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Low-frequency dynamics in an antiferromagnetic superlattice

N Papanicolaou
Department of Physics, University of Crete, and Research Centre of Crete, Heraklion, Greece

Received 8 June 1998, in final form 11 September 1998

Abstract. We present a theoretical study of the surface spin-flop transition which occurs in
Fe/Cr multilayer films. The low-frequency response is effectively reduced to the dynamics of an
antiferromagnetic discrete sine—Gordon equation due to the strong demagnetizing field created by
out-of-plane fluctuations. We thus carry out a detailed calculation of dynamic susceptibilities which
confirms and completes earlier theoretical work, and may suggest further experimental investigation
of some of the more intricate aspects of this subject.

1. Introduction

Interesting effects that could, in principle, be observed near the free surface of a crystalline
antiferromagnet were theoretically predicted some time ago [1-3]. The subject was recently
revived and significantly expanded with the advent of multilayer magnetic films that may be
thought of as synthetic superlattices [4]. Hence the early ideas were realized in the case of an
Fe/Cr(211) superlattice grown on a MgO(110) substrate [5]. Under such conditions each Fe
film acquires a twofold in-plane anisotropy, and the exchange coupling between neighbouring
films is antiferromagnetic when the thickness of the Cr layer is equal to 11 A. The typical
thickness of each Fe layer lies in the range 20—40 A and samples currently synthesized contain
about 20 such layers.

Animportant elementis the surface spin-flop (SSF) transition predicted and experimentally
observed [6]to occur at a critical bias field which is smaller than the field required to induce the
more familiar bulk spin-flop (BSF) transition roughly by a fact@2. However, the finer details
of the SSF transition turned out to be rather intricate and lead to some apparently conflicting
claimsinthe literature [[7/8]. The picture was substantially clarified in [9] and further discussed
by the author [10] in relation to the ferromagnetic moment of an antiferromagnetic domain
wall [11].

Ina parallel development the dynamics of an Fe/Cr superlattice was studied using Brillouin
scattering [1213] or response to a low-frequency AC magnetic field [14], the two cases
being distinguished mainly by the different behaviour of the dipolar coupling in the respective
frequency ranges. The current effort was directly inspired by [14] and intends to provide a
simplified treatment valid at low frequencies, with due attention to the finer details of the SSF
transition discussed in [10].

In section 2 the problem is reduced to the dynamics of what may be called an
antiferromagnetic sine—Gordon equation. In section 3 we give a simple account of surface
magnon modes and present some new exact results. We also make a first attempt to classify
a host of critical or characteristic fields which are pertinent to a precise understanding of the
phase transitions that take place on a finite superlattice. The SSF transition is further discussed
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in section 4 in preparation for a complete calculation of dynamic susceptibilities given in
section 5. A few general comments are included in section 6 and an appendix provides some
consistency checks in a simplified context.

2. Formulation

We consider an Fe/Cr superlattice whose consecutive Fe films are labelled by an index
¢ =12, ..., A whereA is the total number of layers. Each Fe film carries a macroscopic
magnetic momenM, = (M}, M;, M) which is assumed to be coherent within each layer in

the sense that it changes as a whole in response to interactions with neighbouring moments or
with applied fields [14]. It is then natural to postulate that the dynamics is equivalent to that
of a classical spin chain with sites and is governed by the Landau-Lifshitz equation [15] in

the form given by Gilbert [16] and further discussed by Kikuchi [17]:

oM, aM, aw 2
+y( M, = M, x F, F=— M?=1 2.1
ot y( ex az) ex ¢ M, ¢ (1)

whereW is an energy functional ang is a dissipation constant. This choice of dissipation
appears to be suitable for the current problem because it preserves the magnitude of each
moment. The latter has been normalized to unity and thus its physical unit is equal to the
ferromagnetic moment of each Fe film. The dissipation constasthen dimensionless.

The energy functional consists of three terms corresponding to exchange, anisotropy, and
Zeeman interactions, namely

A-1 1 A A
W = J(M; - M) + = K1(M5? + Ko(M))2 + Ka(M%?] — H - M,
; (M - M) 2;[ 1M+ Ka(M))? + K3(M?)?] ;( ")

(2.2)

whereJ is a positive exchange consta#t;, K», and K3 are anisotropy constants, a#fl is
an applied field. As a consequence the effective field in equation (2.1) is given by

Fy = —J (M1 + My_1) — (KiMje1 + KoMj e; + KsMjes) + H (2.3)
wherees, e, andes are unit vectors along the three axes. One should keep in mind that the
exchange term contains only one moment when it is applied for the outer [@yer& or A).

All constants including the external field are measured in units of frequency thanks to the
normalizationM? = 1 adopted in equation (2.1). Itis also clear that the anisotropy constants
may be restricted to

Kj_:O KzE D KgE Do (24)
without loss of generality because &ls can be shifted by a common constant without affecting
the equation of motion. Furthermore, the-plane is taken to coincide with the plane of
each layer, with thec-axis pointing along the easy axis, while thexis points along the
chain direction. Accordingly the positive constabtis the strength of the in-plane easy-
axis anisotropy, and the positive consténtprovides an effective description of the intrafilm
demagnetizing field. The interfilm dipolar coupling [18] may be neglected at low wavenumbers
of current interest [1214]. For the moment we also assume that the external field is uniform
and is applied along the easy axis:

H = (H,0,0) = Hey. (2.5)
Typical values of the parameters given in [14] &g/ J ~ 21 andD/J ~ 1/4, while the most

interesting effects are observed for modest bias fields in the kG range which corresponds to
H/J ~ 1. Therefore we are in a situation where the strong inequalities

Do D, J,H (2.6)
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are reasonably well satisfied and imply that out-of-plane fluctuations are significantly
suppressed.

