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Backscattering mirrors for X-rays and Mossbauer
radiation

Yu.V. Shvyd’ ko and E. Gerdau
I1. Institut fur Experimentalphysik, Universitat Hamburg, D-22761 Hamburg, Germany

Observation of exact backscattering of X-rays and studies of its energy and angular
dependences; test of the validity of the dynamical theory of diffraction in the extreme case of
exact backscattering; backscattering high-energy-resolution monochromators; backscattering
interferometers, in particular of the Fabry—Pérot interferometer type; and precise, up to
5.107° A, measurements of crystal lattice parameters: these are central topics of the paper.
Special attention is paid to the selection of crystals to be used as backscattering mirrors.
Noncubic crystals like Al,Os, SIC, etc., allow backscattering for X-rays with practically any
energy above 10 keV. Feasibility of backscattering mirrors for Mossbauer radiation of % Fe
(14.4 keV), LEu (21.5 keV), 1°Sn (23.9 keV), and 11Dy (25.6 keV) nuclei is demonstrated
by Al,O3 crystals. A concrete design of a sapphire Fabry—Pérot—Bragg étalon is presented.

Keywords: Bragg backscattering, X-rays, monochromators, interferometers, Al>,O3, SIC

1. Introduction

The large coherence length of cm up to km of radiation from Mosshauer transi-
tions is without precedent among all other sources in the hard X-ray region from 10
to 100 keV. This is a favourable starting condition for the successful demonstration of
Fabry—Pérot, Michelson or other types of interferometers for radiation in this spectral
range. Contrary to the visible spectral region where backscattering mirrors needed for
an interferometric set-up are easy to produce, thisis a centra problem for hard X-rays.

The need for backscattering mirrors as components of X-ray resonators in dif-
ferent proposed schemes of ~-lasers or free electron X-ray lasers was expressed more
than once in publications on these subjects.

Only recently X-rays were observed reflected from a crystal exactly opposite
to the direction of the incident beam [1-3]. The observation of exact backscattering
and studies of its properties are central topics of the present paper. The selection of
crystals for backscattering mirrors, the use of Bragg mirrors in backscattering interfer-
ometers, resonators, and high-energy resolution monochromators for hard X-rays will
be addressed as well.

Backscattering was first considered theoretically in the paper of Kohra and
Matsushita [4]. Already in this publication two outstanding features were pointed
out: approaching the Bragg angle of /2 the reflection width reaches its smallest
value on the energy scale and its largest value on the angular scale, see figure 1.
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Figure 1. The solid line shows the region of high reflectivity of X-raysin a crystal for the case of two-

beam Bragg diffraction; 6 is the angle of incidence to the reflecting atomic planes (hkl) with interplanar

distance djr; and X is the wavelength of the X-rays. The curve is given by the kinematica Bragg

law: X\ = 2dpr; SiNG. The width of the curve is defined in the dynamica theory of X-ray diffraction.

The enlarged parts of the diagram display the advantages of backscattering: high reflectivity in a broad
angular region with a narrow spectral width.

Backscattering was thus promising to found a basis of X-ray optics on with enhanced
luminosity and high-energy resolution. These predictions have stimulated in the years
following the publication [4] further theoretical [5—7] and experimenta [7,8] studies
of backscattering, as well as its application in different schemes of high-energy res-
olution monochromators and anayzers [9-16] for hard X-rays. Though restricted to
angles of incidence deviating from normal incidence to the reflecting atomic planes
by 66 > 2 mrad the experiments of Graef and Materlik [7] and of Kushnir and Su-
vorov [8] have confirmed the two outstanding features of backscattering predicted by
theory.

Woodruff et al. [17] have reported the first X-ray diffraction experiments at nor-
mal incidence to the reflecting planes. In an X-ray standing wave-field they observed
emission of electrons and studied their energy profile. Cusatis et a. [1] were the first
to observe X-rays reflected exactly backwards from a Si(111) plate at an energy of
1.9 keV. They studied the angular profiles in reflection and transmission. Soon after-
wards we have reported the observation of exact backscattering and comprehensive
studies of its energy and angular dependences in sapphire (Al,O3) single crystals with
well collimated and ideally monochromatic 14.4 keV Mossbauer radiation [2]. A re-
flectivity of ~64% at exact backscattering close to the theoretical value of 88% was
observed. A detailed comparison with the predictions of the dynamical theory of X-ray



1V-3.4 Yu.V. Shwyd' ko, E. Gerdau / Backscattering mirrors for X-rays 743

diffraction was made. Kikuta et al. [3] have reported studies of the angular depen-
dencies of transmissivity and reflectivity at a Bragg angle near /2 in thin Si(991)
crystal plates. In particular, they demonstrated that, approaching exact backscattering,
the reflectivity drops drastically. This happens due to the transition of two-beam Bragg
diffraction into multiple-beam diffraction while approaching normal incidence to the
atomic planes in crystals with cubic symmetry. Soon after that Sinn et al. [18], using
the set-up of [2], studied the effects of multiple-beam diffraction on the angular de-
pendence of the reflectivity at hormal incidence to atomic planes in Si crystals. Very
recently Jach et a. [19] reported the observation of dynamical diffraction and X-ray
standing waves at normal incidence to atomic planes in an AIPdMn quasi-crystal.

In the present paper we give more details of the experimental and theoretical
studies of exact backscattering reported in [2], and discuss prospects of its applications
in v- and X-ray optics. In section 2 the selection of single crystals to be used as
backscattering mirrors is addressed. In section 2.1 we show that perfect crystas of
cubic type like Si are not optimal for this purpose. The arguments are supported by
our recent measurements of the energy and angular dependences of the reflectivity in
silicon at normal incidence to (1240) atomic planes. In section 2.2 we extend the
considerations to noncubic single crystals like sapphire, hexagonal or rhombohedral
polytypes of silicon carbide (4H-SIC, 6H-SIC, 15R-SIiC, etc.) and show that they
are most appropriate for backscattering applications. Backscattering reflections in
Al,O3 for X-rays matching selected Mossbauer transitions are given. In section 3 the
experimental technique for the observation of exact backscattering is described. The
results of studies of the reflectivity, the angular and energy profiles of backscattering
by using 14.413 keV Mossbauer radiation of >’Fe nuclei in sapphire crystals are given
in section 3.2. In section 3.3 the experimental dependence of reflectivity is compared
with that evaluated by the dynamical theory of diffraction, as outlined in the appendix.
A systematic deviation from the exact line shape for backscattering predicted by the
theory is pointed out. Application of backscattering for avery precise (up to 5-10~° ,&)
measurement of crystal lattice parameters is addressed in section 3.3.3. Results of
tests of sapphire crystals as backscattering mirrors for Mdssbauer radiation of other
nuclei: Eu (215 keV), 1°Sn (23.9 keV), and %Dy (25.6 keV) are presented in
section 4. The performance of the sapphire mirror as part of a backscattering resonator
isdemonstrated in section 5. Design and simulations of a Fabry—Pérot—Bragg étalon for
14.413 keV Mosshauer radiation with sapphire single crystal plates as backscattering
mirrors are presented in section 6.

In the appendix we recall elements of the dynamicd theory of diffraction of
X-rays in perfect crystals, laying emphasis on the points crucial in the backscattering
geometry. Those equations are derived that are used in the present paper for the
evaluation of angular, energy, and temperature dependences of the crystal reflectivity
in backscattering as well as for the evaluation of the reflectivity and transmissivity of
Fabry—Pérot—Bragg étalons.
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2. Crystals for backscattering mirrors

Among commercialy available single crystals those of Si have the highest quality.
Their use in high resolution crystal X-ray optics is an established method. Despite this
fact we decided to use Al,O3 (sapphire) and hexagona or rhombohedral polytypes
of silicon carbide (4H-SiC, 6H-SIC, 15R-SIC, etc.) single crystals as backscattering
mirrors. There are several reasons for this choice.

2.1. Why not perfect S?

Bragg's kinematical law
A = 2dp sindg, (2.1)

the relation between the wavelength \ of X-rays, their angle of incidence # on the
crystalographic planes (hkl) and the interplanar distance dj,; reduces in the case of
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Figure 2. X-ray backscattering spectra of Si and Al,O3 single crystals calculated by the dynamical theory

of diffraction for single crystal plates of 1 mm thickness. The positions of peaks in the spectra are defined

by the Bragg energies eq. (2.2). The heights and widths of the peaks result from the convolution of the

energy profile of the theoretical reflectivity curve with the energy profile of the incident radiation, which

is assumed to be 2 eV broad. Peaks corresponding to n-times degenerate Bragg energies are taken to
have n-times greater height. The insets show expanded spectra in the range 14.3-14.5 keV.
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backscattering (0 = 7/2) to

he
= FEryy.
Zdhkl hkl

E = he/) is the energy of the X-rays, and dpy; is the interplanar distance. Thus,
only for selected X-ray energies Ey,;;, hereafter referred to as Bragg energies, back-
reflections may occur in a given crystal.

