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Collinear spin-density-wave ordering in Fe/Cr multilayers and wedges
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Several recent experiments have detected a spin-density (8&&/) within the Cr spacer of Fe/Cr multi-
layers and wedges. We use two simple models to predict the behavior of a collinear SDW within an Fe/Cr/Fe
trilayer. Both models combine assumed boundary conditions at the Fe-Cr interfaces with the free energy of the
Cr spacer. Depending on the temperature and the nuiibef Cr monolayers, the SDW may be either
commensuratéC) or incommensuraté) with the bcc Cr lattice. Model | assumes that the Fe-Cr interface is
perfect and that the Fe-Cr interaction is antiferromagnetic. Consequently,SB&V antinodes lie near the
Fe-Cr interfaces. With increasing temperature, the Cr spacer undergoes a series of transitions| BVéen
phases with different numbersof nodes. If thel SDW hasn=m nodes afl =0, thenn increases by one at
each phase transition fromm to m—1 to m—2 up to theC phase withn=0 aboveT,c(N). For a fixed
temperature, the magnetic coupling across the Cr spacer undergoes a phase slip whetmavges by one. In
the limit N—o, T ,c(N) is independent of the Fe-Cr coupling strength. We find Tha{) is always larger
than the bulk Nel transition temperature and increases with the strain on the Cr spacer. These results explain
the very highlC transition temperature of about 600 K extrapolated from measurements on Fe/Cr/Fe wedges.
Model Il assumes that theSDW nodes lie precisely at the Fe-Cr interfaces. This condition may be enforced
by the interfacial roughness of sputtered Fe/Cr multilayers. As a resulC thlease is never stable and the
transition temperatur@y(N) takes on a seesaw patternres 2 increases with thickness. In agreement with
measurements on both sputtered and epitaxially grown multilayers, model Il preditisttase to be unstable
above the bulk Nel temperature. Model Il also predicts that in8DW may undergo a single phase transition
from n=m to m—1 before disappearing abolg(N). This behavior has recently been confirmed by neutron-
scattering measurements on CrMn/Cr multilayers. While model | very successfully predicts the behavior of
Fe/Cr/Fe wedges, a refined version of model Il describes some properties of sputtered Fe/Cr multilayers.
[S0163-182699)03021-0

[. INTRODUCTION models for the SDW within the Cr spacer. Both models com-
bine assumed boundary conditions at the Fe-Cr interfaces
The original discovery of giant magnetoresistanie  with the free energy of the Cr spacer. Model | takes the
Fe/Cr multilayers inspired an intensive investigation intointerfaces to be perfect and the Fe-Cr interactions to be an-
their magnetic and electrical properties. Although giant magtiferromagnetic. Consequently, only collinearand! phases
netoresistance was soon found in other multilayers with nonare stable and theSDW antinodes lie close to the interfaces.
magnetic spacers, Fe/Cr heterostructures have continued kbodel 1l takes thel SDW nodes to lie precisely at each
hold the interest of the physics community. Due to the com+e-Cr interface. This condition restricts the SDW wave vec-
petition between the spin-density wa(®DW) ordering in  tor to quantized values. As a result, the dNéemperature
the Cr spacérand the Fe-Cr interactions at the interfaces,changes discontinuously whenever the numbel &DW
Fe/Cr multilayers and wedges provide new insights into thenodes changes by one. While model | quite successfully de-
physics of transition-metal magnets. scribes the properties of Fe/Cr wedges, model Il may par-
In bulk Cr, commensuratéC) or incommensuratgl) tially describe the behavior of sputtered Fe/Cr multilayers.
SDW's are stabilized in different ranges of doping. For Because SDW formation in bulk Cr relies on the balance
Fe/Cr multilayers, neutron-scattering measurentérsveal  between magnetoelastic and Coulomb eneryibe ampli-
that thel phase is stable when the number of monolayerdude and wave vector of the SDW are notoriously sensitive
(ML’s) N inside the Cr spacer is greater than 30 or when theo both doping and pressufeThe d bands of Mn and V
temperature is lower than the Bletemperature 310 K of contain one extra or one fewer electron than Cr. So Mn or V
pure Cr. By contrast, scanning electron microscopyimpurities are often used to control the level of the chemical
measurement®n Fe/Cr/Fe wedges indicate that thehase potential and the wave vector of the SDW. Cooled below its
is stable forN>23 ML and up to at least 550 K. As the Neel temperature of 310 K, pure Cr enters lastate with a
thickness of the wedge increases, the Fe-Fe coupling altenode-to-node distance of 27 ML. When the Mn concentra-
nates between ferromagne{iE) and antiferromagnefAF)  tion exceeds 0.3%, ¢r,Mn, enters aC state with an en-
with phase slips every 20 ML at room temperature. To ex-hanced Nel temperature. By contrast, doping with V makes
plain these measurements, we have introduced two differetthe SDW more incommensurate and shortens the distance
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between nodes. With 2% V impurities, the dléemperature tion by placing a node at each interface. Assuming that a
is reduced to about half that of pure Cr and the node-to-nodsode is fixed at each interface, the SDW wave vector is
distance afly is shortened to about 13 ML. obtained by minimizing the free energy with respect to the
Remarkably, applying pressure to bulk Cr has the saméotal numbem=2 of SDW nodes. This model is developed
effect as doping with V: the N& temperature decreases andin Sec. IV.
the SDW becomes more incommensurate. A volume com- Unfortunately, model Il only partially describes the prop-
pression of 1.5% corresponds to doping with about 1% \erties of sputtered multilayers. Of course, tBephase is
impurities! Alternatively, a pressure of 2.8 GPa correspondg€Ver stabilized by thl_s model becaufe(:aSDW has_ no
roughly to lowering the electron concentration by §&ince  nodes. In agreement with Fullerten al.,” model Il predicts
Fe has a slightly smaller lattice constant than Cr, the latticdhat the paramagneti®) to | transition always occurs below
strain exerted on the Cr spacer in an Fe/Cr wedge shoulipe bulk Nel transition. As very recently observed in
lower® the bulk Nel temperatureTy, and make the SDW CrMn/Cr mululaye_rsl, model Il permits phase transitions
more incommensurate. BeloW,, model | implies that the bgtween SDW'’s Wlth. different numbers of nodes. However,
distance between phase slips approaches the node-to-nddés model also predicts that the éleemperature suddenly
distance for the bulk SDW aN increases. Hence, the mea- dr0PS whenn increases by 1. The resulting seesaw pattern
sured distance between phase slips of 20 ML at room tenf©r Tn(N) is quite unlike the monotonically increasing &le

perature confirms that the SDW of the Cr spacer in an Fe/Ciemperature observed in sputtered multilayeBven after
wedge is more incommensurate than in pure Cr. the positions of the SDW nodes are allowed to shift a few

Strain is far less significant in Fe/Cr multilayers. Low- ML's from each interface, the first large drop in the elle
temperature measurements by Fulleréorl® reveal that the ~temperature froom=2 ton=3 survives. .

