesults emphasized the importance of the uniaxial anisotropy
perimental data on Fe/(11) superlatticeSand other theo- in our model: in fact, for an even number of sites they always
retical works”® The effect of the surfaces, introduced by found only symmetric configurations.
appropriate boundary conditions, is shown to be equivalent
to the_ introdu_ction of a disco_mmensuration, _wh(_)se meaning ACKNOWLEDGMENTS
both in the high- and low-anisotropy cases is discussed, to-
gether with its connection with metastability and pinning ef- Many interesting discussions with M.G. Pini, P. Politi,
fects. Discommensurations, which are usually neglected aand A. Rettori, and their critical reading of the manuscript,
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