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The problem of coherent resonant scattering of X-rays by an ensemble of nuclei is
solved directly in time and space. In a first step the problem with a single coherently
scattered beam is considered – nuclear forward scattering. The wave equation describing
the propagation of the radiation through the nuclear ensemble is derived. It is a first order
integro-differential equation. Its kernel is a double time function K(t, t̃) which represents
the coherent single scattering response of the nuclear system at time t to excitation at t̃.
The kernel is defined by the character of the interactions the nuclei experience with the
environment and by the character of their motion. A general procedure of solution of the
wave equation is introduced which is independent of the type of kernel. In a second step
the wave equation is generalized to the case of many coherently scattered beams, which
is, e.g., the case of nuclear Bragg diffraction. Kernels of the wave equations are derived
for some particular cases: collective motion of nuclei in space, thermal lattice vibrations,
time-independent hyperfine interactions, and time-dependent hyperfine interactions due to
external magnetic-field switching.
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1. Introduction

Presentation in the frequency domain has usually been used to describe nuclear
resonance scattering phenomena. This had natural reasons, since the main experimental
technique in use, the Mössbauer spectroscopy, allowed one to measure frequency
dependencies of nuclear resonant absorption, emission, or scattering.

In 1986 nuclear resonant spectroscopy in the time domain, which uses pulsed
synchrotron radiation as a source, was introduced by Gerdau et al. [1]. This exper-
imental technique has been intensively developed since that time. It is a technique
complementary to Mössbauer spectroscopy providing equal, additional or even unique
information (for a review see, e.g., [2,3] and articles in this book). Time spectra of the
coherent response of nuclear systems to the excitation with synchrotron radiation pulses
are measured in cases of nuclear forward scattering (NFS), nuclear Bragg scattering
(NBS), grazing incidence, nuclear small angle scattering, etc.

Time spectra of NFS and NBS of synchrotron radiation were first considered the-
oretically by Kagan et al. [4]. Fourier transformation of the frequency dependences of
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the transmission and reflection amplitudes, which had been obtained earlier in [5–8],
were used to calculate the time spectra of NFS and NBS. Important features which arise
in thick samples – speed-up of the nuclear decay and dynamic beats – were considered.
Trammell and Hannon [9] pointed for the first time to an important effect which arises
in samples possessing multiple nuclear resonances – quantum beats. Numerous subse-
quent theoretical papers [10–15] have used Fourier transformation from the frequency
to the time domain to consider different scattering geometries and different cases of
interactions of nuclei with their environment.

The Fourier transformation technique can be used to calculate the time spectra
provided the frequency spectra of transmission or (and) reflection are known for the
given sample. However, this is not always the case. One approach, which does not
require initial knowledge of the frequency spectra, is based on the solution of the scat-
tering problems directly in time and space. The methods of direct calculations in time
and space arose originally with the need to describe experiments of nuclear resonance
scattering with time-dependent external perturbations of hyperfine interactions [16,17]
and nuclear motion [18–20]. This approach was later also used to handle NFS problems
in case of time-independent hyperfine interactions [21].

In [22] the technique of evaluation of the NFS time spectra directly in time
and space was generalized to nuclear systems experiencing any type of hyperfine
interactions and any character of spatial motion. In the present paper this approach
is generalized one step further with the purpose of handling problems with several
coherently scattered beams as they take place, e.g., in the case of Bragg diffraction.

In the first part of the paper (section 2) the scattering problem of a single co-
herently scattered beam is considered: nuclear forward scattering. A wave equation
is derived for the propagation of X-rays directly in time and space through a ho-
mogeneous nuclear resonant medium: sections 2.1, 2.4. The equation is a first order
integro-differential wave equation. Its kernel is the double-time nuclear self-correlation
function K(t, t̃) defined by the type of interactions the nuclei experience with the en-
vironment and their spatial motion: section 2.3. K(t, t̃) describes the coherent single
scattering response in the forward direction of the nuclear system at time t to an exci-
tation at t̃. A procedure for solving the wave equation is discussed that is independent
of the type of the kernel: section 2.5.

In the next part of the paper (section 3) the wave equation is generalized to the
case of several coherently scattered beams, which is, e.g., the case of nuclear Bragg
scattering. The kernel of the set of multiple beam wave equations is the double-time
self-correlation function of the nuclear ensemble Kmm̃(t, t̃), which bears very similar
physical information as in the case of NFS: it is a coherent single scattering response
of the nuclear system at time t to the excitation at t̃. However, it additionally acquires
an explicit double-momentum dependence due to different wave vectors of the incident
km̃ and scattered km beams. The solution of the set of equations in a single scattering
approximation is discussed: section 3.3.

Examples of the nuclear self-correlation functions – the kernels of the wave
equations – are given in the following particular cases: collective motion of the nu-
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clear ensemble in space: section 4.1.1; thermal lattice vibrations: section 4.1.2; time-
independent hyperfine interactions: section 4.2; time-dependent hyperfine interactions
due to external magnetic field switching: section 4.3.

2. Nuclear forward scattering

2.1. Formulation of the problem

In this section we will consider the nuclear resonant scattering problem with
single coherently scattered X-ray beam: nuclear forward scattering (NFS). The nuclei
are supposed to be moving in space, or (and) located in an environment with hyperfine
interactions which in general may be time-dependent. The sample is assumed to be a
plate of thickness L. The reference system is attached to its entrance surface with the
z-axis directed perpendicular and inwards to the plate. The purpose of this section is
to derive directly in time and space the wave equation of propagation of radiation in
such media and to develop a procedure for its solution.

The electric component e(r, t) of the radiation field propagating in the resonant
medium is calculated by using Maxwell’s wave equation

∇2e− grad dive− 1
c2

∂2

∂t2
e =

4π
c2

∂

∂t
i (2.1)

with i(r, t) the macroscopic current density induced by the radiation in the system of
resonant nuclei. The incident radiation is represented as a plane wave modulated in
time:

ein(r, t) = E(t)ei(k̃r−ω̃t) (2.2)

with carrier frequency ω̃ and wave vector k̃ (k̃ = ω̃/c). The carrier frequency is
assumed to be close to the nuclear resonance frequency E0/~.

The solution of eq. (2.1) for the field propagating in the sample in the primary
beam direction is sought for in the form

e(r, t) = E(z, t)ei(k̃r−ω̃t) (2.3)

with an envelope E(z, t) varying slowly in time and space compared with the exponent.
The envelope only contains the spatial coordinate z, since refraction and absorption in
the sample occur along the normal to the sample surface, i.e., along z. The induced
current density sought for is of the same form:

i(r, t) = I(z, t)ei(k̃r−ω̃t). (2.4)

The presentation by eqs. (2.3), (2.4) is known as the slowly varying envelope approx-
imation. In this case the second order Maxwell wave equation (2.1) reduces to a set
of first order differential equations for the envelopes E(z, t) and I(z, t):

γ
∂

∂z
E(z, t) = −2π

c
I(z, t) (2.5)
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with γ = k̃z/k̃. By using (2.2) and (2.3) the boundary conditions for eq. (2.5) read as
follows:

E(0, t) = E(t). (2.6)

Wave equations for the slowly varying envelopes of the radiation field and induced
current density were first introduced in optics (see, e.g., [23]) and in X-ray diffraction
in crystals [24]. Recently it was also used in the analysis of nuclear resonant scattering
problems [16,18,19,22].