In crystals with a cubic unit cell the interplanar distance is

A=2dy,; o E=

(2.2)

dhkl:a/ h2 4+ k2 + 12

where a isthe lattice constant. The same value of dy;,; and accordingly the same Bragg
energy Ej,i; belong to reflections with different Miller indices hkl. The Bragg energies
in cubic crystals are therefore highly degenerate and the number of different Bragg
energies is rather low: typically one per ~500-250 eV in the range 10-25 keV, see
figure 2(Si). Tuning of a Bragg energy is equivalent to tuning of the lattice constant,
which, for practical reasons, means a variation of the temperature. The temperature
expansion coefficient in Si at room temperature is a~'da/dT’ = 2.65-107% K1,
Thus, dEhkl/dT = 0.038 eV/K for Eyp ~ 15 keV. |.e, to shift By by 100 eV, the
temperature has to be changed by an unrealistic 2600 K. Therefore, Si single crystals
allow backscattering only in limited regions of the X-ray spectrum. Unfortunately,
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Figure 3. Two-dimensional angular dependence of the reflectivity of a Si single crystal for X-rays

incoming close to normal incidence to the (1240) atomic planes and the scheme of the experimental

setup for its observation (in the inset). The angular divergence of the X-rays is ~ 20 x 20 prad?.

60 and 6 are deviations from normal incidence to (1240) in the [111], [1240] plane and in the plane

perpendicular to it, respectively. The X-rays are monochromatized to an energy band of 7 meV width.
The semitransparent detector D is placed at a distance of 0.8 m from the Si crystal.
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Figure 4. Energy (A), (B), (C), (D) and angular (E) dependences of the reflectivity of a Si single crystal

for X-rays incoming close to normal incidence to the (124 0) atomic planes with 6y = 0. A, B, Cand D

in (E) mark the 66 angular positions at which the energy spectra (A), (B), (C) and (D) are measured. The

X-rays are monochromatized to an energy band of 7 meV width and scanned around Eo ~ 14.438 keV

by using a high-energy resolution monochromator (figure 5(b)). The crystal temperature is T' ~ 300 K.
Solid lines in (C) and (D) are fits with a Gaussian of 8.5 meV width.

there is no Mossbauer transition which by chance is close to a Bragg energy in Si that
can be reached in the room temperature region. This imposes a first restriction on the
use of Si crystals as backscattering mirrors.

Another restriction on using Si is due to multiple diffraction, which occurs in
crystals with cubic symmetry at exact backscattering. The wave vector of the incident
radiation fulfilling Bragg's conditions for backscattering for a certain reflection (hkl)
points, in the reciprocal space of a crystal with cubic symmetry, aways to an intersec-
tion of facets of one of its Brillouin zones. Thus, the condition for Bragg scattering
is automatically fulfilled not only for the selected but also for other sets of atomic
planes, namely for those parallel to the facets of the Brillouin zone. In crystals with
cubic symmetry, exact backscattering co-exists with multiple diffraction.! For exam-

1 The only exceptions to this rule are the very low-order Bragg reflections (111), (220). The reflection
(111), corresponding to a Bragg energy of 1.9 keV, was applied in [1].



1V-3.4 Yu.V. Shwyd' ko, E. Gerdau / Backscattering mirrors for X-rays 747

ple, 14.438 keV X-rays can be reflected backwards from the (124 0) atomic planes in
S at atemperature of T' ~ 300 K and at about 800 K it would reflect the 14.413 keV
Mossbauer radiation of %'Fe. However, a norma incidence an X-ray beam would
simultaneoudly satisfy Bragg's conditions for another 22 alowed reflections among
them: (022), (040), (426), (480), (606), (880), etc. Thus, approaching normal
incidence to the (1240) planes, new reflection channels for X-rays open up. One
expects a reduced reflectivity in the backscattering channel and a complicated energy
dependence. The results of our studies are shown in figures 3 and 4. The technique of
backscattering measurements by using a semitransparent detector with a time resolu-
tion which alows observation of incident and reflected quanta separately is described
in more detail in section 3.1. The two-dimensiona angular dependence shown in
figure 3 and a one-dimensional angular dependence measured at 6y = 0 shown in
figure 4 demonstrate that due to multiple-beam diffraction a dramatic decrease of the
reflectivity of Si occurs while approaching normal incidence. The measured angular
region of decreasing reflectivity is 60 ~ +0.2 mrad. The energy dependence of the
reflectivity 0.2 mrad off normal incidence shows a single peak, see figure 4(D). At
normal incidence the spectrum changes drasticaly and shows a triple peak structure,
see figure 4(A), which is due to multiple-beam diffraction. This very interesting mode
of Bragg scattering deserves comprehensive experimental and theoretical studies on its
own. However, they are beyond the scope of this paper.?

One more restriction on using Si crystals as backscattering mirrors is their low
reflectivity for hard X-rays (a consequence of the relatively low Debye temperature).
Thisis seen, e.g., from the rapid decrease of the backscattering spectrum in figure 2(Si)
for £ > 25 keV.

2.2. Non-cubic Al,O3, SC, €fc.

These problems can be avoided if one uses crystals (i) with lower crystal symme-
try, (ii) with higher Debye temperature and (iii) with low photo-absorption. Hexagonal
Al,0O3, hexagonal and rhombohedral polytypes of silicon carbide (4H-SiC, 6H-SIiC,
15R-SIC, etc.), BeO or Be are such crystals. In our experiments we have used com-
merciadly available high quality HEMEX sapphire (Al,O3) crystals, grown by the
heat-exchange method [22].

The Bragg energies in Al,O3 are much less degenerate. Therefore, sapphire
single crystals allow exact backscattering with adensity of reflections of at least one per
~15 eV in the range 10-25 keV and even more for harder X-rays, see figure 2(Al,03).
By heating or cooling Al,O3 by no more than 100 K from room temperature one can
fulfil the backscattering condition (2.2) for any X-ray energy above 10 keV. Table 1
illustrates this statement.

In table 1 we list Miller indices (hkil) of atomic planes (in the hexagona basis,
h+ k+14 = 0) and the temperatures Ty of Al,O3 for which peak reflectivity at normal

2 Comprehensive studies of the Si(1240) backscattering case are presented in [21], theoretical studies of
the Si(991) backscattering case are presented in [20].
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Table 1
Miller indices (hkil) of atomic planes (in the hexagonal basis, h + k + 4 = 0) and Bragg temperatures Ts
of Al,Os for which the peak reflectivity at normal incidence occurs at X-ray energies E matching selected
Maossbauer transitions. Other symbols are explained in the text.

Nucleus E (hkil) Ts A AFE Reflec- Extinc- dE/dTr

keVv hexagonal K prad meV tivity tion (mm) eV/K
8lTa 6.2155 (13210) 251.1 33735 58340 0.888 0.004 —0.038
BGe 13.263 (26816) 3205 12467 9458  0.900 0.022 —0.093
“Fe 14.4125 (13428) 3795 10095 6156  0.879 0.034 —0.098
BlEy 215415 (1121324) 2545 5256 2615  0.917 0.081 —0.145
149gm 22.494 (313169) 2415 5698 2362 0912 0.089 —0.164
19gn 23.8795 (911040) 2970 4441 1779  0.908 0.119 —0.151
®lpy 256513 (5101534) 4215 4031  1.613 0919 0.131 —0.191
129) 27.77 (7132018) 4475 3636 1144  0.907 0.185 —0.213
K 29.56 (1652116) 3965 2837 0733  0.882 0.287 —0.223
21Hg 32.19 (5182314) 4075 2429 0597  0.889 0.354 —0.244
15Te 35.46 (3131658) 2905 2139 0489  0.899 0.433 —0.224
1890s 36.22 (781564) 4615 1812 0351  0.870 0.603 —0.278
121gh 37.15 (16122814) 4865 1571  0.263  0.842 0.806 —0.288
2% e 39.58 (2182914) 3315 1323 0194 0.825 1.095 —0.295
®lpy 43.83 (12193134) 3225 0924 04101  0.766 2111 —0.319
8y 44915  (15193414) 2305 798 0076 0.720 2.808 —0.327
8w 46.4837 (17173430) 4765 63.6 0.049  0.636 4.350 —0.360
12 57.60 (20244410) 2845 234 0008 0.205 33.294 —0.428

incidence occurs at X-ray energies matching selected Mosshauer transitions. In the
present paper Ty is referred to as Bragg temperature, which applies to a selected set
of atomic planes (hkl) and to a selected X-ray energy.

Generdly there exists more than one set of reflecting atomic planes for each
X-ray energy. Data for only one set with the highest reflectivity and with the Bragg
temperature in the range 200 < 7 < 500 K are given. The table provides for each
reflection the calculated angular width A4, the energy bandpass AFE, the maximum
reflectivity, the extinction length Lex = A/(27|x]), ad the variation of the energy at
the position of peak reflectivity with crystal temperature dE//dT". All calculations were
performed with the dynamical theory of X-ray diffraction in perfect crystals, outlined
in the appendix. The crystals are assumed to be semi-infinite.