SDW period is aboutBA , corresponding to a node-to-node _Thls paper is dl_\/lded |nt0_f|ve basic sections. A bnef_ tu-
distance of 20 ML. This is quite close to the period of puretonal on the SDW in bulk Cr is presented in Sec. Il. Sections
Cr (Ref. 2 at low temperatures. i a_md v develop modgls I and I, respectl_vely, an(_j present

The difference between Fe/Cr multilayers and wedgeéhe'r resglts. A discussion and conclusion is given in Se(;. V.
raises an intriguing puzzle. Although the large strain in Fe/cMVe obtain the largé\ dependence of the magnetic coupling
wedges should reduce the &léemperature of the Cr spacer for model I'in Appendix A. Also in the largdl limit, the IC
far below its value in pure, unstrained Cr, the measu@d transition tgmperature_of model | is d_erlved in Appendlx B.
transition temperature of the wedge is at least 550 K, fa he basic ideas of this work were first presented in thrge
higher than the transition temperature of relatively strain-freeshort papers: Refs. 16 and 17 were devoted to model | while
multilayers. But as shown in Sec. Il for large, the Ic ~ Model Il was first developed in Ref. 18.
transition temperatur@& . of model | is independent of the
size of the Fe-Cr coupling constant. Unlike théeNéem-
peratureTy of the bulk alloy,T,c increaseswith V doping
and with strain.

Because the distance between interfacial steps is much The SDW instability® in Cr alloys is produced by the
shorter in sputtered multilayers than in epitaxially grownCoulomb attractiod between electrons and holes on nearly
multilayers, the behavior of the SDW in epitaxial and sput-perfectly neste®?! electrona and holeb Fermi surfaces,
tered Fe/Cr multilayers is quite different. While both roughly octahedral in shapeThe electron Fermi sur-
experiment®* on epitaxially grown trilayers report that the face centered dt and the hole Fermi surface centered at the
Fe-Cr interaction is antiferromagnetic, measurements by Fulzone boundaryd are separated by wave vect®f2, whereG
lerton et al* on sputtered multilayers suggest that the SDWis a reciprocal lattice vector with magnituderfa. Together
nodes lie close to the Fe-Cr interfaces. Consequently, the Guith the electron pockets around tbepoints, thea Fermi
spacer does not magnetically couple the neighboring Fe laysurface forms part of the so-called “electron jack.” Also

Il. SPIN-DENSITY WAVE AND FREE ENERGY
OF BULK Cr

ers in a sputtered multilayer. present are hole pockets at thiepoints. Both the electron
The precise nature of thEC transition is also in some and hole pockets play an ancillary role in the formation of
doubt. In the sputtered mutlilayers studied by Fullembal., the SDW and are often grouped together into an electron

a remnantC phase is observed at low temperatures below 30reservoir” that supplies electrons to theeandb Fermi sur-
ML but does not appear at higher thicknesses afiqueBut  faces once the quasiparticle gap opens belgw
in the epitaxially grown multilayers studied by Schreysr However, these pockets may directly affect the magnetic
al..® anl SDW coexists with a noncollinear, helig@d) SDW  coupling across an Fe/Cr/Fe trilayer. As discussed in the next
between 200 and 300 K. The reportddSDW is believed to  section, the periodicity of that magnetic coupling is deter-
couple neighboring Fe moments at 90° angles, with the Fenined by the extremal points of the Fermi surfacé* For
moments returning to the same orientation every othethis reason, oscillatory coupling has also been observed in
layer!? Recent work®*indicates that &l SDW is produced Fe/Cu and Fe/Ag multilayefS where the Cu or Ag spacer is
by the well-separated interfacial steps of epitaxially grownparamagnetic. Quasiparticle transitions across the necks of
multilayers. the electron jack or, alternatively, across the hole pockéts,
Many of the unique features of sputtered Fe/Cr multilay-are associated with a long period oscillation of the magnetic
ers can be attibuted to either interfacial roughness or theoupling in Fe/Cr multilayers and wedges.
intermixing of Fe within the first few ML’'s of the spacer. Because the electron Fermi surface is slightly smaller than
Both roughness and intermixing frustrate the antiferromagthe hole Fermi surface, there are two different nesting wave
netic Fe-Cr interactioh®> An | SDW can avoid such frustra- vectorsQ.. that translate four faces of one Fermi surface
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corner atoms

onto four faces of the other. Since the averag®ofis G/2, cormer atoms body-center atoms
the nesting wave vectors may be written @s =(G/2)(1

+ ), where5~0.04 is a measure of the size difference be-
tween the electron and hole Fermi surfaces.

Unlike the condensate of a superconductor, which con-
tains pairs of electrons with zero total momentum, the con-
densate of an SDW contains pairs of electrons and holes
with nonzero total momentum. In tHephase of the SDW,  body-centeratoms comer gtoms body-center atorns
the condensate contains two types of electron-hole pairs: oni - a/(28")
with pair momentunQ’, =(G/2)(1+ &’) and the other with
pair momentunQ’ =(G/2)(1—-&’). Because & 6’ < 6, the

ordering wave vector®’. of the SDW lie closeé?’ to G/2 M T I T T T T J T J J
than the nesting wave vecto€®. . WhereasQ.. and § are - 1 4 -
fixed by the band-structure topolog®,. andé’ are solved [ I I I I I I I I I l 1 §=0

by minimizing the nesting free energyf and generally de-

pend on temperature. Wheti=0 andQ’, =G/2, the SDwW  ¥erersen

is commensurate. Whefi’ >0, thel SDW has a period of FIG. 1. | andC SDW'’s with §’>0 andé’ =0. For better visu-
a/§', corresponding to a node-to-node distance of’ 1/ alization, the node-to-node distance is substantially shorter than in
ML’s. For pure Cr just below its Nel temperaturé, &’ pure Cr.

~0.037 and 14’ ~
The three sets of possible ordering wave vec@iscor- (

corner atoms

@]

respond to the three possible orientations of the nesting wave AF(g,8’,T,zy) = peng?in +Pehz ‘g =T
vectors along thg100), (010, or (001) directions. When
pure Cr is cooled below its N temperaturely~310 K,
six types of domains forriln each domain, the spin polar- _Tf dzin|—2:2 ") } %)
ization m lies along one of two possible directions perpen-
dicular to one of the three sets of wave vect@'s.