The time spectrum of nuclear forward scattering is the time dependence of the
radiation intensity emerging from the sample in the primary beam direction:

S(t) ∝
∣∣E(L, t)

∣∣2 =
∑
s

∣∣Es(L, t)
∣∣2. (2.7)

Here, the superscript s corresponds to any of two orthogonal polarization components
of the radiation, given by the polarization vectors es.

2.2. Current density of the nuclear ensemble

In each particular case the right hand side of eq. (2.5), i.e., the current density
induced by the radiation in the ensemble of resonant nuclei, should be specified. The
current density of the ensemble is the sum of the current densities iα(r − rα(t), t) of
individual nuclei numbered here by α. The position vector rα(t) = Rα+uα(t) of the
nucleus α is presented as a sum of its equilibrium position Rα and its displacement
uα(t) from the equilibrium due to either thermal lattice vibrations, or (and) vibrations
induced by an external force, etc. For convenience of further calculations the presen-
tation of the nuclear current density in terms of momentum k is used: iα(k, t). The
coherent current density of the nuclear ensemble is then given by

i(r, t) =
∑
α

∫
dk

(2π)3

〈
iα(k, t)eik(r−rα)〉. (2.8)

The broken brackets 〈·〉 in eq. (2.8) mean a statistical average over the initial state of the
crystal, assuming its thermal equilibrium, and also averaging over all other stochastic
degrees of freedom. The coherent part of the current density of an individual nucleus α
is calculated by using its density matrix:

iα(k, t) = Tr
{
ĵ(k)ρ̂α(t)

}
. (2.9)

Here, ρ̂α(t) is the density matrix operator of the nucleus, which is defined by the
Liouville–von Neumann equation

i~∂ρ̂α(t)
∂t

=
[
Ĥα(t) + Ĥ γ

α (t), ρ̂α(t)
]
. (2.10)
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Ĥα(t) in eq. (2.10) is the Hamiltonian of a nucleus α with the following components:

Ĥα(t) = Eλ − i
Γ0

2
δλ,e + Ĥ hf

αλ
(t). (2.11)

Eλ is the energy in the ground (λ = g) or in the excited (λ = e) state defined by internal
nuclear interactions. Each nucleus is also characterized by the energy E0 = Ee − Eg

of the nuclear transition e ⇒ g, by the full natural energy width Γ0 of the nuclear
excited state, by its spin Jλ, magnetic moment µλ, quadrupole moment Q, etc. The
Hamiltonian Ĥ hf

αλ
(t) represents hyperfine interactions which, generally speaking, are

time-dependent. Its actual form will be specified later.
Ĥ γ
α (t) in (2.10) is the Hamiltonian representing the interaction of the nu-

cleus with the radiation field. It is given by the standard expression: Ĥ γ
α (t) =

−c−1
∫

drĵ(r − rα)A(r, t) [25] with A(r, t) the vector potential and with ĵ(r − rα)
here and ĵ(k) in (2.9) the Schrödinger picture nuclear current density operator in the
real and reciprocal space, respectively. By using the Coulomb gauge with zero scalar
potential, the representation of the field e(r, t) by eq. (2.3) and applying the slowly
varying envelope approximation we obtain for the interaction Hamiltonian [16,18]

Ĥ γ
α (t) = iω̃−1ĵ

(
−k̃
)
E(zα, t)ei(k̃rα−ω̃t). (2.12)

We assume that the interaction (2.12) of the nuclei with the radiation field is weak
compared to the other interactions given by (2.11). This allows us to use perturbation
theory and to obtain in second order (resonant scattering is a second-order scattering
process) the following expression for the current density (see [26]):

iα(k, t) =
1
i~

Tr

{
ǰα(k, t)

∫ t

−∞

[
Ȟ γ
α (t̃), ρ̌α(−∞)

]
dt̃

}
. (2.13)

Here, the symbols with the accent ˇ denote interaction picture operators defined ac-
cording to the rule

Λ̌α(t) = Û−1
α (t,−∞)Λ̂α(t)Ûα(t,−∞) (2.14)

with the evolution operator

Ûα(t2, t1) = T̂ exp

{
− i
~

∫ t2

t1

Ĥα(t) dt

}
(2.15)

of a nucleus α in the absence of the radiation field, and T̂ the time-ordering operator.
The trace in (2.13) is calculated by using a full set of nuclear state vectors

|αλ〉 which, in the present paper, are chosen as eigenstate vectors of the nuclear
Hamiltonian Ĥα(−∞) of eq. (2.11) taken at t = −∞. It is assumed that ini-
tially at t = −∞ all the sub-levels in the ground state are populated equally, i.e.,
〈αg|ρ̂α(−∞)|αg〉 = 1/(2Ig + 1), while those in the excited state are not populated at
all, i.e., 〈αe|ρ̂α(−∞)|αe〉 = 0. It is also taken into account that only matrix elements
of the operator ĵ between the ground and excited nuclear states have significant values.
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After transformations we obtain the following general expression for the s-polarization
component of the current density of an individual nucleus:

isα(k, t) =
1

~ω̃(2Ig + 1)

∑
αg,αe,s̃

jsαgαe
(k, t)

∫ t

−∞
js̃αeαg

(
−k̃, t̃

)
Es̃
(
zα, t̃

)
ei(k̃rα−ω̃ t̃ ) dt̃.

(2.16)
The two matrix elements jsαgαe

(k, t) and js̃αeαg
(−k̃, t̃) in (2.16) represent two stages

of the nuclear resonance scattering process via one of the possible nuclear transitions
〈αg| ⇔ |αe〉. The matrix element js̃αeαg

(−k̃, t̃) describes excitation of the nucleus at
time instant t̃ with absorption of the radiation field in the polarization state s̃ and
with the wave vector k̃, while jsαgαe

(k, t) describes de-excitation of the nucleus at
time instant t with emission of the radiation in the polarization state s and with wave
vector k. The matrix elements jsαgαe

(k, t) and js̃αeαg
(−k̃, t̃) are calculated according

to (2.14), (2.15), in particular

jsαg,αe
(k, t) =

∑
α̃g,α̃e

U−1
αgα̃g

(t,−∞)jsα̃gα̃e
(k)Uα̃eαe (t,−∞). (2.17)

For the calculation of the nuclear current density matrix elements jsαgαe
(k̃) we refer to

text books [25,27] and papers [8,12,28,29].
Inserting (2.16) into (2.8) we obtain the following expression for the s-component

of the coherent current density induced in the nuclear ensemble:

is(r, t) =

∫
dk

(2π)3 ei(kr−ω̃t)
∑
α,s̃

ei(k̃−k)Rα

∫ t

−∞
F ss̃α
(
k, k̃, t, t̃

)
Es̃
(
zα, t̃

)
dt̃, (2.18)

where F ss̃α (k, k̃, t, t̃) is defined as

F ss̃α
(
k, k̃, t, t̃

)
=

1
~ω̃(2Ig + 1)

〈
e−ikuα(t)eik̃uα(t̃)〉

× ei ω̃(t−t̃)
∑
αg,αe

〈
jsαgαe

(k, t)js̃αeαg

(
−k̃, t̃

)〉
. (2.19)

It is clear from (2.18) as well as from (2.13), (2.16) that t̃ 6 t, which has the evident
meaning that the time of excitation t̃ always precedes the time of de-excitation t.