According to this table, for X-rays matching the 14.4125 keV Mossbauer tran-
sition in °’Fe nuclei, a (13428) back reflection can be predicted at 7Tz = 380 K in
sapphire with an angular acceptance of 1.0 mrad, an energy bandwidth of 6.2 meV,
and 88% reflectivity.

It is remarkable that even for X-rays with relatively high energy, e.g., for those
matching the 57.6 keV Mossbauer transition in 1271, sapphire offers reflections with
high reflectivity, with an angular acceptance large enough to fit the divergence of
radiation from present day undulator based X-ray sources, and with an energy bandpass
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as low as 8 ueV. However, for this to be redized, a more than 3 cm thick perfect
sapphire crystal has to be used that must be kept in an environment with a temperature
stability better than 10 ukK.

The crystallographic data used in the evaluations are taken from [23]. Thethermal
expansion data are taken from [24]. It should be noted that lattice constants and thermal
expansion data for Al,O3 reported by different authors [23,25-28] differ by 100 ppm.
This impaoses an uncertainty on the predicted Bragg temperatures. We estimate that the
Bragg temperatures given in the table may deviate from their real values by +15 K.
In section 4 measured Bragg temperatures for selected X-ray energies will be given.
We also report there lattice parameters of Al,O3 at two temperatures, derived from our
data.

3. Exact backscattering
3.1. Experimental method

The observation of exact 180°-scattering has an obvious experimental difficulty.
Either the X-ray source or the detector is blocking the reflected or the incident X-rays.
There are only two possibilities to overcome this problem.

Oneisto use atransparent X-ray source, wiggler or undulator, as proposed in [7,
9,29,30]. The construction of such an exact backscattering beam-line was announced
a the APS (Argonne) [30].

Another possible way, which was realized in [1], is to use a semi-transparent
detector. However, in this case the reflected radiation is observed on the strong back-
ground of the incident radiation.

To discriminate againgt this background we proposed to insert a semi-transparent
detector with agood time resolution and make use of the pulsed structure of synchrotron
radiation [2]. The time-of-flight 7 = 2L/c to the crystal and back to the detector
separated by a distance L allowed us to distinguish between the incident and reflected
radiation pulses, see figures 5 and 6.

The experiments further described in this paper were performed mostly at the
wiggler beam line BW4 at HASYLAB, Hamburg (L = 9.9 m and = = 66 ns).
The DORIS-II positron storage ring was operated in the five-bunch mode, producing
synchrotron radiation pulses from the wiggler every 192 ns (~200 ps duration). A high-
heat-load Si(111) monochromator (M) provided 14.413 keV radiation with ~3 eV
bandwidth. The beam divergence was typically 20 urad in the vertical and 80 prad in
the horizontal plane, i.e., much less than the angular acceptances of back reflections
in Al,Og3 in this energy range (see table 1).

To study the properties of backscattering one not only needs collimated but also
monochromatic radiation. We used 14.413 keV Mossbauer radiation of %’Fe nuclei for
this purpose. The energy spectrum of the Mossbauer radiation, even for the largest
observed broadening, is within a band of 1 ueV width, which can be considered
as quasi mono-energetic relative to the energy widths of backscattering reflections of
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Figure 5. Set-ups for backscattering experiments. (a) M is the Si(111) high-heat-load monochromator;

D is a semi-transparent X-ray detector; F is a 10 um thick 5Fe foil; V is a vacuum tube of 1-10 m

length; S is a backscattering single crystal in an oven; 66 is the angle between the wave vector Ko of

the incident radiation and the scattering vector H; K = Ko + H is the wave vector of the scattered

radiation. (b) The high-energy resolution monochromator (HRM) monochromatizes the incident radiation
to ameV bandwidth.
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Figure 6. Counts in the semi-transparent detector as seen on the time scale. The detector is placed at a
distance of L ~ 9.9 m from the reflecting crystal. At t ~ —66 ns. primary radiation pulse; at ¢ ~ O:
back reflected radiation pulse; at ¢t > 0: back reflected resonant radiation.

typically <10 meV. A collimated beam of Mdsshbauer photons is generated by spatially
coherent excitation of the 14.4 keV resonance in %’Fe nuclel in a 10 um thick iron
foil (F in figure 5) with synchrotron radiation pulses. The iron foil was enriched in
5Fe to 95%. Due to coherent enhancement the ensemble of excited %’Fe nuclei emits
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photons in the direction of the incident beam (see [31] and references therein) with
a delay of ~20-50 ns. The time spectrum of the radiation scattered in the forward
direction is shown in figure 6.

An avaanche photodiode EG&G C30703F with a 100 um thick sensitive Si
wafer serves as the semi-transparent detector.®> The transverse size of the diode is
15 x 15 mm? with a sensitive area of 10 x 10 mm?. Its time resolution is 1 ns [32]
and allows one to distinguish between the incident pulse and the pulse reflected from
acrystal at L > 0.5 m distance. This time resolution is used twice in the experiment.
Firgt, to distinguish between the incident and the reflected radiation pulses. Second,
to count only 14.413 keV photons from the 0.5 peV energy band, scattered by >’Fe
nuclei in the forward direction.

The diode in combination with the timing electronics is able to detect a photon
flux up to ~10% Hz. The flux after the high-heat-load monochromator is significantly
larger. Therefore, to observe exact backscattering, either an absorber or a high-energy
resolution monochromator® (see figure 6(b)) is installed. The latter reduces the energy
band of the incident beam from ~2 eV to ~7 meV and correspondingly the total
flux, preserving the flux of “good” photons. Depending on the situation we use one
of these methods. Sometimes we aso use a third set-up. However, the diode is
then put as close as possible to the incident beam, see figure 6(a). The deviation
from exact backscattering in our geometrical arrangement can be chosen as small as
0.2 mrad, which in the cases discussed in the present section is amost equivalent
to exact backscattering since the widths of the measured angular dependences are
typicaly 1 mrad.

For studies of exact backscattering the (13428) atomic planes in Al,O3 were
chosen, as backscattering of the 14.413 keV Mossbauer radiation is predicted for this
set of planes at a moderate temperature of 380 K (see table 1).

In the experiments, sapphire crystals in the form of a disk of 15 mm diameter
and 1 mm thickness cut perpendicular to the axis [0001] were employed.® They were
installed in an oven on a four-circle diffractometer at the end of the vacuum tube, see
figure 5.

Backscattering of the 14.413 keV Mossbauer radiation from the (134 28) atomic
planes is searched for as follows. First the crystal axis [0001] is oriented parald to
the incident beam by detecting exact back reflection (00030) of X-rays with energy
E = 14.317 keV (crystal at room temperature). All photons are counted except
those incident at ¢t ~ —66 ns. Then the atomic planes (134 28) are set perpendicular
to the incident beam by detecting exact back reflection of the incident 14.413 keV

3We are indebted to Dr. Henri Dautet from the EG& G Optoelectronics Ltd., Vaudreuil, Quebec, for
delivering photodiodes without a ceramic stiffener in the back and without a back-cover.

4 The high-energy resolution monochromator used in the experiments at HASYLAB built with channel-
cut Si(422) and Si(1222) crystals in nested geometry was designed by E. Gerdau, R. Ruffer and
H.D. Ruter based on the initial proposal of [12].

® The crystals were obtained from ESCETE B.V. Single Crystal Technology, Schiffstraat 220, NL-7574
RD Enschede, the Netherlands.
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photons.® The angular position of the crystal at which it reflects these X-rays back
into the detector with maximum intensity is taken as the reference point 60 = 0 for
exact backscattering. At this stage of the adjustment procedure the Modssbauer photons
generated in the iron foil do not necessarily fall into the energy band of the (134 28)
back reflection. As a next step the temperature of the crystal is scanned until events
within atime window of 20-120 ns are detected (figure 6). This signals that the crystal
reflects Mosshauer photons backwards.

3.1.1. T—F equivalence relation

Being bound to the fixed energy of the Mosshauer radiation, the standard mea
surement of the reflectivity as a function of the X-ray energy E is replaced by the
equivalent reflectivity measurement as a function of the crystal temperature 7'

The T—F equivalence relation can be derived easily. As discussed in the appen-
dix, according to the dynamica theory of diffraction the reflectivity is a function of
the deviation from Bragg's condition given by the parameter «, which is a function
of T and E. Those values of E and T' are equivalent which result in the same value
of a. Using the general expression (A.11) for «, derived in the appendix without
approximations, and the definition of the Bragg energy (2.2) one finds that « is a
function of the product Edy(T). Therefore, the condition for the E-T" equivalence
reads Edy(T) = condt, or, after differentiation,

dE _ Epw Odni
dr’"  dyy dT
For more details see appendix A.2.
By using the temperature expansion in the [134 28] direction derived in equa-
tion (3.6), we obtain for X-rays with energy £ ~ 14.413 keV and for a crysta
temperature T' ~ 372 K

(3.1)

dE
g7 = —0.100 [eV/K] (3.2

in the case of Bragg scattering from the atomic planes (134 28).