Replacing the strongly peaked Bloch wave functions by . i . ) ) )
delta functions at every lattice sife, the general form for D(g9,8",iv)=(iv—2)[(iv|—2/2+2)"— (256" 126)7]
the Cr spin aR can be simply written as —g%(2iv— 20+ 22), 3)

D(g,5',in)
D(0,8",iv)

o , , here v,=(21+1)#T are the Matsubara frequencies and
= ‘R+¢,)+ R+ w ! .
SRy =masg(T){cod Q. ¢+)FcodQ 2 pen is the density of states of the nested portions ofatlamd

= (—1)®R/qmag(T)cod (27/a)8'R,+ 6/2], (1) b Fermisurfaces. Wheg=0, AF=0 as expected. Thg vari-
able of integration inAF is z=vg(k-n—kg), wheren is
normal to one of the octagonal faces of th&ermi surface
where a4 and ag are constantsg(T) is the temperature- andvg (kg) is the Fermi velocitymomentum.
dependent order parameter, atiek . —¢_ . While 6 is Doping affects the bulk free energy through the energy
arbitrary in thel state,6= /2 (Ref. 28 in the C state with  mismatchz,=4m v /+3a between thea andb Fermi sur-
=0. Hence, the amplitudes of theand C SDW's are  faces. While V impurities increasg, Mn impurities lower
grven by a.g(T) and a.g(T)/\2, respectively. Across a the mismatch between the Fermi surfaces. When the Mn
second-ordelC phase transition with the same order param-concentration exceeds about 0.3%, the mismatch is suffi-
eterg on both sides, the SDW amplitude drops by a factor ofciently small to stabilize th&C SDW phase withé’=0 at
1/\/2 but the rms magnetic moment is continuous. In@e Ty. In units of Ty, the triple point where th®, C, and|
phase at low temperaturéshe Cr moment is approximately phases meet is given kyy=4.29Ty~430 meV.
0.8ug and theC SDW amplitudeag(0)/y/2 is about 0.4. Below Ty, the electron and hole energies are hybridized
For pure Cr at low temperatures,g(0)~0.3 corresponding by the Coulomb attractiob). The resulting quasiparticle en-
to a magnetic moment of Qug . Both| andC SDW's are  ergiese(z) are obtained from the conditiobd(g,d’,€)=0.
sketched in Fig. 1, where the period of th&DW is some- In the C state withd’ =0, lower and upper bands are sepa-
what shorter than in pure Cr. rated by the energy gapA2=2./2g. At low temperatures,
The Coulomb interactiorJ between the electrons and 24 is about 370 meV. The quasiparticle spectrum of the
holes on thea andb Fermi surfaces never explicitly appears phase is somewhat more complicated, with two identical en-
in the free energy. It only enters implicitly through the ficti- ergy gaps of roughly 120 meV separated by a third band of
tious Neel temperaturdy~100 meV of a perfectly nested quasiparticle states.
alloy with §=0. For an alloy withs+0, the actual Nel The normalization of the free-energy differenkE in Eq.
temperatureTy must be less thaily . In terms of Ty, the  (2) is chosen so that for a perfectly nest@dalloy with z,
free-energy difference between tReand SDW phases can =0 atT=0, AF(0)= — perA(0)?/4. Sincep, /4 is the den-
be writterf® sity of states for electrons on the Fermi surface with a
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single spin but both spin states are paired, this result is thspite some residual ordering near the interfaces=a/2 and
analogue of th& =0 BCS free energy for Cooper pairing. z=Na/2. Below the bulk Nel temperature, the SDW ampli-
Due to the lattice mismatch between Cr and Fe, the latticéude will be enhanced near the interfaces. But the pair coher-
constant of Cr inside the Fe/Cr/Fe wedge is about 0.6%nce lengtff of the | phase&y~#Auvg /g is about 10 A, so
smalleP than in bulk. As discussed in the Introduction, lat- the SDW order parametegsand &’ are expected to be modi-
tice strain has the same qualitative effect as V doping. Therefied only within 5 or 6 ML from each interface. This has
fore, the effects of lattice strain can be modeled by choosingpeen confirmed by recent first-principles calculatirend
the energy mismaitch, to yield the observed periodicity of observed by x-ray magnetic circular dichroishEven above
the SDW. A node-to-node distance of 20 ML at room tem-the bulk Nesl temperature of the spacer but below the para-
perature is obtained with a mismatchzf=6.4Ty , which is  magnetic transition temperature of the multilayer, the equi-
substantially larger than the mismateg~5Ty, in pure Cr. librium value of the SDW amplitudéwnhich scales like M)
However, recent work by Marciet al® indicates that lat-  should be reached within a coherence length or so from the
tice strain does not significantly alter the sizes of the Ferminterfaces. Hence, tH&€ phase boundary evaluated from this
surfaces. Nevertheless, strain does play a crucial role in stanodel should be qualitatively accurate.
bilizing the SDW of pure Cr. We use the energy mismatch to  The free energy of an Fe/Cr/Fe trilayer may be obtained
model the effects of lattice strain simply because changes it one of two ways. First, the energycan be evaluated for
pressure have qualitatively the same effects as changes in teéher ferromagnetically or antiferromagnetically oriented Fe
electron concentration. moments. The Fe moments may be fixed in one orientation
or the other in an Fe/Cr/Fe trilayer containing permanently
magnetized Fe whiskers. Alternatively, we can allow the Fe
moment on one side of the trilayer to find its lowest-energy
configuration. Of course, this is the case for Fe/Cr wedges,
Model | assumes that the antiferromagnetic Fe-Cr interacwhere the thin Fe overlayer is not permanently magnetized.
tions have the form\S'F"e'S(z) atinterfaces |£=a/2) and Il Then the stable magnetic configuratitf or AF) has the
(z=Na/2) with coupling constanA>0. Such an antiferro- lower energy. We shall examine the behavior of Fe/Cr/Fe
magnetic interaction would be expected for microscopicallytrilayers from both perspectives in the following discussion.
smooth interfaces and is clearly warranted in Fe/Cr wedges. After fixing the magnetic configurations of the Fe layers,
Most measurements on epitaxially grown multilayefs  the SDW order parametegsand &', as well as the arbitrary
and even some measurements on sputtered multithyas ~ phased,® are chosen to minimize the energyin Eq. (4).
tain antiferromagnetic interactions at the interfaces. Builhe corresponding F and AF energies of the trilayer are
other measurements on sputtered multilayexsggest that
surface roughness interferes with the magnetic coupling be-
tween neighboring Fe and Cr layers, at least belgw An-
tiferromagnetic interfacial interactions were confirmed in the
first-principles calculations of Mirbet al 2 _ 1 s
For simplicity, we assume that the Fe moments are either Ear= —2AasgS:dsin¢| +54F(g, 8" Ta’(N-1),
F or AF aligned withS;-.= St or Sk.= — S, both parallel to (6)
the interface. The SDW will then be transversely polarized ,
with respect to the ordering wave vectors along thaxis. ~ Where¢=(m/2)(N—=1)(1+4"). The SDW order parameter
While the Fe moments in Fe/Cr wedges satisfy this assump® restncjed to values below the bulk maximum g,
tion, the Fe moments in Fe/Cr multilayers may not. The mea= 1.246Ty , which is achieved in th€ SDW phase of a bulk
surements of Schreyegt al® on epitaxially grown Fe/Cr Cr alloy atT=0. Note that the numben of SDW nodes
multilayers indicate that interfacial steps produce a 9o¢nside the Cr spacer is approximately given By-1)s".
coupling**?between adjacent Fe moments, which are joined™0r comparison with previous papers, Ref. 16 used the defi-
by a helical modulation of the Cr moment. We shall return tohition A= ¢"/6.
this possibility in the final section. Because the nesting free energy is proportional to
With antiferromagnetic interactions at the interfaces, thepenTx’» the total free energig depends only on the dimen-
free energy of the multilayer or wedge for an interfacial areasionless constant
of a? and spacer width.=(N—1)a/2 may be written a$