2.3. Self-correlation function

Let us combine into groups the terms in the sum
∑

α of (2.18) with the same
values of F ss̃α (k, k̃, t, t̃). These groups we will tag by index β. Physically this proce-
dure means that we combine into groups resonant nuclei α with the same interactions
with the environment and the same spatial motion. Groups of nuclei in equivalent
sites of the crystal unit cell, or nuclei experiencing the same type of fluctuations of
their atomic spins, etc., are examples of such groups. Thus, in the sum over the whole
nuclear ensemble in eq. (2.18) we single out the sums

∑′
α over all nuclei within each
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group β. We assume that the number of nuclei within each group is macroscopic and
make use of the relation∑

α

′ exp
[
i
(
k̃− k

)
Rα

]
= (2π)3N0wβδ

(
k̃ − k

)
, (2.20)

where N0 is the number of all resonant nuclei per unit volume and wβ the relative
weight of group β. We also assume that the sample is homogeneous in the (x, y)
plane so that no effects of nuclear resonant small-angle scattering occur [30]. As a
result we finally obtain the expression for the coherent part of the macroscopic nuclear
current density. It has the form of eq. (2.4) with the s-component of the envelope of
the macroscopic nuclear current density given by

Is(z, t) =
c

2π
σRN0Γ0

4~

∫ t

−∞

∑
s̃

Kss̃
(
t, t̃
)
Es̃
(
z, t̃
)

dt̃. (2.21)

The double-time function Kss̃(t, t̃ ) is the self-correlation function of the nuclear en-
semble, which is defined as

Kss̃
(
t, t̃
)

=
∑
β

Lss̃β
(
t, t̃
)
Mβ

(
t, t̃
)
, (2.22)

Lss̃β
(
t, t̃
)

= ei ω̃(t−t̃)Xβ

∑
βg,βe

〈
jsβgβe

(
k̃, t
)
js̃βeβg

(
−k̃, t̃

)〉
, (2.23)

Mβ

(
t, t̃
)

=
〈
e−ik̃uβ(t)eik̃uβ (t̃)〉, (2.24)

Xβ =
4k̃

c2(2Ie + 1)Γγ
wβ. (2.25)

The factor

σR =
4π

k̃2
· 2Ie + 1

2(2Ig + 1)
· Γγ

Γ0
(2.26)

in (2.21) is the cross-section of the nuclear resonance absorption. Γγ in (2.25) is the
full radiative width of the nuclear transition e⇒ g.

The function Lss̃β (t, t̃ ) in (2.23) can be presented in an alternative way:

Lss̃β
(
t, t̃
)

= ei ω̃(t−t̃)Xβ

∑
βg,βe

〈[
U−1
β

(
t, t̃
)
js
(
k̃
)
Uβ
(
t, t̃
)]
βgβe

〉
js̃βeβg

(
−k̃
)
. (2.27)

For this we have used eqs. (2.17) and the composition law Û (t3, t1) = Û (t3, t2)Û (t2, t1)
valid for the evolution operators [31].

The self-correlation function Kss̃(t, t) has the property

Kss̃(t, t) = δss̃, (2.28)
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which can be easily verified by taking into account that according to (2.24) Mβ(t, t̃ ) =
1 independent of how the nuclei are moving, that according to (2.15) Uβ(t, t̃ ) = 1
independent of the type of hyperfine interactions, and by the relation∑

βg,βe

jsβgβe

(
k̃
)
js̃βeβg

(
−k̃
)

= δss̃
Γγ(2Ie + 1)c2

4k̃
. (2.29)

The latter can be proved by using the optical theorem.
The function Mβ(t, t̃) in eqs. (2.22), (2.24) represents spatial motion of the nuclei

belonging to a group β, while Lss̃β (t, t̃) in eqs. (2.22), (2.23) represents nuclear spin
motion and other internal nuclear degrees of freedom. The function Mβ(t, t̃) is a kind
of a self-correlation function introduced by Van Hove [32] in connection with neutron
scattering. It was later used by Singwi and Sjölander [33] to build the theory of
resonance absorption of nuclear γ-rays for an arbitrary system of interacting particles.

The function Lss̃β (t, t̃) is similar to the self-correlation function used by Afanas’ev
and Kagan [34] and Blume and Tjon [35] to evaluate the Mössbauer line shape in the
presence of time-dependent hyperfine fields.

The self-correlation functions typically used had a (t−t̃) dependence. The function
defined by eqs. (2.22)–(2.24) contains both time variables separated. As shown in
section 2.6.4 the self-correlation functions K(t, t̃) which are reduced to K(t−t̃) describe
coherent elastic scattering, while the self-correlation function K(t, t̃) with separated
time variables describes coherent inelastic scattering.

Elastic scattering occurs under the conditions of time-independent hyperfine in-
teractions, as discussed in section 4.2. It may also occur under the conditions of
time-dependent hyperfine interactions or if the positions of nuclei in space are chang-
ing in time. However, this happens only if these variations in time are stochastic, i.e.,
in no way correlate with the instant of photon absorption t̃ or emission t. Averaging
over these stochastic variations results in a (t − t̃) dependence of the self-correlation
function. Thermal vibrations of nuclei in space (section 4.1.2) is such an example.

Nonstochastic variations in time usually cause inelastic scattering. It occurs if,
e.g., collective synchronized motion of nuclei in space takes place (section 4.1.1), or
synchronized time-dependent hyperfine interactions are induced (section 4.3).

2.4. NFS wave equation

By using eqs. (2.5), (2.21) we obtain the wave equation for propagation of X-rays
in the nuclear resonant medium:

∂Es(ξ, τ )
∂ξ

= −
∫ τ

−∞

∑
s̃

Kss̃
(
τ , τ̃
)
Es̃
(
ξ, τ̃
)

dτ̃ . (2.30)

Here dimensionless space and time variables

ξ =
1
4
σRN0

z

γ
, τ =

tΓ0

~
(2.31)
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are used. The dimensionless space variable ξ scales with the so-called effective reso-
nance thickness TR = σRN0L. The boundary condition of the wave equation (2.30) is
given by (2.6).

The wave equation (2.30) can also be represented in short as follows:

∂E(ξ, τ )
∂ξ

=−D̂
(
τ , τ̃
)
E
(
ξ, τ̃
)
, (2.32)

D̂
(
τ , τ̃
)

=

∫ τ

−∞
K̂
(
τ , τ̃
)

dτ̃ . (2.33)

Equation (2.32) is formally similar to the Schrödinger equation. For this one
has to imagine that ξ plays the role of the time variable in the Schrödinger equation
and −iD̂ plays the role of the “time”- (i.e., ξ-independent) Hamiltonian. Different
techniques of solving the Schrödinger equation exist. To solve (2.32) we use a method
similar to that of quantum-mechanical perturbation theory.

2.5. General solution of the NFS wave equation

The general solution of the wave equation (2.30) can be given as a power series
of ξ:

E(ξ, τ ) =
∞∑
p=0

(−ξ)p

p!
E(p)(τ ). (2.34)

The first term E(0)(τ ) is taken to be independent of the space variable ξ and defined
by the boundary condition

E(0)(τ ) = E(τ ). (2.35)

The other terms, E(p)(τ ), can be obtained after substitution of eq. (2.34) into eq. (2.32).
This results in the recursion relation

E(p)(τ ) = D̂
(
τ , τ̃
)
E(p−1)(τ̃ ) (2.36)

with the help of which and of eqs. (2.33), (2.35) all the amplitudes E(p)(τ ) in eq. (2.34)
can be calculated. The E(p)(τ ) will be referred to as multiple scattering amplitudes of
order p.