3.2. Sudies of exact backscattering in the two-beam diffraction case

3.2.1. Temperature dependences

Figure 7 shows temperature dependences of the reflectivity recorded at different
angular deviations 60 from normal incidence to the (134 28) planes. The temperature
in the oven was stabilized with an accuracy of 1 mK by using computer control [33].
A platinum resistor PT100 was used as a temperature sensor.

®The angle v between the [0001] and [13428] directions is 22.091°. There are another 5 reciprocal
vectors equivalent to [13428]. They lie on the surface of a cone with opening angle + and rotation
axis parald to [0001]. Back reflections corresponding to these reciprocal vectors are easily found by
directing the incident beam at an angle of + to the [0001] axis and by rotating the crystal around the
[0001] direction.
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Figure 7. Temperature dependences of Bragg scattering of 14.413 keV photons with 0.5 neV bandwidth

from an Al,Oz crystal measured at different angular deviations 66 from normal incidence to the (134 28)

reflecting planes. Solid lines are fits with Lorentzians. The width of the curve a 60 = 0.2 mrad is
100 mK (equivalent to a 10.0 meV X-ray energy bandwidth).

At 66 = 0.2 mrad (i.e., in aimost exact backscattering) the maximum reflectivity
is achieved in this sample at Tg = 372.40 + 0.01 K. The width of the reflection curve
is 100 mK, corresponding to an energy width of 10.0 meV. This is more than the
6.2 meV expected theoretically. With increasing 66 the temperature where maximum
reflectivity is reached increases proportional to 662. This square dependence, which
is a characteristic feature of backscattering, has a remarkable consequence, namely an
extraordinarily large angular acceptance of Bragg back reflections. The corresponding
measurements are shown below in section 3.2.2.

The temperature dependence of amost exact backscattering was measured in
sapphire single crystals of different origin. The width and the form of the temper-
ature dependence served as a crystal quality test. Czochralski grown crystals’ show
energy widths of typically about 40-50 meV. HEMEX sapphire [22] shows signifi-
cantly narrower reflection curves with widths from 20 meV down to the theoretical
value of 6.2 meV, see figure 8. All samples were mechanically polished as described
in[22].

To reduce possible tension in a surface layer due to mechanical polishing, some
samples were chemically polished in a1 : 1 H,SO4 : H3PO,4 solution, as described
in [34]. The effect of chemical polishing, although not very pronounced, was positive.
The narrowest temperature dependence, shown in figure 8, was measured in a crystal

" The samples were obtained from Union Carbide via Roditi International Corporation GmbH, D-21029
Hamburg, Germany.
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Figure 8. Reflectivity in Al,O3 (circles) measured at almost exact backscattering with 66 = 0.2 mrad as
a function of the crystal temperature 7' [35]. The upper scale is in units of the X-ray energy equivalent
to the temperature change. The solid line is the calculation according to the dynamical theory for an
ideal 1 mm thick crystal of Al,Oz and an incident monochromatic plane wave, see egs. (A.31), (A.27),
(A.21) and (A.11) of the appendix. The dashed line is a Lorentzian with a width of 6.2 meV.

polished in the above solution for 6 hours at 300+ 10°C. A surface layer of ~0.15 mm
is removed by this procedure.

Ty differs dightly from sample to sample. Its average value, calculated from the
data of about 30 measured samples of HEMEX sapphire, is (Tg) = 372.19 K with a
mean sguare deviation of +0.06 K.

3.2.2. Angular dependences

Figure 9 shows the angular dependences of Bragg scattering of 14.413 keV res-
onant radiation measured at different temperatures 7' of the same Al,O3 crystal. The
angle 60 of deviation from exact backscattering was varied only in one direction.
Because of the symmetry of scattering at 90° this is equivalent to a variation in the
opposite direction. Therefore, the angular dependences of figure 9 are symmetric with
respect to 66 = 0.

Below Tg, i.e, a T —Tg = AT < 0, Bragg scattering scarcely takes place.
Approaching Ty Bragg scattering builds up, with its maximum of reflectivity at 66 = 0
and the largest angular width (full width at half maximum) of 1.7 mrad at AT = 0. With
afurther increase of temperature the peak reflectivity is shifted to values of 66 = O, the
rocking curve narrows and gradually acquires the form known in conventional Bragg
scattering. Nevertheless, the width of the Bragg reflection at 60 = 2.78 mrad till has
the extraordinarily large value of 0.24 mrad.
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Figure 9. The angular dependences of Bragg scattering of monochromatic 14.413 keV X-rays with
0.5 peV bandwidth measured at different temperatures 7' of an Al,Os crystal utilizing the (13428)
reflection. 66 is the angular deviation from normal incidence of the X-rays to the (134 28) reflecting
planes. AT = T — Tg, where Tg = 372.40 K. Solid lines are fits using the dynamica theory of Bragg

scattering.
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3.2.3. Peak reflectivity at normal incidence

The peak reflectivity is constant at different deviations 66 from normal incidence.
To measure the absolute value of the peak reflectivity at normal incidence to (134 28)
planesin Al,O3 ahigh-energy resolution monochromator was installed, see figure 5(b).
This reduces the flux without loss of “good” photons to such an amount that the full
incident beam does not damage the semi-transparent detector. The iron foil in these
measurements is put in front of the detector. Now the time spectrum of nuclear for-
ward scattering from the iron foil appears twice in the detector with a 2L /c separation
in time: once direct from the foil beginning at ¢ > —66 ns and for the second time
a t > 0 ns reflected from the sapphire crystal. The ratio of the time integrated count
rates of both time spectra gives the reflectivity of sapphire multiplied by the trans-
missivity of the detector. The transmissivity is easily measurable. The reflectivity of
the sapphire crystal for the 14.413 keV nuclear resonant radiation is found to be 64%.
This value applies to the sample used in the measurements shown in figures 7 and 9.
It is remarkable that the measured reflectivity, even for a not perfect crystal, is close
to the value of 88% calculated for perfect crystals.

3.3. Evaluation of data and discussion

The experimental data can be compared with the predictions of the dynamical
theory of backscattering of X-rays outlined in the appendix.

The main predictions of the theory are summarized graphically in figure 10. The
ordinate of the graph is (E' — Exk1)/ Enk — the deviation of the X-ray energy E from
the Bragg energy Eni expressed in units of Epi;. The abscissa is the square of the
angular deviation from normal incidence, 66%. The spectral-angular region of total
reflection for a perfect non-absorbing crystal — a kind of DuMond diagram — is given
in this representation by the straight grey strip, according to egs. (A.18), (A.36) of
the appendix. The width of the grey strip along both axes scales with the value of

(E-Ey) /By

0.5(xo+xxl)

0.5(xo -Ixzl)

Figure 10. Spectral-angular region of total reflection of backscattering. Note that the abscissa scales
with 662
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x g — the Fourier component of the electric susceptibility, see egs. (A.1), (A.2) of the
appendix. Typicaly |xz| ~ 1076107 for 15 keV X-rays.

At normal incidence (66 = 0) X-rays which are reflected backwards are centered
around an energy £ = Epi(l — xo/2) dightly larger than Ejj;. As discussed in
the appendix, eq. (A.35), this is due to refraction in the crystal which scales with
Xo ~ —107°. The relative width of the region on the energy scale is AE/E ~ xy
and equivaently AT /T ~ xp.

Animportant feature of the DuMond diagram for backscattering is that the angular
scale — the abscissa — has a 662 dependence, resulting in an unusually large width of
the angular region of total reflection of A0 ~ /2x .

The diagram helps to see that the sets of measured temperature and angular pro-
files of backscattering shown in figures 7 and 9 qualitatively agree with the theoretical
predictions, but not in details.

3.3.1. Temperature dependences

Practically for all measured samples the temperature dependences of backscat-
tering can be fitted by Lorentzian curves (cf. figure 7) having a width larger than
predicted for a perfect crystal. Thisis an unusua line form, which differs significantly
from the Darwin—Prins curve predicted by the dynamical theory of diffraction in per-
fect crystals. Further, the Lorentzian distribution which we observe can not be caused
by an energy or angular distribution of the incident beam, as our measurements were
performed with ideal monochromatic and well collimated X-rays.

The only measured exception is in the temperature dependence shown in figure 8.
The width and the central part of the experimental curve fit well to the theoretical
Darwin—Prins curve caculated with the theory of dynamical diffraction extended to
backscattering as outlined in the appendix. However, the wings again fit better to a
Lorentzian. Most probably, the Lorentzian line shape is a result of crystal imperfec-
tions. The challenge to account for the observed Lorentzian distribution remains.

3.3.2. Angular dependences

The angular dependences shown in figure 9 were compared with the dependences
calculated by the dynamical theory extended to the case of backscattering. We made
certain assumptions to account for the observed broadening of the temperature and
angular curves. Asthetype of crystal defects causing the broadening was not known, it
was assumed that the defects subdivide the crystal into perfect blocks of finite thickness.
The thinner the block, the broader the reflectivity curve. We have ascertained that the
calculated angular dependences averaged over block thicknesses in the range ¢ =
70+ 70 um may satisfactorily describe our experimental results, as shown by solid
linesinfigure 9. Still, thefitisnot ideal and the wings of the experimental dependences
are decaying slower than the theoretical curves.