Ill. MODEL |: ANTIFERROMAGNETIC INTERACTIONS
AT THE Fe-Cr INTERFACES

1
Er=—2Aa.gS-dcosd| +§AF(g,5’,T)a3(N—1), %)

AasSFe
y=—— (7)
E—A{SL S(@/2)+ Sl SINaI2)} + 2 AFa¥(N—1), (4 (VIN) penT
2

which represents the average coupling strength between Fe
which assumes that the SDW is rigid with order parameaders and Cr at the interfaces. It can be estimated either from first-
and &’ independent of (but see Ref. 38 Since the interfa- principles calculations or by comparison with the experimen-
cial energies always induce some SDW ordering withO  tal data. For example, a value gf=3—which will be used
no matter how high the temperature, tRestate is unstable later in this section to model the phase diagram of Fe/Cr
within this model. wedges—corresponds to an average Fe-Cr exchange interac-

In a more realistic, albeit far more complex, model, thetion of 6.8 meV. In bulk Fe, the Fe-Fe interaction is of order

SDW amplitudeg(z) would vanish inside the spacer above 100 meV. So if the Fe-Cr exchange energy at a perfect in-
the paramagnetic transition temperature of the multilayer deterface is the same order as the Fe-Fe interaction, then the
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Appendix A demonstrates thal.,,, decreases like N2,
This behavior was predictétiwhen isolated, extremal points
of the Fermi surface are nested but is unexpected for our
idealized octahedral Fermi surfaces, where finite regions are
nested. Indeed, van Schilfgaardeal®* predicted a M*%°
dependence in this case. Quasiparticle transitions across the
necks of the “electron jack” or across the hole pockets are
believed to be responsilifefor a magnetic coupling with a
1/N? falloff and a long period of 10—12 MP A short, 2-ML
period coupling with a M2 falloff would also result from
Ruderman-Kittel-Kasuya-YosiddRKKY) coupling?* across
a paramagnetic Cr spacer. So abodvg, the RKKY and
nesting contributions to the magnetic coupling cannot be dis-
tinguished by their dependence b

We emphasize that the predicted dependencé.gf, on
N only holds asymptotically. Piercet al*® have found that
the short-period coupling of an Fe/Cr multilayer grown at a
substrate temperature of 350 °C but measured at room tem-
perature can be fit by a/dependence foN<40. But as
clearly seen in Fig. ®), the predicted N? falloff for T
>Ty may only be recovered for values fabove 100 or so,

FIG. 2. Model I: Bilinear magnetic coupling in meV as a func- particularly whenT is not far above the bulk Nt tempera-
tion of spacer thickness fa, /Ty =5, y=3, and(a) T=0.5T or ture.
(o) T=1.2Ty. For N<28, Fig. Za) reveals that the magnetic coupling

) ) o ) with the lowest free energy is F for odd and AF for even

Fe-Cr interface interaction in Fe/Cr multilayers and wedge$y, The stable coupling then alternates between F and AF
is about 1/15 that at a pgrfect interface. Thls agrees With, il N=28, when a phase slip occurs. For botk: 27 and
recent experiment$ and with model calculatior3 that the N=28, the stable coupling is F. Until the next phase slip at
measured Fe-Cr coupl_lng is substantially smaller than XN = 46, the stable coupling is F for evéhand AF for odaN.
pected for a perfect interface. For example, Venus anGpjs series of phase slips was observed in the NIST
Heinrich®* found that the measured coupling is about 1/30measurementSEach time a phase slip occurs, the number of

smaller than the coupling given by first-principles noges within the stable SDW increases by one. So the stable
calculationd®?*for a perfect interface. Possible explanationsgp\y is commensurate prior to the first phase slip, contains

for this suppression are §urface rou_ghness_ and inte_rmixingOne node forN between 28 and 45. and two nodes for

Throughout the remainder of this section and into they.nveen 46 and 71.
next, we s*hall take the nesting parameter to &e0.043 Compared to the first-principles predictions of Stoeffler
when zo/Ty=5. At Ty, this yields a bulk value for the - anq Gautief® the results of Figs. @) and Zb) for Je,,pare
SDW wave vector o’ ~0.037, corresponding to the node- gpout 50% too small. But even when the energy mismatch is
to-node distance of 27 ML observed in pure Cr. For largelenhanced to account for the strain in Fe/Cr multilayers, our
values of the energy mismatch in strained @iis assumed yesylts are still roughly 30 timearger than the experimen-
to increase linearly. S6=0.055 wherg,/T{=6.4, which is  tally measured coupling strengtf’*® This suggests that the
used to model Fe/Cr wedges. All energies will be scaled byffects of interdiffusion and atomic steps are too complex to
Tn~100 meV. be modeled by one or two fitting parameters.

Once Exr and Er are found®’ the magnetic coupling The results of Fig. 2 can be more easily appreciated from
Jeous= Ear— Ep may be evaluated as a function of tempera-the vantage of Fig. 3, which plots the magnetic phase dia-
ture T and thicknesN. Taking y=3, zo/Ty=5, (V/N)pe,  gram for unstrained z,=5Tj) and strained Z,=6.4Ty)
=3.7 states/Ry atorff, and T=0.5Ty or 1.2T, we plot Fe/Cr/Fe trilayers withy=3. We also display the number
Jeoup@s a function of spacer thickness in Fig. 2. As expectedof SDW nodes for the stable magnetic phase as a function of
Jeoup OSCillates between E>0) and AF (<0) values with a thickness and temperature. The thick solid curves denote the
short 2-ML period. Below the Na# temperature, the mag- IC transition while the thinner curves denote the transitions
netic coupling decays slowly with the size of the spacer adetweenl phases with differenh. At a fixed temperature,
shown in Fig. 2a). This behavior is easily understood in phase slips occur whenever a solid curve is crossed. Away
terms of the competing energies in E4). In a large spacer, from a phase slip, the stable magnetic coupling alternates
the wave-vector parametet is more constrained by the between F and AF with increasing thickneds On either
bulk free energyAF(g,s")a3(N—1)/2. Hence, the SDW side of a phase slip, the stable magnetic couplixig or F) is
cannot deform as easily to maximize the antiferromagnetithe same.