By using eqs. (2.34)–(2.36) the solution of the wave equation can also be repre-
sented in the following compact form:

E(ξ, τ ) = exp
[
−ξD̂

(
τ , τ̃
)]
E
(
τ̃
)
. (2.37)

It is remarkable that the solution of the wave equation, given by eqs. (2.34)–(2.36),
is general and independent of the explicit form of the nuclear interactions, which are
hidden in the kernel Kss̃(τ , τ̃ ). Equations (2.34)–(2.36) may be used conveniently for
numerical calculations of the NFS time spectra. The kernel Kss̃(τ , τ̃ ) is calculated once
by using eqs. (2.22)–(2.27). Then, to calculate the time response given by (2.34), one
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applies the general procedure based on the recursion relations (2.36). Such a procedure
was implemented in the program MOTIF [36].

In a few particular cases one can obtain analytical solutions.

2.6. Particular solutions of the NFS wave equation

2.6.1. Single scattering approximation
One such case is the single scattering approximation, which is valid for thin

samples or for short time intervals. Even though the solution in this approximation
may not be exact for a real sample, nevertheless it gives a good basis for the analysis
of physical problems.

The single scattering approximation is obtained by retaining only the zeroth and
first terms (p = 0, 1) in the general solution (2.34). By using eqs. (2.33)–(2.36) the
radiation field in this approximation reads

Es(ξ, τ ) = Es(τ )− ξ
∫ τ

−∞

∑
s̃

Kss̃
(
τ , τ̃
)
E s̃
(
τ̃
)

dτ̃ . (2.38)

If the incident radiation pulse is very short and can be approximated by

E(τ ) = e0Eδ(τ ), (2.39)

which corresponds to the conditions of experiments with pulsed synchrotron radiation,
then eq. (2.38) simplifies to

Es(ξ, τ ) = δ(τ )δs0 − ξKs0(τ , 0). (2.40)

Here, δ(τ ) is the δ-function, δs0 is the Kronecker symbol, and e0 is the polariza-
tion vector of the incident radiation. We assume in eq. (2.40) and everywhere in the
following that E = 1.

The nuclear response is given by the second term of eq. (2.40). The single scat-
tering solution (2.40) provides a clear physical interpretation of the kernel Kss̃(τ , τ̃ ).
The kernel gives the coherent single scattering response in the forward direction of the
nuclear system at time τ to the excitation at τ̃ . The superscripts s̃ and s represent the
states of polarization of the incoming and scattered radiation.

2.6.2. Immediate response
At t = 0+ (i.e., immediately after the excitation) the solution (2.40) in the single

scattering approximation is exactly valid. It is valid exactly for a nuclear ensemble
experiencing any spatial motion and any hyperfine interactions. It is also valid for
samples of any thickness. It is valid exactly, since no multiple scattering is possible
within such a short time. Let us calculate this immediate response.

By using eqs. (2.40), (2.28) and (2.31) we obtain for the response in the forward
direction immediately after excitation

Es(ξ, 0+) = −ξ = −σRN0L

4γ
δs0. (2.41)
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The immediate response of the nuclear system to instantaneous excitation given by
eq. (2.41) is independent of the character of nuclear motions and hyperfine interactions.
It is also independent of whether the nuclei belong to atoms in a solid, or in a liquid, or
in a gas. This fact has important consequences for the possibility of studying nuclear
motion, which is discussed in [22] and in section 4.1.2.

2.6.3. Single resonance
An exact analytical solution is also obtainable in the case of a single nuclear

resonance. A single resonance occurs, e.g., in the absence of hyperfine interactions:
Ĥ hf
βλ

= 0. In this case the evolution operator (2.15) is a c-value:

Uβ
(
t, t̃
)

= exp

[
− i
~

(
Eλ − i

Γ0

2
δλ,e

)(
t− t̃

)]
,

independent of the group number β. For simplicity we assume that the motional part
Mβ(t, t̃ ) = 1. By using these facts together with eqs. (2.22)–(2.27) we obtain that the
single resonance correlation function is elastic: Kss̃(τ , τ̃ ) = Kss̃(τ − τ̃ ), and given by

Kss̃(τ ) = δss̃ψ(τ ), (2.42)

where

ψ(τ ) = exp

[
i

(
~ω̃ −E0

Γ0
+

i
2

)
τ

]
θ(τ ), (2.43)

and θ(τ ) is the unit step function, nonzero if τ > 0.
There is no polarization mixing or polarization dependence under these condi-

tions. Therefore, we omit the polarization index. We assume again that the incident
radiation pulse is very short and can be represented by (2.39). As a result, by using
eqs. (2.33)–(2.36) and the self-correlation function (2.42) all multiple scattering ampli-
tudes can be calculated: E(p)(ξ, τ ) = ψ(τ )ξpτp−1/(p− 1)! and the analytical solution
for the nuclear response to the prompt excitation is readily obtained:

E(ξ, τ ) = δ(τ ) − ψ(τ )ξ
∞∑
p=1

(−ξτ )p−1

(p− 1)!p!
(2.44)

= δ(τ ) − ψ(τ )ξ
J1(2
√
ξτ )√
ξτ

. (2.45)

The solution (2.45) is in agreement with the result obtained earlier in [4] by using
Fourier transformation of the frequency-dependent transmission amplitude through the
single resonance absorber. It is also in agreement with the solution obtained for
the problem of the radiation pulse propagation in a single resonance optical medium
[37,38].

The terms in the sum of (2.44) are the multiple scattering amplitudes of order p.
If the condition ξτ � 1 is fulfilled (i.e., the sample is thin enough and the time of
observation τ is not too far from the excitation time τ = 0) the solution (2.44) can
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be restricted to the term with p = 1. This actually represents the single scattering
approximation discussed in section 2.6.1. Under these conditions the time response
is simply proportional to ξψ(τ ) and has the usual de-excitation factor exp(−Γ0t/2)
characteristic for the natural decay of an isolated nucleus.

If the sample is not thin (ξ � 1) or the instant of observation τ is far from
τ = 0, then other terms in the sum of (2.44), which represent multiple scattering,
start to play a significant role. As a result, according to (2.45), the response acquires
the modulation J1(2

√
ξτ)/
√
ξτ which alters the natural decay by additional damping

and oscillations. The latter are often referred to as dynamical beats, which were
observed both in experiments with radioactive sources [16,39,40] and with synchrotron
radiation [41]. The faster damping is often referred to as coherent speed-up of the decay
in NFS [4,40,42,43].

How many scattering events in a sample with thickness parameter ξ does a
photon arriving in the detector at time τ experience? In other words, how many terms
in the sum of (2.44) are significant for the given values of ξ and τ? To estimate
this value, which we denote as pξτ , let us assume that pξτ � 1 and use Stirling’s
formula p! =

√
2πpp+0.5e−p for factorials in the denominator of (2.44). Under these

assumptions the terms in the sum of (2.44) can be approximated by (ξτe2/p2)p−1/
√

2π.
Thus, the required number of scattering events can be estimated to be pξτ > e

√
ξτ .