The following data were used in the calculations. E = 14.413 keV, xo =
(—784+i0.29) x 1077, xg = (—4.044+i0.13) x 107, b = —1.
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3.3.3. Crystal lattice parameters
The backscattering geometry is especialy favourable for a precise determination
of lattice parameters of the reflecting crystal. One of the techniques based on Bragg
backscattering at fixed wavelength (energy) of the incident radiation is presented here.
For backscattering Bragg's law reads

. 1
A = 2dp (T + AT) sin <g — 5(9) ~ 2dpi (T + AT) (1 — 5(592> . (3.3

More precisely, taking into account refraction and assuming low photoabsorption
in the crystal (xg < |xb|), one gets, in the frame of the dynamical theory,

562

A= A( — %) = 2dp(T +AT)<1 — 7). (3.4)

Here x5 = Re{xo} < 0 and x5 = Im{xo}. ) is the wavelength of the radiation in
the crystal. It is exactly backscattered at the temperature 7'. Equation (3.4) can be
rewritten, using dp (T + AT) = \/2 + Adp, &

Adyy = %5@2. (3.5)
According to eq. (3.5) Adj,; depends on the square of the angular position 66 of
maximal reflectivity. This is a special property of backscattering, which therefore is
extremely sensitive to tiny changes of the lattice constant. If 66 can be measured
with an accuracy of 0.1 mrad, Adyy; =~ 10~9). Indeed, the fit of the curves shown in
figure 9 turned out to be sensitive to variations of the average interplanar distance as
Adpp ~5x 107° A,

As )\ is defined by the extreme sharpness of the Mossbauer radiation, this method
opens the possibility of very precise measurements of the average crystal lattice para-
meters in units of the Mossbauer wavelength \. We estimate the accuracy to be better
than 10~8)\. The precision is limited mostly by the accuracy of o.

The values of 613329 = 2d[13;128]/5\— 1 and of djy32,g a different temperatures
(above Tg) obtained from the fits of the measured angular dependences of figure 9 are
shown in figure 11. The set of points in figure 11 can be approximated by a linear
temperature dependence:

dyaaog(T) = 5 [1+6.944 x 10°%T — Tg)], Ts=37240K.  (36)

N >

In standard length units the value for the wavelength of the Mossbauer radia-
tion in sapphire is A = 0.8602583 A. It is derived from the vacuum value A\ =
0.8602549(12) A [36] (E = 14412.50(2) eV) and yj = —0.784 x 107°.
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Figure 11. Temperature variation of the relative interplanar distance &332 in Al2Os measured in units
of the half Mossbauer wavelength A/2 in sapphire: 813426 = dj13a25/(1/2) — 1. The data are derived
from the fit of the angular dependences of backscattering (figure 9) measured at fixed values of the crystal

temperature T'. The absolute values of dj;32,¢ are given taking X = 0.8602583 A (see text). The dashed
line is a linear fit using eq. (3.6).

4. Sapphire as a universal backscattering mirror

As shown in section 2.2 (see especialy figure 2 and table 1), in noncubic crystals
like sapphire the number of different Bragg energies per energy interval is sufficiently
large to find at any ~-energy of about 10-50 keV a backscattering reflection by a
moderate change of the temperature. Along with 14.4125 keV Mossbauer radiation
of 5"Fe nuclei, almost exact backscattering was also observed for the 21.5415 keV
Mossbauer radiation of ®1Eu [37], the 23.8795 keV radiation of 119Sn [37], and for
the 25.6513 keV radiation of 161Dy [3g].

In table 2 we summarize measured Bragg temperatures, as well as temperature
and energy width of the observed back reflections. The experiments were performed at
the undulator beamlines at APS (SRI-CAT 3ID) [37] and HASYLAB (PETRAL) [38]
by using set-ups very similar to that shown in figure 5(a). Details of the experimental
results are given in [37,38].

All observed reflections have a narrow energy width. However, the measured
energy widths are larger than the predicted values given in braces. Again the most
probable reason for this is an insufficient crystal perfection.

The measured Bragg temperatures systematically deviate by ~10 K from the
Bragg temperatures calculated by using the lattice constants determined in [23,24] —
table 1.

The lucky coincidence of the Bragg temperatures for °1Eu and 119Sn Mssbauer
radiation alowed us to determine more accurately the lattice constant in HEMEX
sapphire at Ty = 287.35 K via the known energies of the Mossbauer lines:

a=47590(4) A, ¢=129908522) A a T =287.35K.
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Table 2
Atomic planes (hkil) and Bragg temperatures Tz of Al,O3 for which peak reflectivity in amost exact
backscattering geometry (66 = 0) occurs at X-ray energies E matching selected Mossbauer transitions.
Rated values of the energy widths and peak reflectivities are added in braces. Experimental errors are
given in parentheses.

Nucleus E (hkil) Ts AT AE Reflec-
keV hexagonal K mK meV tivity
SFe 14.41250(2) [36] (13428) 372.19(6) 62 6.2 {6.2} 0.80 {0.88}
By 21.54149(16) [39] (32543) 287.34(15) 69 8.7 {0.6} - {065}
119gn 23.8795(5) [40] (191040) 287.35(15) 77 115 {1.7} - {091}
®lpy 25.65129(16) [39] (32552) 375.11(15) 46 8.0 {0.8} - {0.77}

The error originates from the uncertainties of the Mossbauer energies, given
in [39,40].

In a similar way Bragg temperatures for 5’Fe and 161Dy Mossbauer radiations
which are close to each other, combined with the known temperature expansion in the
direction [134 28] — eq. (3.6) — alow us to determine the lattice constants in HEMEX
sapphire at another temperature:

a=47609(4) A, c=1299838(17) A a T = 375.11K.

The experiments with 3’Fe, 151Eu, 11°Sn, and 11Dy M 6ssbauer radiations demon-
strated that by using amost exact backscattering at different reflections in the same
Al,O3 crystal one is able to obtain highly monochromatic radiation in a wide energy
range of the X-ray spectrum.

5. Backscattering in combination with a moving resonant scatterer

A backscattering mirror reflects the beam back to the same sample, see figure 12.
A resonator with two mirrors lets the beam pass though the sample many times (see,
e.g., section 6). Multiple interaction of the beam with the sample then occurs and
depends on the coherent properties of the beam: on its longitudinal (time) and latera
coherency.

Here we present the results of an experiment with a single backscattering mir-
ror, which reflects synchrotron radiation pulses (14.413 keV) to a sample containing
5"Fe nuclei. The sample is a ~1.3 um thick stainless steel (SS) foil of composition
FessCrasNigg with iron enriched in 3’Fe to 95%. 5’Fe nuclei in SS exhibit an unsplit
nuclear resonance. The nuclel behave as an ensemble of spatialy coherent equivaent
resonators which responds after excitation with enhanced re-emission of the resonant
radiation in the forward direction.

The SSfoail isplaced 1 min front of the mirror, thus the nuclear system is excited
twice with atime lag of 6 ns by radiation pulses propagating in two opposite directions.
The detector records time responses (spectra) on both excitations. In figure 12(a) the
time spectrum is shown measured with the SS foil at rest. In figure 12(b) the time
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Figure 12. Time spectra of nuclear forward scattering (NFS) of synchrotron radiation measured with a

backscattering mirror: (a) a single-resonance nuclear target SS (~1.3 um thick stainless steel foil) at rest:

v = 0; (b) SS, moving with constant velocity v corresponding to a Doppler shift of 91.71g, o = 4.8 neV.

(The measurements were performed at HASYLAB at the beamline BW4 by the authors in collaboration

with J. Jaschke, M. Lucht, O. Leupold, U. van Birck, W. Potzel and P. Schindelmann.) The solid lines

are fits using the NFS theory [41,42]. The insets show the corresponding calculated energy spectra of
NFS.

spectrum is shown measured with the SS foil moving with constant velocity v in the
direction of the incident beam, producing a Doppler shift of the nuclear resonance
in SS of AEp = (v/c)E = 91.7Tg. o = 4.8 neV is the natural linewidth. After
reflection the beam sees the direction of v reversed with respect to the beam propagation
direction. Thus, the nuclear resonance is shifted to —91.7y. The time spectra are
fitted by using the model of nuclear resonant forward scattering in two samples which
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are placed in a row. Without motion the nuclear resonance energies in both samples
coincide. Thus, one expects scattering from a single resonance with a target of twice
the effective thickness — see figure 12(a). Aninspection of the measured curve supports
this assumption. The minimum at about 93 ns is the minimum of a dynamica beat
which is not seen in figure 12(b). If for some reason the energy of the reflected
beam would be shifted and thus the incident and backscattered wave would have
dightly different energies, the dynamical beat minimum would be shifted to earlier
times [43,44]. Thefit of the curve (@) yields no shift within the limits of a natural line
width .