Fe-Cr coupling at the interfaces. We prove in Appendix A Returning to Figs. @ and 2b), we find that a phase slip
that J¢op falls off like 1/JN below Ty. occurs every time a phase boundary in Fi@) 3s crossed at

As shown in Fig. #b), the magnetic coupling falls off T=0.5Ty or 1.2T. At the higher temperature, the phase
much more rapidly above the Betemperature. For largd, ~ boundaries are shifted to the right and further apart. or

)
Jsoup (MeV)

PO [ SN T N T SRR S N S S S |
0 20 40 60 80 100 120
N(ML)

_20...I...|..
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N(ML) FIG. 4. Model I: Energy in meV versus thickness forlaBDW

with n nodes, withT/Ty=0.5 and(a) z,=5Ty or (b) Z,=6.4Ty, .

FIG. 3. Model I: Phase diagram of Fe/Cr multilayers and
wedges fory=3 and (a) z,=5T}, and Ty=0.384T} or (b) z, Fixing T=0.5Ty, we plot energy versul for the differ-
=6.4TY and Ty=0.287T} . The thick solid curve denotes tHE& ent SDW solutions in Fig. 4. The region of stability for a
transition while the thin solid curves separate diffedepihases with  SDW with n nodes corresponds exactly to the region be-
n nodes. tween the solid curves in Figs.(8@ and 3b). Taking the
, ) difference between the lowest-energy solution and the one
=45, thel SDW phase witm=2 is stable at very low tem- st apove it in Fig. 4) yields the ampiitude od,, plotted

peratures, but gives way to drSDW phase witm=1 be- i, Fig. 2a). The C SDW solution withn=0, drawn as a
tween 0.343y and 1.503, and finally to aC SDW phase  g4jig " curve, is much more robust fa,=5T}, than for
with n=0 above 1.505y. 6.4T*

. N .

If the phase slips occur between thicknestisand N dIn Fig. 5, we plot the distance, between the second and
e F

—1, then the distance between phase slips shall be denot o oh i ¢ ) - Bek
by si=N;.1—N;. While the SDW isC before the first phase 1'd Phase slips as a function of temperature. Belqy s,

slip atN;, thel SDW hasn=i nodes forN;<N<N;,,— 1. is almost constant and very close to the bulk distané&g ./
The distances; between the first two phase slips is alwaysbetween SDW nodes. AbovEy, s, begins to increase rap-
the smallest. For large Cr spacers, the bulk free enafgy idly with temperature. As expected, diverges asT ap-
dominates the interfacial energies. So beldly, s proachesT . This figure bears a striking resemblance to the
—1/8),, asi—ox. In other words, the distance between measured phase slip distafda Fe/Cr wedges. Since the
phase slips approaches the distance between nodes of thesting wave vectors do not change with temperature, the
bulk SDW. In addition, the distande, to the first phase slip

is always less than &}, and only reaches this value as 80—

—oo, Above the bulk Nel temperature and close to thé 70 |

phase boundary, the phase slip distansebecome more :

disparate with the highes;’s diverging most rapidly ag 60 T

—Tic. o 50 .
For a larger mismatch,, the bulk SDW period is smaller o 40 |

so the phase boundaries in FigbBare closer together than

in Fig. 3(@). At low temperatures, the critical thickness sepa- 80 T

rating theC (n=0) andl (n=1) phases shifts downwards as 20

Z, increases. For both Figs(é88 and 3b), the temperature is N P T T A T

normalized by the bulk Na temperature for that particular 0 0.5 1 1.5 2 25 3

energy mismatch. As the mismatch increases, the bud Ne Ty

temperature decreaség;=0.384Ty, whenz,/T{ =5, while

_p - e—lsi B N 0 % N FIG. 5. Model I: Distances, between the second and third phase
Tn=0.282Ty, whenzy /Ty =6.4. In units ofTy,, the largeN . . .
limits for th . slips versus temperature fag/Ty=>5 and 6.4. Inset is théC
imits or the IC ﬁransmon temperatures are 0.65 and _ transition temperaturd,c /T} (thick solid curve versus energy
0.834ry, for ZO/TN':.5 and 6.4, respectlvely. So paradoxi- mismatchz, /T, for large N. Also plotted in the inset is the é
cally, thelC transition temperature is larger fag=6.4TY,  temperaturdry /T (thin solid curve of bulk Cr. The triple point is
than forz,=5Ty. denoted by a dot.
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temperature dependence %fis completely due to the tem- g/T¥ falls off like y/N aboveTy . Nonetheless, thiC phase
perature dependence of the bulk SDW free energy. boundary forN— o does not depend om.1’

The dependence of the SDW amplitude and wave vector a|though T,c(«) is independent ofy, the critical thick-

on thickness was discussed in Refs. 16 and 17. Each time thyssN, (T=0) below which theC SDW is stable aff=0
number of nodes increases by one, the SDW amplitude de&srongly depends on the coupling strength. As shown in Ref.
creases discontinuously. With increasiNgbothg and 6" 17 for zo/T% =5, N,(0) increases from 16 to 53 ag in-

approach their bulk values and the oscillations about the bulk,eases from 1 to 6. For the value p£ 3 used in Fig. &)
values become narrower. AN increases between phase N,(0)=28. '

slips, the number of SDW nodes remains the same but the

SDW stretches to maximize the antiferromagnetic couplingyy. MODEL 1I: SDW NODES AT THE Fe-Cr INTERFACES

at the interfaces. When increases by 1, the SDW period

suddenly contracts with the addition of another node. We Neutron-scattering measurements on multilayers have not

refer the reader to the references above for a more detaildf@llowed the same pattern as the NIST measurements on

discussion of this behavior. wedges. Although Fig.(®) for z,=5T}, predicts arlC tran-
These results indicate that tiiephase is stable for small sition temperature of about I {~530 K, thel phase is

N or large temperatures. This may be easily understood iebserved to disappear above about 300 K in both epitaxially

terms of the competition between the interface coupling,growrr” and sputterétiFe/Cr multilayers. As the temperature

which maximizes the SDW amplitude at the boundaries, andhcreases for a fixet, multilayers do not exhibit the pre-

the intrinsic antiferromagnetism of the spacer, which favordlicted series of-to-l phase transitions with decreasing num-

the bulk values of the SDW amplitude and wave vector.bers of nodes froom=m to n=m—1 on up ton=0. The

While the SDW gains energy AxSrg|cos¢| (F) or  different behavior of Fe/Cr wedges and multilayers may be

2Aa Srg|sin@| (AF) due to the interactions at interfaces, it ascribed to the interfacial disorder in multilayers. Noncol-

forfeits energy [AF(g,8") — AF(Qpu, by 1a3(N—1)/2  linear SDW ordering™** may be produced by the well-

due to the changes in the order parameters of the spac&eparated interfacial steps in epitaxially grown multilayers.