By using solution (2.45) and the wave equation (2.5) one can also obtain the
following expression for the coherent nuclear current density induced in the sample
by the instantaneous radiation pulse (2.39):

I(ξ, τ ) =
c

8π
N0σRJ0

(
2
√
ξτ
)
ψ(τ ). (2.46)

It shows that directly after the excitation at τ = 0 there exists a homogeneous dis-
tribution of the nuclear currents over the whole sample: I(ξ, 0+) = const. Later the
nuclear currents acquire an inhomogeneous spatial distribution which varies with time.
According to eq. (2.5) the nuclear ensemble radiates in the forward direction a field
E(L, τ ) = −(2π/cγ)

∫ L
0 I(z, τ ) dz. At those instants, when the net coherent current

density
∫ L

0 I(z, τ ) dz = 0, i.e., when the currents interfere destructively, the nuclei do
not radiate coherently in a forward direction. These instants correspond to the minima
of the dynamical beats.

2.6.4. Particular solutions in the frequency domain
An alternative solution procedure to that given by eqs. (2.34)–(2.36) is to trans-

form the wave equation (2.32) into the frequency domain, to solve it there, and then
to Fourier transform the solution back into the time domain. The transformation of
the wave equation into the frequency domain results in

∂E(ξ, ε)
∂ξ

= −
∫ +∞

−∞

dε̃
2π
K̂
(
ε, ε̃
)
E
(
ξ, ε̃
)
, (2.47)
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where

K̂(ε, ε̃) =

∫ ∫
eiετ e−iε̃τ̃K̂(τ , τ̃ ) dτ dτ̃ . (2.48)

The set of eqs. (2.47) describes, generally speaking, the inelastic coherent forward
scattering with the matrix operator K̂(ε, ε̃) representing the scattering of the radiation
from the state with frequency ω̃ + ε̃Γ0/~ to another state with frequency ω̃ + εΓ0/~.
Only for some special types of kernels K̂(ε, ε̃) it is possible to obtain the solution
of (2.47) (see, e.g., [18] where the coherent inelastic scattering from vibrated nuclei
was considered) but not in the general case. There is, however, a rather large subset of
problems for which one can obtain a general solution, namely for the elastic nuclear
forward scattering when

K̂
(
ε, ε̃
)

= K̂(ε)2πδ
(
ε− ε̃

)
. (2.49)

In the time domain this corresponds to the relation

K̂
(
τ , τ̃
)

= K̂
(
τ − τ̃

)
, (2.50)

which is verified by substituting (2.50) into (2.48). In this case the integral in eq. (2.47)
vanishes and the integro-differential equation reduces to the linear differential equation

∂E(ξ, ε)
∂ξ

= −K̂(ε)E(ξ, ε), (2.51)

the solution of which can be obtained in general form (see, e.g., [8,44]):

E(ξ, ε) = exp
[
−ξK̂(ε)

]
E(ε), (2.52)

with E(ε) the frequency spectrum of the incident radiation. The time dependence of
NFS is obtained by reverse Fourier transformation [4,12–15].

3. Nuclear Bragg diffraction

In Bragg diffraction several coherently scattered beams arise. The method of
evaluation of the time spectra of nuclear resonance scattering with a single coherent
beam, presented in the previous sections, will now be generalized to the case of several
coherently scattered beams.

As in the case of NFS the problem is solved by using Maxwell’s wave equa-
tion (2.1). The incident beam is given as before by eq. (2.2). Our sample now is a
single crystal plate, containing resonant nuclei. Taking into account the periodicity of
the crystal lattice we represent the radiation field inside the crystal as a Bloch wave

e(r, t) =
∑
m

Em(z, t)ei(kmr−ω̃t), (3.1)

which is a sum of plane wave components with wave vectors km = k0 + hm. Here,
k0 ≡ k̃ is the wave vector of the incident radiation as in section 2.1. The sum in (3.1)
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includes all reciprocal lattice vectors hm of the crystal. In frames of the linear response
the induced current density is also a Bloch wave:

i(r, t) =
∑
m

Im(z, t)ei(kmr−ω̃t). (3.2)

Equations (3.1)–(3.2) are generalization of eqs. (2.3), (2.4) to the multiple beam case.
For the same reasons as in section 2.1 we assume thatEm(z, t) and Im(z, t) vary slowly
compared to the fast exponential functions (slowly varying envelope approximation).
In this approximation the second order Maxwell wave equation (2.1) reduces to a set
of first order differential equations for Em(z, t) and Im(z, t):(

γm
∂

∂z
+ i

k̃

2
am

)
Em(z, t) = −2π

c
Im(z, t), (3.3)

where

am =
k2
m − k̃2

k̃2
, γm =

kmz

k̃
, (3.4)

with kmz the z component of km.
A set of equations of this type was introduced by Takagi [24] to handle problems

of X-ray diffraction in spatially inhomogeneous crystals. It was also introduced in [19]
to treat time-dependent nuclear diffraction problems.

The number of equations in (3.3) is equal to the number of amplitudes Em to
be considered. The latter is determined by the number of parameters am with values
close to zero. In other words, it is equal to the number of reciprocal lattice points
which lie near the Ewald sphere (|km| ' k̃) and obey the Bragg law.

3.1. Nuclear current density

The components of the induced nuclear current density Im(z, t) are evaluated in a
very similar way as in section 2.2. One has only to bear in mind two additional points.
Firstly, the radiation field in the crystal is now given by a sum of plane waves (3.1)
instead of the single plane wave (2.3), which modifies, e.g., the expression for the
interaction Hamiltonian (2.12). The sum of the plane waves should be taken there.
Secondly, the sum of (2.20) is now proportional to

∑
m̃
δ(k

m̃
− k) rather than to

δ(k̃ − k). Taking these facts into account we arrive at the following expressions
for the components of the induced nuclear current density in the crystal (cf. similar
expression (2.21) for the case of a single coherent beam):

Ism(z, t) =
c

2π
σRN0Γ0

4~

∫ t

−∞

∑
m̃,s̃

Kss̃
mm̃

(
t, t̃
)
Es̃m̃
(
z, t̃
)

dt̃. (3.5)



III-1.3 Yu.V. Shvyd’ko / Coherent nuclear resonant scattering of X-rays 289

The double-time function Kss̃
mm̃

(t, t̃) is the self-correlation function of the nuclear
ensemble, which is now defined as

Kss̃
mm̃

(
t, t̃
)

=
∑
β

Lss̃mm̃(β)

(
t, t̃
)
Mmm̃(β)

(
t, t̃
)
, (3.6)

Lss̃mm̃(β)

(
t, t̃
)

= eiω̃(t−t̃)Xβ

∑
βg,βe

〈
jsβgβe

(km, t)js̃βeβg

(
−km̃, t̃

)〉
, (3.7)

Mss̃
mm̃(β)(t, t̃) =

〈
e−ikmuβ(t)e

ik˜muβ(t̃)〉
. (3.8)

The self-correlation function Kss̃
mm̃(t, t̃ ) has the property

Kss̃
mm̃(t, t) = δss̃. (3.9)

The self-correlation function Kss̃
mm̃(t, t̃ ) given by eqs. (3.6)–(3.8) is a generalization

of the self-correlation function Kss̃(t, t̃ ) introduced in the case of nuclear forward
scattering eqs. (2.22)–(2.27). The correlation function Kss̃

mm̃(t, t̃ ) acquires an explicit
double-momentum dependence, specified by indices m and m̃, since now the wave
vectors of the incident km̃ and scattered km waves have to be distinguished. If they

are equal, the function Kss̃
mm̃(t, t̃ ) ≡ Kss̃(t, t̃ ) of (2.22)–(2.27) with k̃ = km.