The experiment can be interpreted as an ether drift experiment of the Michelson
type. If the whole set-up is not at rest but moves with velocity « with respect to
some universal frame the nuclear resonance is shifted to Eo(1 + u/c) and the forward
scattering of delayed quanta takes place at this energy. After reflection by the moving
mirror the energy of the quanta is changed to

2
E0<1+ 3) —23E0<1+ 3) :Eo<1— 3) —2<3) Fo.
C C C C C

Eo(1—u/c) isthe energy at which the resonance is seen by a~y-ray moving backwards.
Thus, there remains a mismatch by the term —2(u/c)?Eo. It isquadratic inu/c asin al
experiments with closed path [45]. According to the analysis of the measurement (a)
we get

u\? w2 1T
2(=) Eg<lp or (=) <=-2~18-10713
c c 2 Ep

and
u<42-10c~126 ms !

gives the lower level estimate of the velocity u. No systematic search for a possible
ether drift was planned in this experiment. Thus, this result means that at the time of
the experiment the laboratory component of the velocity with respect to a universal
frame was below the given limit.

Finally, when the sample is moved the position of the resonance in “both” targets
is shifted. Thisis proved by the observation of strong beating of two resonances spaced
by 2AEp = 183.4T g, see figure 12(b).

The experiment and the simulations demonstrate that the backscattering mirror
alows the radiation to interact coherently twice with the sample. Results of measure-
ments with two samples are presented and discussed in [43].

6. Fabry—Pérot—Bragg étalon

As shown in the previous sections, sapphire crystals can be used as backscattering
mirrors for hard X-rays. This makes backscattering resonators and interferometers in
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this spectral region of electromagnetic radiation feasible. In the present section we
analyse theoretically the properties of a Fabry—Pérot interferometer with single crystal
sapphire mirrors for monochromatic 14.143 keV X-rays.

The Fabry—Pérot interferometer is commonly used in optics as a narrow-bandpass
filter or as an instrument to measure spectral linewidths. It basically consists of two
parallel mirrors separated by a gap /qep. Fabry—Pérot interferometers that cannot be
scanned are called étalons. The normal modes of radiation, numbered here by n, which
can be excited in the gap have energies £, = hv, = (hc/2lggp)n. The separation
between the norma mode energies is

hc
AE _ =F,.1— FE,=—— 6.1
FP +1 Zegap ( )

and, eg., for a1 mm gap AE,., = 0.62 meV (A, = 1.5- 10" Hz). The spectral
width of these modes depend on the reflectivity and transmissivity of the mirrors. The
relative width can be made very small provided the reflectivity of the mirrors is high.
The theory of the optical Fabry—Pérot interferometer is well developed [46].

A first design of a Fabry—Pérot-type interferometer for X-rays was proposed
by Steyerl and Steinhauser [47]. The theory of the Fabry—Pérot—Bragg éaon based
on the dynamical theory of X-ray diffraction in perfect crystals was given in refer-
ences [48,49]. The latter unfortunately contains misprints. We will give here inde-
pendently a short derivation of the expressions for reflectivity and transmissivity of
the Fabry—Pérot—Bragg éaon. A more genera theory of the Fabry—Pérot—Bragg in-
terferometer, which takes into account a possible trandation of the reflecting planes of
both mirrors, surface roughness, and possible misalignment (rotation) of the crystals
is considered in [50].

It will be assumed that the mirrors of our device are parts of a common crystal.
No trandation of the reflecting planes is possible. We shall refer to such an instrument
as a Fabry—Pérot—Bragg étalon.

The amplitude r, of the radiation reflected from the Fabry—Pérot—Bragg étalon
and the amplitude ¢, of the radiation transmitted through the Fabry—Pérot-Bragg étalon
can be derived by summing the amplitudes of al possible multiple scattering paths.
With each path a probability amplitude is associated for an incident beam to arrive at
the final point, which is a product of successive reflection and transmission amplitudes
in both crystal plates of the Fabry—Pérot—Bragg étalon and its gap.8 By using the
notations of figure 13 we obtain:

Tep =T0H + tooeid)fo[{ei(b (tHH + THoei(b?ZOHeiqﬁ(tHH + -
tep = too€” (too + Forr€®rpod? (too+- -

8 This way of derivation, although illustrative, is based mostly on intuition. A self-consistent derivation
of the reflectivity and transmissivity of the Fabry—Pérot—Bragg étalon is given in [50].
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Figure 13. The Fabry—Pérot—Bragg étalon with two parallel single crystal plates used as reflecting mirrors.

The crystals have a thickness £ = 2z, — z1 and £ = z, — 7, separated by a gap Lgap = Z1 — 22 filled with

nondiffracting medium. Scheme of the multiple scattering and the amplitudes of the individua scattering
events rog, THo, €iC. are shown.

The summation of the series of multiple scattering amplitudes results in

toot o €+ tootooe
Tep = TOH + i ~OH o tep = 00~00 oy (6.2)
1-— THOTOHel(¢+¢) 1-— TH0TOHe|(¢+¢)

exp(i¢) and exp(i}) are the transmission amplitudes through the gap for the radiation
propagating in the direction of the incident and of the reflected beam, respectively.
The complex phases ¢ and ¢ are due to refraction in the gap:
K/ - K¢
o= Zo e 0= FOET - a). (6.3)

Here Xgap is the Fourier component of zero order of the electric susceptibility of the
medium filling the gap, cf. egs. (A.1) and (A.2) of the appendix. The phase ¢ contains,
additionally to ¢, a shift which results from the difference of the values of the wave
vectors of the incident Ky and reflected Ky waves: Ky — Ko = K /2, which is
obtained from eg. (A.9) of the appendix, « is the deviation from Bragg's condition
defined in appendix A.2.

The amplitude of the radiation rqy reflected from the top side of the first crystal
is given by the expression

1_ -8

Ra — Ryd@ ol 64

rog = R1R>
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which is obtained from eqg. (A.27) of the appendix by using the definitions roy =
EH(Z]_) and /= zo — 2.
The transmission tgp through the first crystal of the radiation incident on the
crystal is Ep(z2) of eg. (A.26) of the appendix and is given by
Ry — Ry
Ry — R1e(61=&)¢"
To evaluate reflection and transmission of the radiation incident on the bottom of

the crystals we use egs. (A.28), (A.29) of the appendix. By using the definitions
THO = EO(ZZ) and tgy = EH(Z]_) we obtain

top = €¢ (6.5)

1_ dr-62)t
THO= R2 _Rlei(él_éz)és
i Rr— R
il 2 1
tpggp =€ 2 Ro— 0G5

For the reflection and transmission amplitudes of the second crystal, 7oz, 7mo, oo
fHQ, the same equations (6.4)—6.7) are vaid, however, with the substitution of ¢
by 2.

The 612 and Rj2 entering expressions (6.4)—6.7) for reflectivity and transmis-
sivity of the Bragg mirrors are functions of the parameter o — the deviation from
Bragg's condition — only, as discussed in appendix A.3. The parameter « is a func-
tion of the energy E and the angle of incidence 6 of the X-ray, as well as of the
crystal temperature 7. The latter controls the Bragg energy of the reflection. Thus,
reflectivity and transmissivity of the Fabry—Pérot—Bragg étalon, given by eg. (6.2),
can also be expressed as functions of the parameter a: r.(a), t.(a). The energy,
angular, and temperature dependences of reflectivity and transmissivity are obtained
from r.(c), t(c) by using the dependences of oo on E, 6, and T', respectively, given
by eg. (A.11) or (A.18) of the appendix.

The results of numerical caculations of the energy and angular dependence
of transmissivity and reflectivity of the Fabry—Pérot-Bragg étalon performed with
egs. (6.2)—(6.7) of the present section are shown in figures 14 and 15. Calculations
for four different values of the gap /ga between the sapphire (134 28) Bragg mirrors
are shown. The dependences labelled with (a) correspond to a zero gap ({gap = 0),
i.e, to asingle crystal plate of thickness ¢ + ¢. The dependences show the region of
high reflectivity and respectively very low transmissivity typical for Bragg diffraction
as discussed, e.g., in appendix A.3. The superimposed oscillation is a result of the
finite crystal thickness ¢ + ¢.

The transmissivity with nonzero gaps marked by (b), (c), or (d) in figure 14
shows sharp maxima with spacing AE_, given by eq. (6.1) in the region of initialy
low transmissivity. Normal incidence of the plane monochromatic wave to the reflecting
planes (134 28) is assumed. The reflectivity shows sharp minima at the same positions.
The calculations demonstrate that the Fabry—Pérot—Bragg étalon behaves similar to
the optical Fabry—Pérot &talon in the region of high reflectivity. At well-defined X-ray

(6.6)

(6.7)
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Figure 14. Energy spectrum of X-rays (Fo = 14.413 keV) transmitted through (left) or reflected from

(right) the Fabry—Pérot—Bragg éalon made of two single crystal plates of Al,Oz with Bragg-reflecting

planes (13428) parald to the surfaces (figure 13). The crystal temperature is T = 373.11 K. The

radiation is a plane monochromatic wave at normal incidence to the reflecting planes (66 = 0). The

thicknesses of the Bragg mirrors are ¢ = 7 = 100 um. The gap between the mirrors in vacuum is taken
to be (8) fgpp = 0, (b) £gap = 200 um, (C) Lgp = 500 pum, (d) ggp = 1000 pm.

energies (angles of incidence) a system of two strongly reflecting parallel Bragg mirrors
becomes transparent.