When 6'=0, |cos¢|=1 and|sing|=0 for odd N while Nearby atomic steps in sputtered multilayers may establish

|cos¢|=0 and|sin¢|=1 for even N Hence, the interactions SDW nodes near the interfacé® which case neighboring

at the interfaces with FAF) moments prefer € (1) SDW in ~ Fe moments are not magnetically coupled.

a spacer with odé\ and anl (C) SDW in a spacer with even  If the SDW nodes lie precisely at the Fe-Cr interfaces,
N. If AF=0, the interface coupling always favor€CaSDW  thend’ is restricted to the values,=(n—1)/(N—1), where
state with|cos¢| or |sin¢| equal to one. n=2 is the number of SDW nodes including the two at the

So for oddN, the C SDW is stabilized with F coupling at interfaces. We evaluata by minimizing the nesting free
a high enough temperature that the bulk free energgnergyAF(g,ds;) with respect to botly andn. Like model I,
AF(g,é8’'=0) is sufficiently small. For evehl, theC SDW  this model also assumes that the SDW is rigid. Hence, the
is favored with AF coupling at a sufficiently high tempera- SDW amplitude and wave vector do not depend on the loca-

ture. The same considerations apply for shalthe C SDW  tion z inside the spacer.
is favored with F coupling for oddN and AF coupling for Because thec SDW does not contain any nodes, t@e
WhenN is large, thd C transition temperature is remark- temper,atureTN and phase boundaries are normalized by the
ably independent of the Fe-Cr coupling constantin Ap-  bulk Neel temperaturdy ,,, Which is evaluated by allow-
pendix B, we prove thal,c(N—) is implicitly given by ing 6’ to be a continuous parameter. As in the previous
6" at Ty puik is 0.037, corresponding to a node-to-node dis-
=0, (8) tance of 27 ML. These parameters are different than the ones
used in Ref. 18. Foll /Ty p,k=0.2, the SDW order param-
where X,=n+1/2+iz¢/87T\c(). As a consequence,  AsN decreases below 41 MLy’ increases and the SDW
Tic(*) depends only on the energy mismaizhand is in-  period decreases as a half wavelength of the SDW tries to
dependent ofy. Both T\ () and the bulk Nel temperature = squeeze into the Cr spacer. WHér 27, &' is larger than its
to Fig. 5. Precisely at the triple poigp~4.29Ty, where the  For N<20 ML'’s, a half wavelength of the SDW cannot
Cl and paramagnetic phase boundaries of bulk Cr meetgueeze into the Cr spacer without a prohibitive cost in free
T c()=Ty. With increasingzy, T,c() increases buly energy and the Na temperature vanishes. A increases,
multilayer always exceeds the Bletemperature of bulk Cr. sudden contractions with the addition of another node to the
Recall from our previous discussion that lattice strain en-SDW. The SDW amplitude and wave vector plotted in Figs.
hances the effective value for the energy mismaich 7(a) and 1b) are correlatedd’ decreases aggrows larger.
raises an intriguing question: How is bulk behavior recov-SDW follow the same pattern as found for model | in Ref.
ered asy—07? Stabilized by the interfacial coupling energy, 16. Only now these cycles also produce a seesaw pattern in
a remnant SDW survives above the bulk ordering temperaf . The Neel temperature reaches a maximum whenesfer

evenN. phase is never stabilized by model II. In Figag the Neel
section, we takg,=5Ty, and§=0.043. So the bulk value of
n=0 Xﬁ
eter and wave vector are plotted verduin Fig. 7.
Ty are plotted versus the energy mismazghTy, in the inset  pulk value so that the SDW period is smaller than in bulk.
decreases. So thkC transition temperature of an Fe/Cr the SDW goes through cycles of expansions followed by
The independence of ¢ from v in the largeN limit In other words, the cyclical expansion and contraction of the
tureTy. As N increases, the bulk free energy dominates angasses near its bulk value of 0.037.
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1k ' /—.,'r‘r ! 6(a) only allows a singlé-to-I phase transition from=m to
n=fo\f3] 4|5 6|7 |8 n=m=1 before the SDW disappears abdMg. For narrow
o 0.8 y ranges of thicknesses, phase transitions are allowed between
3 0.6k ] SDW'’s with different numbers of nodes as a function of
z temperature. Such a phase transition occurs Net 122,
':Z 0.4 i when the SDW transforms from=6 to n=5 with increas-
= ing temperature. As in model |, the SDW amplitude jumps
0.2F . up whenn decreases by orfé.Transition between SDW’s
(a) with n differing by one in CrMn/Cr multilayers may be eas-
e ——— : ily observed because the neutron-scattering profiles of
T _f /3“ SDW's with odd and evem are quite different. Very re-
o8l (—\ cently, Fullerton and Robertsbiobserved a phase transition
x from n=5 to n=4 with increasing temperature in a
306k CrMn/Cr multilayer withL=200 A.
,:Z It is clear that forcing the SDW nodes to lie at the Fe-Cr
. . ,
=~ 04r interfaces generates a seesaw patterij(N), g, and §’.
= The shift in§’ along one of the seesaws with fixadnay be
0.2r difficult to observe due to limitations in experimental reso-
0 ('?) I I lution (roughly 10% and the effects of surface roughness,
0 50 100 150 200 which averages over several valueshfFor example, the
N(ML) predicted change i’ from N=68 to 93 atT/Ty pu=0.2

corresponds to a variation in the SDW period from 22 to 31

lattice constants, all witm=4. The average SDW period,
however, is very close to the bulk value of 27 lattice con-
stants.

For a bulk SDW withs' (T pu) = 1/27, Fig. Ga) predicts
that thel phase becomes unstable below 20 ML. But the
measured critical thickne¥s* of 30 ML is much larger. This
could be caused by the displacement of the SDW nodes
Away from the interfaces. Surface roughness may be ex-
pected to suppress the SDW ordering within a pair coherence

FIG. 6. Model II: Neel temperaturéthick solid curve and phase
boundariegthin solid curve versusN for z,/T{=5. The number
of SDW nodes is given by. In (a) SDW nodes are fixed at each
interface; in(b) the nodes can shift by 3 ML from each interface.

Notice thatTy, g, andé$’ all approach their bulk values as
N—o. With increasingN, the oscillations about the bulk
values become narrower and the seesaw patterns beco
flatter. For largeN, the maxima inTy are separated by

1/5t/)ulk(TN,bulk) ~27 ML.