3.2. Multiple beam wave equation

By using (3.3), (3.5) the set of wave equations for the components of the radiation
field in the crystal can be written as(

γm
∂

∂z
+ i

k̃

2
am

)
Esm(z, τ ) = −σRN0

4

∫ τ

−∞

∑
m̃,s̃

Kss̃
mm̃

(
τ , τ̃
)
Es̃m̃
(
z, τ̃
)

dτ̃ . (3.10)

In the general case of multiple diffraction in a perfect crystal the boundary conditions
for the set of eqs. (3.10) have the following form:

E0(0, t) = E(t) (forward beam),

Em(0, t) = 0 if γm > 0 (Laue reflected beams), (3.11)

Em(L, t) = 0 if γm < 0 (Bragg reflected beam).

The wave equations (3.10) together with the boundary conditions (3.11) allow us to
evaluate the time spectrum Sm(t) ∝ |Em(z, t)|2 of any coherently scattered beam. The
general case of multiple diffraction discussed here includes forward scattering (m = 0)
and two-beam diffraction (m = 0, 1) with one diffracted beam as particular cases. The
solution of the wave equation with one coherently scattered beam was discussed in
section 2.5. A procedure for the numerical solution of the wave equation (3.10) in the
case of two-beam diffraction was implemented in the program NERT [45].
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3.3. Solution in the single scattering approximation

In this paper we will confine ourselves to the analysis of the solution of the
multiple beam wave equation (3.10) in the single scattering approximation. By doing
this we will assume that the incident radiation pulse is very short, as given by eq. (2.39).
In the zeroth approximation we take Esm(z, τ ) = δs0δm0δ(τ ). Inserting this into the
right-hand side of (3.10) we obtain the equation for the radiation field amplitudes in
the single scattering approximation:(

γm
∂

∂z
+ i

k̃

2
am

)
Esm(z, τ ) = −σRN0

4
Ks0
m0(τ , 0). (3.12)

Its solution is

Esm
(
z∗, τ

)
= i

σRN0

2k̃am

[
1− exp

(
−i
k̃am
2γm

z∗
)]
Ks0
m0(τ , 0), (3.13)

where z∗ = z for the forward and Laue-reflected beams, and z∗ = L − z for the
Bragg-reflected beams.

If the Bragg condition for the reciprocal vector hm is fulfilled, i.e., am � 1/(Lk̃),
eq. (3.13) reduces to

Esm
(
z∗ = L, τ

)
= −σRN0L

4γm
Ks0
m0(τ , 0), (3.14)

which is valid both for transmitted, Laue- and Bragg-reflected beams.
The single scattering solutions in the form of (3.13), (3.14) provide a clear phys-

ical interpretation of the kernel Kss̃
mm̃(τ , τ̃ ): the kernel gives the coherent single scat-

tering response of the nuclear system in the direction km at time t to the excitation at
t̃ with radiation of wave vector km̃. The superscripts s̃ and s represent the states of
polarization of the incoming and scattered radiation.

4. Kernels in particular cases

In each particular case the nuclear self-correlation function (2.22)–(2.27) – the
kernel of the NFS wave equation (2.30) – should be calculated. For the rest the
evaluation procedure of the time spectrum of NFS is standard and given by eqs. (2.7),
(2.34)–(2.36). Similar arguments are valid in case of multiple beam scattering, and
concern the self-correlation function Kss̃

mm̃(t, t̃) (3.6)–(3.8), which is the kernel of the
multiple beam wave equation (3.10).

As was already discussed, the self-correlation function Kss̃(t, t̃) is a particular
case of Kss̃

mm̃(t, t̃). The latter reduces to Kss̃(t, t̃), provided the wave vectors of the
incident and scattered waves are equal: km = km̃. Unless mentioned we shall further
discuss the self-correlation function in its general form, given by (3.6)–(3.8).

In sections 2.6.1 and 3.3 it was pointed out that the amplitude of the time spec-
trum in single scattering approximation is proportional to the self-correlation function.
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The self-correlation function thus shows important features of the corresponding time
spectrum without further solution of the multiple scattering wave equations (2.30)
or (3.10).

The explicit form of the self-correlation function is determined by the trajec-
tory of motion uβ(t) which enters (2.24), (3.8), and the evolution operator Ûβ (2.15)
which enters (2.27), (2.17), (3.7). The evolution operator in turn is specified by the
Hamiltonian Ĥβ(t) (2.11) and essentially by the type of hyperfine interactions Ĥ hf

βλ
(t).

In this section we calculate the kernels for different particular cases of nuclear
motion and hyperfine interactions. We first consider the influence of nuclear motion
in space (section 4.1). As a next step we consider time-independent hyperfine interac-
tions (section 4.2), and time-dependent hyperfine interactions in the particular case of
switching the direction of the magnetic hyperfine field (section 4.3).

4.1. Motion in space

In this section we discuss the effect of motion in space only and therefore do not
specify the part of the self-correlation function Lss̃mm̃(β)(t, t̃) representing other degrees
of freedom. According to definition (3.8) the effect of resonant nuclei in motion on
coherent scattering is totally defined by their position uβ(t̃) at the moment t̃ of exci-
tation and their position uβ(t) at the moment t of de-excitation. These positions enter
the phase factors exp[−ikmuβ(t)] exp[+ik

m̃
uβ(t̃)] in the motional part Mmm̃(β)(t, t̃ )

of the self-correlation function (3.8).

4.1.1. Collective motion
Let us first consider a simple case where the nuclei are moving as a rigid ensemble

with a single displacement vector uβ(t) = u(t).1 The self-correlation function (3.6)–
(3.8) becomes

Kss̃
mm̃

(
t, t̃
)

= e−ikmu(t)e
+ik

m̃
u(t̃)∑

β

Lss̃mm̃(β)

(
t, t̃
)
. (4.1)

No statistical averaging of the motional part is required in this case. The same nuclear
ensemble but at rest, u(t) = const = 0, is characterized by the self-correlation function
Kmm̃(t, t̃) =

∑
β L

ss̃
mm̃(β)(t, t̃ ). Let us assume that E(0)

m (z, t) are the solutions of the
wave equation (3.10) with such a kernel. Then the solution of the wave equation for
the moving system with the self-correlation function (4.1) is given by

Em(z, t) = E(0)
m (z, t)e−ikmu(t). (4.2)

This is verified by substituting (4.1)–(4.2) into (3.10). Thus, according to (4.2), the
collective motion of all nuclei produces a phase modulation of the re-emitted radia-
tion. If, e.g., the sample is moving with constant velocity v, so that u(t) = vt, the

1 We restrict ourselves to the case of translational motion, which does not change the direction of re-
emission, opposite to rotational motion, which does cause such a change – the lighthouse effect [46].
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phase factor in (4.2) is given by exp(−iΩDt), where ΩD = k̃v is simply a Doppler
frequency shift. For more complicated motions the phase modulation is more sophis-
ticated.

To reveal the phase modulation (4.2) due to collective motion one has to
use a phase-sensitive detector. Since the time spectrum recorded with a usual non-
phase-sensitive detector is proportional to the modulo square of the nuclear re-
sponse (4.2), the phase information disappears. Thus, customarily the time spectrum
of nuclear resonance scattering is not sensitive to the collective motion of nuclei.
Experimentally the insensitivity of the time spectra to the collective motion of nu-
clei was first proved in [47]. It was also proved theoretically in [19] for the gen-
eral case of multiple Bragg diffraction. To detect the phase modulation another nu-
clear resonance scatterer can be used, playing the role of the phase-sensitive detec-
tor [47,48].