To ensure an observation of the sharp transmission peaks in the energy spectra
of figure 14 one has to use an X-ray beam with a sufficiently high angular collimation.
As one can see from the angular dependences shown in figure 15, the larger the gap
between the mirrors, the less divergent the incident beam should be. For /gg = 1 mm,
e.g., the divergence of the incident beam should be <20 uprad. Along with the very
good collimation the incident X-rays have to have a monochromatization better than
AFErp, i.e., it should be in the sub-meV region for 14.4 keV X-rays and even sharper
for X-rays with higher energy.
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Figure 15. Angular dependence of transmissivity of X-rays (Fo = 14.413 keV) through a Fabry—Pérot—

Bragg étalon (figure 13) made of two single crystal plates of Al,Oz with Bragg-reflecting planes (134 28)

paralld to the surfaces. 66 is the angular deviation from normal incidence of the X-rays to the (134 28)

reflecting planes. The crystal temperatureis T = 373.11 K. The radiation is a plane monochromatic wave

at normal incidence to the reflecting planes. The thicknesses of the Bragg mirrors are ¢ = ¢ = 100 pum.

The gap between the mirrors in vacuum is taken to be (@) £gop = 0, (b) £ggp = 200 um, (C) £ggp = 500 pm,
(d) £gap = 1000 pm.

7. Conclusions

We have presented results of comprehensive experimental studies of exact
backscattering in the two-beam diffraction case in sapphire (Al,O3) single crystals.
The peak reflectivity, the angular and energy dependences were measured by using
highly monochromatic and well collimated X-rays. The dynamica theory of dif-
fraction in perfect crystals qualitatively agrees with our results. We also point out
discrepancies: the wings of energy profiles are better described by a Lorentzian rather
than by a Darwin—Prins profile. We attribute this to a not sufficient perfection of the
sapphire crystals used.

We have aso measured energy profiles of reflectivity a normal incidence to
atomic planes (1240) of asilicon single crystal. In this case multiple beam scattering
effects (24 beams are involved rather than 2 in the case of Al,O3) play a significant
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role. The reflectivity drops by more than a factor of 2 and the energy dependence of
exact backscattering has three apparent peaks with different widths.

Crystals with noncubic symmetry, like Al,O3, BeO, Be, noncubic polytypes of
SiC, suit better than, e.g., cubic Si crystals, for use as backscattering mirrors. First,
due to the fact that Bragg energies (X-ray energies for which peak reflectivity in
exact backscattering takes place) are much less degenerate and thus backscattering is
realised for X-rays of practically any energy. Fine tuning of the crystal lattice and thus
of Bragg energies is performed by changing the crystal temperature. Second, exact
backscattering in Si crystals is practically impossible, because of the multiple beam
scattering effects.

Exact backscattering in Al,O3 was observed for 14.4125 keV Mossbauer radiation
of 5’Fe[2], 21.5415 keV Mossbauer radiation of 1Eu [37], 23.8795 keV radiation of
11951 [37], and 25.6513 keV radiation of 161Dy [38]. Experiments with >’Fe, 151Eu,
119gn, and 161Dy Mossbauer radiations demonstrate that by using backscattering in
one and the same Al,Oj3 crystal one is able to obtain highly monochromatic radiation
in a wide energy range of the X-ray spectrum.

The performance of the sapphire Bragg mirror as part of a backscattering res-
onator was demonstrated.

A concrete design of a Fabry—Pérot—Bragg étalon and simulations of energy
and angular dependences of transmissivity and reflectivity for 14.413 keV X-rays are
presented and sapphire crystals with a (134 28) Bragg reflection have been used as
backscattering mirrors.

Acknowledgements

The work was supported by the Bundesministerium fir Bildung, Forschung
und Technologie under Contract No. 05 643GUAL. The authors are indebted to
H. de Waard, E. Alp, and H.-C. Wille for reading the manuscript.

Appendix A. Dynamical theory of backscattering

We will recall here elements of the dynamical theory of diffraction of X-rays in
perfect crystals laying emphasis on the points critical in the backscattering geometry.
The equations will be derived that are used in the present paper for evaluation of angu-
lar, energy, and temperature dependences of the crystal reflectivity in backscattering as
well as for the evaluation of the reflectivity and transmissivity of Fabry—Pérot—Bragg
étalons.

The dynamical theory of diffraction in backscattering geometry is discussed
in [4—7]. Our derivation is similar to that of Caticha and Caticha-Ellis[6]. It isbased on
the perception that the basic equations of dynamical diffraction theory as they were de-
rived by von Laue [51] (see also [52-54]) are valid in backscattering geometry as well.
However, the parameter o of deviation from the Bragg condition should be defined
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dightly differently. In [6] a new expression for «, valid in backscattering geometry,
was derived. A more general expression for «, valid for any angle of incidence, was
given in [2] and is derived here.

A.1l. General equations

The scattering geometry is shown in figure 16. The wave vectors K and K of
the incident and scattered radiation in vacuum define the scattering plane (Ko, K 7).
Diffraction takes place on the atomic planes of a crystal, which are perpendicular to
the reciprocal vector H. The unit vector z is a normal to the crystal surface directed
inwards.

The equations of the dynamica theory will be derived by using an approach
first formulated by von Laue [51] (see aso [52-54]). It is based on the solution of
Maxwell’s eguations for a medium with an electric susceptibility that continuously
varies and is periodic in space:

X)) =" xueHr. (A1)
H
The Fourier components of the susceptibility xo, Xz, X7, €c. are determined by
)\2
XH = —TeﬁFH (A.2)
with
Fy =Y fo(H)&Hre M(H) (A.3)
n

the structure factor of the crystal unit cdl, f,, the atomic scattering amplitude (with
anomal ous scattering corrections) and exp(—2W,) the Debye-Waller factor of an atom
located in the unit cell at a point with radius vector r,; V' is the unit cell volume and
re IS the classical eectron radius.

The incident monochromatic plane wave e’expli(Kor — Et/h)] (|[Ko| = K =
E/hc = 27/)) in the polarization state €® (s = {0, 7}, |€®| = 1) excites a radiation

H

Ky Ky

\Hjié&e

¥4
22

4

Figure 16. Scattering geometry.
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fiedd E*(r,t) inside the crystal in the form of a Bloch wave, which in the two-beam
approximation is given by

Es(r,t) = e FUM [ Egekor + By eknr], (A.4)

where kg and ky are in-crystal wave vectors of the incident and diffracted radiation,
respectively, which are related by conservation of momentum in crystals:

kg =ko+ H. (A.5)

Because of the refraction, although small, the in-crystal wave vectors kg g differ from
those in vacuum Ko

kO’H:KO’H+62. (A.6)

Thisrelation is derived from the condition of continuity of the tangential component of
the radiation at the vacuum—crystal interface. Along with § we shall use the parameter
g = 5’}/0/K (’YO = ZAiKo/K)

Substitution of the radiation field in the crystal in the form given by egs. (A.4),
(A.5), and (A.6) into Maxwell’'s equations with the electric susceptibility eq. (A.1)
results in the following set of algebraic equations for the amplitudes of the transmitted
Eg and diffracted E7; radiation components:

(26 — Xo) ES — XI:ICSE% = O,

S S S (A7)
—xuC® E§ + (22/b — xo + @) Ey = 0.
Let us first discuss the parameters «, b, C* of this set of equations.
The asymmetry parameter
2Ky
b= A.8
z2Kpg (A-8)

characterizes how symmetrically the wave vectors of the incident and reflected radiation
are directed with respect to the normal of the crystal surface. In the reflection scattering
geometry, the so-called Bragg geometry, asin figure 16, the asymmetry parameter takes
arbitrary negative values. If the wave vectors of the incident and reflected beams make
the same angle with the normal to the crystal surface, then b = —1. This is dways
the case for exact backscattering.

The polarization factor C? = 1 and C™ = cos2f. As long as our primary
interest here is backscattering, for which |CS|2 ~ 1 for both polarizations, we will not
distinguish in the following between the solutions of eq. (A.7) for different polarization
components and will omit for ssimplicity the polarization index s.

A.2. Deviation from Bragg's condition

The parameter
K% - K}

= (A.9)

(%
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is a measure of the deviation from Bragg's condition (2.1). Indeed, if o = 0 then
Ko = Ky and with eg. (A.5) one obtains the kinematical Bragg law in the form
H = 2K sin#, equivaent to eg. (2.1).