Unlike the more complex phase diagrams of Fig. 3, Fig

lengthéy,~5 ML from the interfaces. If the region within 5
ML from each interface is paramagnetic, then the observed
‘critical thickness of 30 ML would correspond to a “true”
critical thickness of 36 10=20 ML, equal to the predicted

0.9 T T e value. ForN<30 or temperatures greater than 300 K, the
0.851 (@) residual antiferromagnetic coupling at the Fe-Cr interfaces
0.8f may be sufficient to stabilize @ SDW in some regions of

FIG. 7. Model II: (a) SDW order parameter ar(}) wave vector

the Cr spacer, as found by Fullertenal*

Even if the first 5 ML from the Fe-Cr interface are para-
magnetic, however, the Tetemperature would still be ex-
pected to contain a deep minimum at 3910 = 49 ML or
74 A. None has been observed. This sudden drop in fleé Ne
temperature would be softened if the positions of the SDW
nodes vary within a few ML from each Fe-Cr interface. For
example, imagine that the SDW nodes can shift by 3 ML
from each interface. Then for a given spacer thicki¢she
SDW amplitude and wave vector would be chosen among
seven possible SDW's with lengthd’ betweenN and N
—6. The SDW with the smallest free energyF(N’'—1)
would determine the order parameters of the multilayer. So
the SDW would pay a price in condensation energy in order
to move its nodes away from the interfaces.

This program was implemented in Fighb$. The first and
last SDW nodes lie a minimum distance Mf-6 ML apart
and a maximum distance & ML apart. As shown, this
freedom allows the Nal temperature to linger close to its
bulk value. Compared to the Metemperature of Fig. (@),

versusN for T/Ty,u=0.2 for the same parameters as in Fig. 6, the Si_Ze _Of the oscillations abomy,bun( are smaller and th?
with nodes fixed at each interface. The bulk values are indicated bfirst dip in the Nel temperature is much weaker. The dis-
the dashed lines.

placement of the SDW nodes from the interfaces is largest
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for spacer thicknesses with a depressetINemperature ment with model Il, the observed ‘N temperaturd*
when N'=N. In addition, the phase boundaries betweenTy(N) of sputtered Fe/Cr multilayers shows no sign of the
SDW'’s with neighboringn are more slanted than in Fig. dips and peaks associated with the cyclical expansion and
6(a). contraction of the SDW.

The measurements by Fullerten al® on sputtered mul- On the other hand, model Il correctly predicts that the
tilayers provide some evidence for this behavior. Fits to theilSDW may undergo a transition from=m to n=m-1
data reveal that the SDW nodes lie very close to the Fe-Cnodes with increasing temperature before entering the para-
interfacesexceptfor N=35, corresponding to a SDW with magnetic state. This behavior, which was recently observed
n=2 near the predicted depressionTiy whenN’=N. For  in CrMn/Cr multilayers'® is quite different than the series of
this SDW, Fullertoret al. find that the antinodes rather than phase transitions from=mton=m-1 ton=m-—2 and on
the nodes lie close to the Fe-Cr interfaces. However, theiup ton=0 predicted by model I. A refined version of model
data forN= 35 can be equally well described by a SDW with Il, which no longer ties the SDW nodes to the interfaces,

nodes displaced 7 ML from each interface. produces a smoother Bletemperaturel(N) and may ex-
plain most properties of sputtered multilayers.
V. DISCUSSION AND CONCLUSION But even such a refined model cannot stabilize khe

SDW observed by Schreyet al? in epitaxially grown mul-

This paper has presented two very different models fotilayers. For small thicknesses and low temperaturebl a
the formation of a SDW in an Fe/Cr/Fe trilayer. Within SDW is believed to couple adjacent Fe moments at a 90°
model I, the Fe-Cr interfacial interactions are assumed to bangle. The Fe moment returns to its original orientation ev-
antiferromagnetic. As a result, the SDW antinodes lie neaery other Fe layet? Since aH SDW does not occur in bulk
the interfaces. Even above the bulk dlléemperature, the Cr, it must be stabilized by the interfacial energy. In the
interfacial interaction stabilizes a SDW within the Cr spacer.presence of well-separated interfacial steps 8DW is
Surprisingly, this model predicts that th€ transition tem-  found to have a lower free energy abdlg than either the
perature is always larger than the bulkeNéemperature. By SDW predicted by model | or th® phase predicted by
contrast, model Il assumes that the SDW nodes lie preciselsnodel 1114
at the Fe-Cr interfaces, although this requirement is some- To summarize, we have evaluated the phase diagram of
what relaxed in Fig. @). As a result, both the N tempera-  Fe/Cr trilayers using two different methods. While model |
ture and SDW wave vector undergo oscillations with in-assumes that the magnetic interactions at the Fe-Cr interfaces

creasing spacer thickness. are antiferromagnetic, model Il assumes that the SDW nodes
Measurements by Ungurist al® on Fe/Cr/Fe wedges lie at the interfaces. The results of model | are in good agree-
closely follow the scenario depicted in Fighb®for model I.  ment with measurements on Fe/Cr wedges, where interfacial

In terms of the Nel temperaturély=0.384Ty~310 K of disorder is minimized. Sputtered multilayers may be ad-
unstressed Cr, theC transition of the stressed film is given equately described by a refined version of model II, which
by 2.1Ty=650 K. Although the measurements of Ref. 5 allows the SDW nodes to shift away from the interfaces with
only go up to about 550 K, 650 K is just slightly larger than some cost in condensation energy. However, neither model
the IC transition temperature, which can be extrapolatedsatisfactorily describes the properties of epitaxially-grown
from the NIST data. Ungurist al. observed a very uniform Fe/Cr multilayers.

pattern of phase slips with the sammedepending only on
temperature. The values ¢f=3 andz,=6.4T} used in Fig.
3(b) were chosen to give the smallest possible variatios, of
and a bulk value of ' =19 atTy=227 K, slightly smaller

We would like to thank Dr. Eric Fullerton, Dr. Daniel
Pierce, Dr. Lee Robertson, Professor Andreas Schreyer, and
Dr. Mark Stiles for helpful discussions. This research was
“t'N supported by Oak Ridge National Laboratory managed by
than the observed phase slip distance of 20 ML at 300 K. | yckheed Martin Energy Research Corp. for the U.S. De-

For T=300 K, the first predicted phase slip &  patment of Energy under Contract No. DE-ACOS-
=13 ML in Fig. 3(b) occurs earlier than the first observed 960R22464.

phase slip at 24 ML in an Fe/Cr/Fe wedge. Accounting for
the intermixing of Fe and Cr within the first 5 ML of the
wedge?? an initial phase slip at $19=24 ML can be ob- APPENDIX A: BEHAVIOR OF  Joyp
tained using a somewhat larger coupling constanysf6.
Intermixing within the first few ML’s is also necessary to
explain the reversalof the expected F and AF couplings.
Probably due to the restricted temperature range of the
measurements and the small size of their weddé (
<80 ML), Unguriset al.did not observe the phase slip pat-
tern to become nonuniform at high temperatures. Doping the
Cr spacer with a small concentration of Mn impurities ( JAF(g,8",T)
<0.3%) could lower thdC transition temperature below _27’|C°5¢|+T(N_1):0 (F), (A1)
550 K and permit this behavior to be observed.
Some evidence suggests that Fe/Cr multilayers cannot be SAF(0.8'T)
described by either model. The disappearance of fhiease . 9,6, _
above about 300 KRefs. 3 and 4Lrules out model I, which —2ylsing|+ ag (N=1)=0 (AF),
predictsT,c to be substantially larger thaf . In disagree- (A2)

This appendix uses model | to evaluate the behavior of
Jeous= Ear— Eg for large N. For notational convenience, we
i§;etpehT’§,=1 andTy =1 so that botlyg andAF are dimen-
sionless. Minimizing the AF and F energies of E(®. and
(6) with respect tog and §’, we find
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) dAF(g,8",T)
ygr Sin ¢ sgncosq¢) + T:O (F),
(A3)
] JAF(g,8’,T)
— ygr COS¢ sgr(sin¢) + T:O (AF),
(A4)

wherep=m(N—1)(1+6")/2.