4.1.2. Thermal lattice vibrations
Atoms bound in a crystal experience thermal vibrations. According to the the-

ory of lattice dynamics in the harmonic approximation the displacement vector uβ(t)
from the equilibrium position is given by a sum of displacements in the so called
normal modes (see, e.g., [49]). Each normal mode, or each phonon in quantum me-
chanical language, is characterized by its momentum q, branch number ν, dispersion
law ων(q) and state of polarization eqν(β). The phonon occupation numbers n̄qν at
a given temperature characterize the intensity of thermal vibrations. The effect of the
thermal lattice vibrations on the time dependence of NFS exhibits itself via the mo-
tional part of the self-correlation function (2.24), (3.8). Here, we consider only elastic
scattering, when the phonon state before and after scattering is the same, although in
the intermediate state, when the nuclear ensemble is excited, it may be different. That
means we have to perform the thermal average of eq. (3.8) over the phonon occupation
numbers. The result is well known (see, e.g., [50,49]). We reproduce it here without
derivation:

Mmm̃(β)
(
t− t̃

)
=
〈
e−ikmuβ(t)e+ikmuβ(t̃)〉

= exp

{
−1

2

〈
[kmuβ]2〉− 1

2

〈
[km̃uβ]2〉+

〈
kmuβ(t) km̃uβ

(
t̃
)〉}

,

(4.3)〈
uiβ(t)ujβ

(
t̃
)〉

=
~

2nmβ

∑
qν

eiqν(β)e∗jqν(β)

ων(q)

[(
n̄qν + 1

)
e−iων (q)(t−t̃) + n̄qνeiων (q)(t−t̃)]. (4.4)

Here, mβ is the mass of the atom in position β of the crystal unit cell, n is the number
of unit cells in the sample, i, j = 1, 2, 3 denote vector components in the Cartesian
reference system.
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The nuclear self-correlation function (4.3), (4.4) representing thermal lattice vi-
brations, generally speaking, is time-dependent. This time dependence should show up
in the time spectra of coherent nuclear resonance scattering. In particular, as shown
in [22], the time spectra of NFS are proportional to |Mmm(t)|2. This property offers
a new possibility of studying thermal motions, since |Mmm(t)|2 contains the time-
dependent displacement function 〈uiβ(t)ujβ(0)〉. NFS time spectra in some particular
cases of thermal vibrations were calculated in [22]. It is remarkable that such studies
are equivalently possible in solids, liquids and gases.

The interval is very short, ' 1011–1013 s−1, where the time dependence caused
by thermal vibrations shows up in coherent resonant scattering. Although it is beyond
the reach of present-day experimental techniques, in our opinion the problem could
be solved by mapping the time-dependence of photon emission into an angular de-
pendence of photon emission. Due to the recently demonstrated lighthouse effect [46]
this mapping can be realized with the help of fast spinning the nuclear resonance sam-
ples irradiated with synchrotron radiation. Presently available spinning rates beyond
30 kHz would allow one to transform an extremely short time interval of 10−13 s into
a measurable angular change in photon emission of 0.02 µrad.

The time-dependent term 〈uiβ(t)ujβ(t̃ )〉 vanishes if (t− t̃ ) � ω−1
ph , where ωph is

a characteristic phonon frequency, ωph ' 1013–1011 s−1. For the rest of the time the
motional part of the self-correlation function is time-independent and given by

Mmm̃(β)
(
t− t̃

)
= exp

{
− 1

2

〈
[kmuβ]2〉− 1

2

〈
[km̃uβ]2〉} = f

1/2
β (km)f 1/2

β (km̃), (4.5)

where fβ(km) is the Lamb–Mössbauer factor giving the probability of elastic resonance
absorption or emission in the direction of the photon wave vector km; fβ(km) can be
calculated by using eq. (4.4) taken at t = t̃.

The interval where the motional part (4.3), (4.4) is time-dependent is usually
short compared to the lifetime of the low-lying nuclear levels: τ0 = ~/Γ0 > 10−12 s.
It is also short compared to typical times of hyperfine interactions. In the following
sections the influence of the hyperfine interactions will be discussed. Therefore, the
motional part of the self-correlation function will be assumed in the following to be
time-independent and to be represented in accordance with (4.5) with the help of the
Lamb–Mössbauer factors fβ(km) and fβ(km̃).

4.2. Time-independent hyperfine interactions

Let |βλ〉 be eigenvectors and εβλ eigenenergies of the time-independent hyperfine
interaction Hamiltonian Ĥ hf

βλ
. If |βλ〉 and εβλ are known, the matrix elements of the

evolution operator can be readily evaluated from (2.15):

Uβλβ̃λ(t2, t1) = δβλβ̃λ exp

[
− i
~

(
Eλ − i

Γ0

2
δλ,e + εβλ

)
(t2 − t1)

]
. (4.6)
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Hereafter the notation U is reserved for the evolution operator for time-independent
hyperfine interactions. Inserting (4.6) into (3.7), (2.17) and by using (4.5) for the
motional part we obtain the result that the self-correlation function (3.6) is purely
elastic, i.e., Kss̃

mm̃(t, t̃) = Kss̃mm̃(t− t̃), and is given by

Kss̃mm̃(t) = η(t)
∑

`≡{β,βg,βe}

Ass̃mm̃(`)e
−iΩ`t, (4.7)

η(t) = exp

[
i
~

(~ω̃ −E0 + iΓ0/2)t

]
θ(t), (4.8)

Ass̃mm̃(`) = Xβf
1/2
β (km)jsβgβe

(km)js̃βeβg
(−km̃) f 1/2

β (km̃) (4.9)

with ~Ω` = εβe − εβg the corrections to the transition energies E0 arising from the
hyperfine interaction. Unless this causes ambiguities we use for brevity a joint index
` ≡ {〈βg| ⇔ |βe〉,β} to denote both the transition between the ground and excited
nuclear states and the group number β.2

According to (2.40) or (3.14) the nuclear response in single scattering approxi-
mation is proportional to the nuclear self-correlation function. In the present case it is
a sum of monochromatic components with frequencies Ω`: (4.7)–(4.8). The amplitude
As0
m0(`) of each emitted frequency component is proportional to the product of the emis-

sion (jsβgβe
(km)) and the absorption (j0

βeβg
(−km̃)) matrix elements. The interference

of the different monochromatic components results in a time spectrum with periodic
modulation called quantum beat [1,9]. The quantum beat pattern is defined both by
the transition frequencies and by the matrix elements of the nuclear transition currents
and thus bears the information on the hyperfine interactions experienced by the nuclei.

Examples of evaluations of NFS time spectra under conditions of time-inde-
pendent hyperfine interactions by using the procedure described in this paper and of
fits of experimental spectra are presented in [21,36,56–58].