The dimensionless parameter « plays an important role in our considerations since
the reflectivity (transmissivity) can be presented as a function of only this parameter,
as shown in the next section. The sought for angular, energy, and temperature depen-
dences of the reflectivity and transmissivity are then defined by usingan o = f(£,60,T)
dependence. It is this dependence « = f(F,6,T) which should be carefully speci-
fied for the dynamical theory to be applicable for backscattering. This dependence is
derived here.

We make use of definition (A.9). With figure 16 and the relation Ky = Ko+ H
the parameter « is

1
= 2 (_
Bearing in mind that H = 2r/dpx; = 2Epg/he and K = w/c = E/he, o may be
presented as a function of the angle of incidence 6, the energy E, and the Bragg energy
Epi(T) in the following way [2]:
Eng(T) | Enga(T)
E E
This expression is valid for any angle of incidence 6, including 6 = «/2. It is the
sought for general dependence oo = f(E, 6, T) for the given value of the Bragg energy
Ehi-

By using the X-ray wavelength \ instead of energy E and dj,;; instead of Ejy,
we obtain the equivalent dependence

2 [
 dp(T) | 2dpi(T)

By using the kinematical Bragg law, eg. (2.1), « can be expressed via the kinematical
Bragg angle 0g:

o 2KH s€n6 + H?). (A.10)

a=4

- sine]. (A.11)

a - sjn@} (A.12)

a = 4sinfg[sinfg — sind]. (A.13)

Assuming that |fg — | < 1 one easily derives from eg. (A.13) the standard approxi-
mation for o« normally used in the dynamical theory [53,54]:

o = 2(fg — 0)sin20g. (A.14)

However, this expression fails to work in the region of backscattering: 0g = 7/2.
Aswas shown in [6] ancther approximation of « is applicable for backscattering:
2E — Enp)
Enki

This expression is easily derived from the general expression (A.11) for «, assuming
160] < 1and [(E — Epg)/ Enr| < 1.

a=2|60%— (A.15)
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Due to the fact that the interplanar distance dy,;; and, therefore, the Bragg energy
is temperature-dependent, o can be changed by varying the temperature. Taking into
account that the variation of the Bragg energy in a small temperature range can be
expressed as

Eppi(T + 0T) = Epiy(T)(L — Brri6T), (A.16)
with
Bt = dp(T) dT

the linear temperature expansion coefficient in the direction [hkl], we obtain for o the
following expression:

(A.17)

OF
Ep(T)
Here 6F = E — Ey,(T). The equation shows that o varies linearly both with
X-ray energy and crystal temperature, and quadratically with the angular deviation 66.
Equation (A.18) can be used to establish the relation of equivalence between the
variations of X-ray energy and crystal temperature. Those values of £ and T are
equivalent which result in the same reflectivity. As long as the reflectivity of X-rays
is afunction of « only, we obtain from eq. (A.18) the E—T" equivaence relation:

OF = Eppi(T)Bri(T)0T. (A.19)

a=260>—4 + Bri(T)6T | . (A.18)

A.3. Reflectivity and transmissivity

The compatibility conditions for the set of linear equations (A.7) determine two
possible values of ¢:

/ b
2:12 — xo = C/|blxaxg |~y £/ y>+ ol (A.20)
Here
Xo(l — b) +ab
A CL i (A.21)
20/ Iblxuxg

It is assumed that the imaginary part of the root in eg. (A.20) is positive and index 1
in g1 corresponds to the sign “+”, i.e, Im(s; — g2) > 0. With account of the two
possible solutions (A.20) for e, expression eg. (A.4) for the radiation field in the crystal
reads

E(r,t) = éXorBUR o (2) + Eg(2) €H7], (A.22)
with

. . K
Eo(z) = Y €% EY,  Eyx)= Y &% EY, 6, = e (A
v=12 v=12
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By using eg. (A.7) one can define the ratio of the amplitudes E§-? and E(2:

12
B _ 2512 — X0
E§H Cxn

Rao = (A.29)

To define the amplitudes ES-? and E? themselves additional information is needed.
It can be obtained from the boundary condition Ep(z1) = 1 at the entrance surface
z = z for the beam propagating in the forward direction and from the boundary
condition E'g(z2) = 0 at the exit surface z = 2z, for the reflected beam, see figure 16.
By using egs. (A.23), they can be written as

ESY expliorza] + ES explisoz] = 1,

D) expli @ expli§nz] — (A.25)
E} explid1zz] + E}7 explidozo] = 0.

As aresult the forward Ep(z) and Bragg scattered Ex(z) components of the radiation

field eq. (A.22) inside the crystal at a depth z are given by

Ry explioa(z — 22)] — Rpexplion(z — 22)]
Ry explioa(z1 — 22)] — Raexplida(z1 — 22)]
RiRo{explida(z — 22)] — explida(z — 22)]}
Ry explioa(z1 — 22)] — Raexplidn(z1 — 22)]

For the problem of the Fabry—Pérot—Bragg étalon addressed in section 6 it is
helpful also to consider the case of the entrance surface at z, and the incident radiation

with the wave vector K g rather than with K. In this case the boundary conditions
are written as

Eo(z) = (A.26)

Eu(z) = (A.27)

E§ explisyz1] + B expliszaa] =0,
(1) _ @ _ (A.28)

Ey explidrzo] + E}7 explidoza] =1,

resulting in the solution:
explida(z — 21)] — explida(z — 21)]

E = : . , A.29
o) R explida(z2 — 21)] — Raexplioa(z2 — 21)] (A.29)
E(2) = R explida(z — 21)] — Raexplida(z — z1)] (A.30)

R explido(z2 — 21)] — Riexplida(zo — 21)]

The reflectivity of the crystal is the ratio of the fluxes in the incident and in the
reflected beams:
1 ’EH (Zin)’2
R= A.31
ol ot 3D
where for incidence from the front side zj, = 21 and egs. (A.26)—(A.27) should be used,
while for incidence from the opposite side zjn, = 22 and egs. (A.29)—A.30) should be
used. Inthe approximation of a semi-infinite crystal for which Im(6, —62)(z2—21) > 1
the expression for the reflectivity (A.31) using egs. (A.26)—(A.27) —front side incidence
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—reduces to R = R;1/|b|. By using egs. (A.20), (A.24) we obtain the well-known
expression for the reflectivity in the approximation of a semi-infinite crystal:

2
b
fyj: y2+ _
\ g

The reflectivity is a function of the parameter y aone.

Let usfirst assumethat y isreal. This happens in the absence of photo-absorption,
or when the photo-absorption can be neglected: 1m{ xorn} < Re{x0,x}. We assume
aso that x 7 = x 7, which istrue for centrosymmetric crystals. Under these conditions
the reflectivity equals unity in the region y? < b/|b|, usually referred to as the region
of tota reflection. Taking into account eg. (A.21) the region of total reflection can be
defined by the parameter o as

R= ')’E—i . (A.32)

a1 < a< oy, (A.33)

- 1
a1 = ag+ 2C, /XTb’TH, ap = X0<1 - g>’ (A.34)

The centre of the region of total reflection is shifted from the kinematical position
a = 0by ag = xo(1—1/b) due to refraction. For instance, X-rays at normal incidence
(66 = 0,b = —1) are reflected at an energy

E = Epn (1 — %) = Euu, (A.35)
which is shifted by 6 E = —xoEpx/2 from the kinematical Bragg energy Enr;. The

shift is positive, as yo < 0. Enx; Will be referred to as the dynamical Bragg energy.
The width of the region of total reflection,

Aa=arg — a1 =4C\/xuxg/|bl, (A.36)

is of the order of |,/xaxz| < 107°. To define the width of the reflection region
in units of the angle of incidence 0, X-ray energy E, or crysta temperature 7' an
a = f(6, E,T) dependence should be used, e.g., expressed by eq. (A.18), which is
valid in backscattering geometry.

According to egs. (A.18), (A.33), (A.34) aready tiny variations of E, § or T
produce sizable changes in reflectivity. These variations, however, leave the compo-
nents of the electric susceptibility xo, xz, asymmetry parameter b, and polarization
factor C' entering along with « the variable y practically unchanged. From this we
conclude that the reflectivity can be expressed as a function R(«). If R(«) is known,
by using o = f(6, E,T) presented in appendix A.2, the reflectivity as a function of
angle of incidence, photon energy and crystal temperature can be immediately derived.

Taking into account photo-absorption or a crystal of finite thickness requires the
application of general egs. (A.26)—(A.31) for calculations of the reflectivity. Maximum
reflectivity and its position «ap, as well as the width in the reflection curve Aa =
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o411 — a1, can be derived by numerical calculations. It will be different from da
given by eqg. (A.36), but still of the order |y | < 107°. Also the conclusion, that the
reflectivity is a function of «, only stays intact in the general case.

From numerical calculations one defines R(«), maximum reflectivity R(ag), its
position ag and its half width Aa. All these dependences and values can be easily
expressed in the units of the variables #, E, or T by using a vaid relation o =
f(0,E,T) presented in appendix A.2.
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