As N—oo, bothg and 6’ approach their bulk values. To
first order inAg=g—gpux and A8’ =8" — &, the above
relations become

—2v|cosd|+(N—1){F1Ag+F A8 =0 (F),
(A5)
(AB)

TOpuSiN @ sgn(cose) + FpAg+FA S =0 (F),
(A7)

— TOpukCOSP sgn(sing) + F,Ag+F0A 8 =0 (AF),

(A8)
where Fy;=0°AF/9g%, Fi,=0°AF/9gas’, and Fo,

=g*AF/96'? are evaluated ay,,, and 8, . For largeN, a

very small change in the SDW wave vector is required to

optimize the interfacial coupling withcos¢|—1 (F) and
|sing|—1 (AF). So sing—0 and cosp—0 in these two
cases.

To obtain the behavior af¢,,asN—, we examine the
coupling near a local maximum ih,,{ N), roughly midway
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NaF T

NY-1 2

COS¢ sgr(sing¢) ~ (AF). (A14)
Then using Egs(A5)—(A8) and assumingk<2, we find
Agar~1IN, ASpe~1IN, Age~1/N*"1 and A s~ 1/N*"1
with y=2. So long ax< 2, the leading order term id,pis
given by

Jcoup% 2yAge~ (A15)

NX—1'

It only remains to evaluate the exponent

Near the envelope maximum, the unstable F energy with
N ML’s and n—1 nodes is nearly equal to the unstable F
energy withN+2 ML andn+ 1 nodes. Expanding E€) in
powers ofAgg, ASf, and 7/N*"1, we obtain

—2¥(Gount AGIN[ 1+ n2a2/ (BN2X 1) ]+ AFp(N—1)
1 (N)2 (N) A o7 (N) 1 7(N)2
+ EFllAgF +F1AQE’ASE +§F22A5F
X (N—1)

=- 27(gbulk+Agl(:N+2))

X (1+ g m?/[8(N+2)20" 1) + AFp(N+1)

+ §F11A9§:N+2)2+ Fleg'(:N+2)A5'/:(N+2)

1
+§F22A5’F(N+2)2 (N+1), (A16)

between phase slips. We assume that the stable coupling jthere AF,, is the bulk free energy evaluated gy, and
AF with n SDW nodes and that the unstable coupling is F5é . Since Ag(N)~A5’F(N) we conclude thatAg(FN)z
ulk * 1

with n—1 nodes. For example, the thicknéés 85 in Fig. 2
satisfies this condition witm=3. Consequently, the wave
vectors of the SDW'’s can be written

;L Y=

=TT vl (A9)
L . 5
o=yt R (A10)

where I<x<y belowTy. Since the AF coupling is assumed

to be stablen is odd whenN is odd and even wheN is
even. So as expecteftosg|~1 for F coupling andsin ¢|
~1 for AF coupling.

For largeN, it is easy to show that

ng @
|COS¢|%1+W§ (F), (Al11)

77/sz 2
|sin¢|~1+N2(y71)§ (AF), (A12)
. e T
smgbsgr(cos(ﬁ)%Nx_lg (F), (A13)

F
~ AFpui/N. So belowTy, x=3/2 andJgoys~ 1/\N.
Above Ty, AFp =0 andgyu=0. Then Eq.(A16) can
be used to show thatge~ 1/N with x=y=2. To order 1N,
the F and AF order parameters are identical with

2y Fao
AQur=Age=— — 2 (A7)
TN R P

2y F
ASh=AsL="Y 12 (A18)

N FyF,—F3,

Therefore,J ., vanishes to order ¥ and its leading-order
behavior is given byl o~ 1/N%

APPENDIX B: DERIVATION OF T¢

At the IC phase boundary of model I,@ SDW with n
=0 and order parametegp has the same free energy aslan
SDW with n=1 and order parametery;, and &;. As N
—0o, gg, 01, and &; all tend to zero. Therefore, the free
energyAF(g,8’) may be expanded in powers gfandu
=27,0'187Té:

AF(g,8")~g?(In T—S;+u?S;)+ g*s;, (B1)

872T?
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where
S = 5 R — ! B2
1T &0 X, n+1/2) (B2)
J— - 1
Sami1=9= 2 Re Samra (83)
X 2 B4
Nt T (B

If N is even, then the stablé phase abové&,c is AF while
the stabld phase below ¢ is F. Their energies are

2 2y
E=AF(00.0~ 7 0o, (85)

2 , 2y
EEFZAF(glﬁl)— m91|005¢1|, (B6)
where ¢, =m(N—1)(1+ 87)/2.

The minimization conditions foEg and E 5 with respect
togandé’ are given by

NT-S)+ —— Sygi= 1 B7

o(In 1) 27721_23390—,\'_1, (B7)
(INT— S, 4 U2S,)+ ——— S363= —— |cosé
g1 1 1 27721_2 gl N—1 1f»

(B8)
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2
— myd°sin ¢, sgr(cose;) = 291( 8%) 81{Ss—2u?Ss}

T oY gt 155
(B9)
The last relation implies that
81 ! + 7S, ! + (B10)
NS RNy

which agrees with Eq(A9) when x=3 and the ferromag-
netically coupled SDW has—1=1 node. Hence, si®,
~S;/N? and |cos¢,|—1~SN*,

Using Egs.(B7) and(B8), it is simple to show that

1
(91— 90)(INT—Sy) = — u2S;g; — msg(gi—géy
(B11)

Consequentlyg, — g, is of orderS;/N2. But to order 1N,
the equalityEg=E 5 requires

2y
N=1(91790)=(gi-g5)(INT—S;)+uiS:ai.
(B12)

Substituting Eqs(B7) and (B8), we conclude thagj; —gg is
also of order IN*. SoS; must be of order M and vanish as
N—oo. Therefore, the condition for theC transition tem-
perature in the limit of larg&\ is given by Eq.(8), indepen-
dent of y.
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