4.3. Switching of the magnetic hyperfine fields

In this section we present an example of calculating the nuclear self-correlation
functions in the particular case of time-dependent hyperfine interactions. Directions of

2 The Fourier image
∫∞

0
exp(iωt)Kss̃00 (t) dt of the correlation function (4.7),

Kss̃00 (ω) = Kss̃(ω) =
∑̀ iAss̃00(`)Γ0

~( ω̃ + ω)− E0 −Ω`~+ iΓ0/2
,

together with (2.52) and the relations ω = εΓ0/~, ω̃ = ε̃Γ0/~, give the well known frequency trans-
mission function through the nuclear resonance medium with time-independent hyperfine interactions.
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the magnetic hyperfine fields are switched (rotated) from n(β)
0 to n(β′)

0 instantaneously
at a definite time t′:

B(β)(t) = B(β)
0

[
n(β)

0 θ
(
t′ − t

)
+ n(β′)

0 θ
(
t− t′

)]
. (4.10)

The rotation is specified by the three Eulerian angles {χ′1,χ′2,χ′3} = χ′. The Hamil-
tonian for a magnetic hyperfine field changing in time in general is

Ĥ hf
βλ

(t) = −µλ
ĴλB

(β)(t)
Jλ

. (4.11)

Before switching (t < t′) the direction and the value of the magnetic hyperfine
field are constant. Therefore the correlation function in this time interval is equal to
the unperturbed correlation function (4.7)–(4.9) derived in section 4.2.

After switching (t > t′) the hyperfine field (4.10) and the Hamiltonian (4.11) are
again time-independent, however different from the initial ones. Eigenvectors |β′λ〉 of
the Hamiltonian associated with the new direction of the hyperfine fields are related to
the eigenvectors |βλ〉 of the Hamiltonian before switching through the transformation

|βλ〉 =
∑
β′
λ

∣∣β′λ〉Dβ′λβλ(χ′), 〈βλ| =
∑
β′
λ

D−1
βλβ

′
λ

(
χ′
)〈
β′λ
∣∣. (4.12)

Here, Dβ′
λ
βλ(χ′) is a unitary matrix. In the particular case when the eigenvectors |βλ〉

and |β′λ〉 are the eigenvectors of the nuclear spin-projection operator, it coincides with
the matrix of finite rotations D(Iλ)

m′
λ
mλ

(χ′) [27,55].

The unknown values, which have yet to be defined in order to calculate the
correlation function after switching, are the matrix elements of the evolution operator.
To do this we make use of the composition law Û (t2, t1) = Û(t2, t′) Û(t′, t1), of the fact
that the Hamiltonian (4.11) is time-independent although different in the time intervals
(t2, t′) and (t′, t1) (see (4.10)), of definition (2.15), and of relation (4.12). The matrix
elements of the evolution operator then become

Uβ′
λ
βλ(t2, t1) =Uβ′

λ
β′
λ

(
t2, t′

)
Dβ′

λ
βλUβλβλ

(
t′, t1

)
, (4.13)

U−1
βλβ

′
λ
(t2, t1) =U−1

βλβλ

(
t′, t1

)
D−1
βλβ

′
λ
U−1
β′
λ
β′
λ

(
t2, t′

)
. (4.14)

It was taken into account that only the diagonal matrix elements Uβλβλ of the un-
perturbed evolution operator (4.6) have nonzero values. Combining (4.13), (4.14)
with (3.7), (2.17) we obtain the following expressions for the correlation function
after switching (t > t′ > t̃ ):

Kss̃
mm̃

(
t, t̃
)

= η
(
t− t̃

) ∑
`′≡{β,β′g,β′e}

Ass̃mm̃(`′)

(
χ′, t′ − t̃

)
e−iΩ`′ (t−t′), (4.15)

Ass̃
mm̃(`′)

(
χ′, t′ − t̃

)
=Xβf

1/2
β (km)f 1/2

β (km̃)jsβ′gβ′e(km)

×
∑
βg,βe

S′`′`
(
χ′, t′ − t̃

)
js̃βeβg

(−km̃), (4.16)
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S′`′`
(
χ′, t′ − t̃

)
=Dβ′gβg

(
χ′
)
Dβ′eβe

(
χ′
)
e−iΩ`(t′−t̃). (4.17)

The correlation function (4.15) has a structure similar to that of the unperturbed cor-
relation function (4.7).3 However, this similarity is formal. Firstly, the time variables
t and t̃ enter (4.15)–(4.17) independently. Thus, unlike the unperturbed correlation
function, given by eq. (4.7), the correlation function of eq. (4.15) describes inelastic
coherent scattering. Secondly, the amplitudes Ass̃mm̃(`′)(χ

′, t′ − t̃ ) of the monochro-
matic components Ω`′ are different. They are built by the interference of all initially
excited transitions βg ⇒ βe. The interference shows up in eq. (4.16) as the sum of
the current density matrix elements js̃βeβg

(−k̃) with amplitudes given by S′`′`(χ
′, t′− t̃ )

in eq. (4.17). By varying the angle χ′ of switching and the switching time t′ one
can change the amplitudes S′`′` and can thus control the interference pattern and the
coherently re-emitted intensity. The switching may result in the emission of new
frequency and polarization components as well as in the suppression of already ex-
cited ones [16,17,51,53,54,59] or in the time reversal of the time spectrum [52]. E.g.,
one can make the interference totally destructive and thus suppress the coherent re-
emission [17,59]. However, this by no means implies that the nuclear excitation is
destroyed. By the next switching at the proper time and with the proper angle one can
restore constructive interference and again see coherently re-emitted radiation [17,59].

This second switching is described similarly to the procedure outlined above.
E.g., if at time t′′ the magnetic hyperfine field is now switched to n(β′′)

0 , the eigenvectors
|β′′λ〉 of the Hamiltonian associated with this new direction of the hyperfine field are
related to the previous eigenvectors |β′λ〉 through eq. (4.12) with the substitutions
βλ → β′λ and β′λ → β′′λ. Further, it can be shown that the nuclear self-correlation
function is described by the same eqs. (4.15), (4.16), however, with the replacement

`′ → `′′ and S′`′`
(
χ′, t′ − t̃

)
→ S′′`′′`

(
χ′′, t′′ − t̃

)
,

where S′′`′′`(χ
′′, t′′ − t̃ ) is now defined as

S′′`′′`
(
χ′′, t′′ − t̃

)
=
∑
β′e,β′g

S ′`′′`′
(
χ′′, t′′ − t′

)
S′`′`
(
χ′, t′ − t̃

)
. (4.18)

Examples of transformations occurring after the second switching were presented
in [17,53]. Any subsequent switching is described similarly.

Some additional details of the theory of nuclear resonance scattering in the case of
switching the magnetic hyperfine fields can be found in [16,17,51,52,45]. Examples of
evaluations of NFS time spectra under conditions of switching the magnetic hyperfine
fields by using the procedure described in the present paper and fits of experimental
spectra are presented in [17].

3 In the particular case of pure magnetic interactions which we consider here, the frequencies Ω`′ corre-
sponding to the new directions of the magnetic hyperfine field are equal to Ω`. In general, if the nuclei
experience combined magnetic and electric quadrupole interactions these frequencies may change after
switching.
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5. Conclusions

A general approach for solving nuclear resonant coherent scattering problems
directly in time and in space is presented. It is based on the solution of the first
order integro-differential equations with a kernel which is a double-time nuclear self-
correlation function Kmm̃(t, t̃). The kernel represents the coherent single scattering
response of the nuclear system at time t in the direction km to the excitation at t̃ with
radiation of wave vector km̃. The explicit form of the kernel is defined by the type
of interactions the nuclei experience with their environment and by the character of
their motion in space. The kernels for some particular cases of hyperfine interactions
and motion in space are presented. A general procedure is given for the solution of
the wave equation with a single coherent beam. The multiple beam coherent scattering
problem can be solved analytically in single scattering approximation. The multiple
scattering, multiple beam problems can be solved numerically.
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