The appearance of a disparate sgddg) makes the Landau-Lifshitz equation awkward
but can be turned to advantage by a truncation of the dynamics capitalizing on the fact that
out-of-plane fluctuations may be treated as small perturbations. The idea of truncation was
first implemented by Mikeska for a planar ferromagnetic chain [19] and is also implicit in
his subsequent treatment of antiferromagnetic chains [20]. A more complete account of the
latter problem was given in [222]. The present author first tested the domain of validity of
the truncated dynamics in a simple model containing only one moment. The results strongly
influenced his decision to adopt such an approach in the current problem and are thus briefly
described in the appendix.

The steps of the derivation are elementary and proceed by introducing the familiar spherical
parametrization

M} = sin6, cosg, M] = sing, sing, M} = cost, 2.7

in equation (2.2) to produce an energy functiolal= W (9, ¢). The general form of the
Landau—Lifshitz equation (2.1) then reads
.0 20 ow .00
smegﬂ ty——L =" Singy— — y iy — = —. (2.8)
at ot a6, ot at I,
At vanishing dissipatioy = 0) the preceding equations are in the standard Hamiltonian
form; we note that the variable, = cosf, is canonically conjugate to the azimuthal ange

In order to derive the truncated dynamics it is convenient to consider the rescaled variables

,0=\/J/Do Qo =+/JDg T = Qot (29)

where the dimensionless ratio<« 1 controls the size of out-of-plane fluctuatio, sets

a unit for frequency, and is a dimensionless time variable. One could use a different scale,
say, D instead of/ in equation (2.9) but this is only a matter of convenience as long as the
inequalities (2.6) are all satisfied (see the appendix). The list of rationalized parameters is
completed with

§=DJJ h=H/J A=y/p (2.10)

. d aw
6,20t

for the in-plane easy-axis anisotropy, the applied field, and the dissipation constant, resp-
ectively. Implicit in the last relation is the assumptiprn 1 which is certainly reasonable
and must supplement the inequalities (2.6). Finally we make the change of variables

T

0 = 5 T Pxe (2.11)

anticipating the fact that the component of the magnetic moment along the chain direction is
small wheno « 1.

Inserting the above variables in (2.8) leads to a system of coupled equations which appear
to be rather complicated. However, substantial simplifications occur in the limit of gmall
The final result is simple and self-explanatory and is thus stated here without further ado:

Xe = ¢ bo + A = fo (2.12)

where the dot denotes differentiation with respect tand the ‘force’f, is derived from the
‘potential’

A-1 A S
V=" cosp — pua) * Z(E sin? ¢, — hcosqﬁz) (2.13)
(=1 (=1
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according to the standard prescription:

av . . . .
foe= T3 Sin(¢¢ — ¢e+1) + SiN(@y — 1) — 8 COSPy SiNgy — hsing,. (2.14)
¢
Again only one of the (exchange) sine terms is present at the outer layers. The second relation
in (2.12) is an antiferromagnetic discrete sine—Gordon equation including dissipation and the
first relation provides a lowest-order approximatiorpin equation (2.11). Substituting this
in equation (2.7) yields

1.,. 1,. . .
M} ~ (1 — §p2¢§> COSey M ~ <1— Epzqﬁf) sing, M; ~ péy. (2.15)

Therefore, given a solutiop, = ¢,(t) of the discrete sine—-Gordon equation, the original
magnetic moments are completely specified to leading order irhe sine—Gordon equation
contains only the rationalized parameters (2.10) and will provide the basis for all subsequent
calculations.

This section is concluded with a few general comments. We think that the conventions
and notation used here are well suited for the present work but differ significantly from those of
most previous studies including our own [1A]. In particular, the field) of equation (2.10)
differs from the fieldr of the above references by the rescaling: 2¢h, wheree is related
to the easy-axis anisotropy &s= ¢2. Such a rescaling is very convenient in the discussion
of the continuum limit of bulk domain walls, which play an important role in this subject, but
would lead to unnecessary notational complications in the current work. Therefore, to avoid
any confusion, the continuum limit will not be discussed in the present paper. Furthermore,
numerical calculations will be carried out for the specific anisot®py 1/4 ore = 1/2 for
which the two definitions of the rationalized field become identical.

3. Surface magnon modes

The central mathematical problem consists of finding the minimum (ground state) of the
effective potential/. It should be stressed that the minimum of this reduced potential coincides
with that of the original energy functiond¥ irrespective of the specific value 6f,. In other
words, the truncation of the dynamics at laBg discussed in section 2 does not affect the
ground state itself, even though it certainly simplifies the dynamics of fluctuations.

The nature of the ground state is highly nontrivial on a finite chain and depends crucially
on the strength of the bias fielfl. Yet one should expect that the simpleeé state
¢ = ¢ = (0,7,0,7,...) is the minimum-energy configuration for a sufficiently weak
bias field. Our immediate task is then to examine the domain of local stability ofébkdtate
for various values of. Hence we return to the second equation in (2.12), applied for vanishing
dissipation(A = 0), and linearize it by setting, = 2(’) + v, and neglecting nonlinear terms
in v, to obtain

Uit (1= Y2+ @ +h)Y1 =0
W+(21/fe—¢e+1—1/f£—1)+[5—(—1)%]%=0 £=2,3,...,A-1 (3.1)
Ya+ (Wa —Ya—1) + (6 —hyy =0.
Here we assume that the total number of layers is gven= 2N). The case of an odd
superlattic6f A = 2N + 1) will not be discussed until section 6.

The normal modes of the linearized system (3.1) are calculated by first making the
replacement, — —w?y, wherew is a characteristic frequency. We also introduce sublattice
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variables according t@,, = ¥, andg, = ¥, withn =1,2, ..., N, to write
(n—1+hor=p1
(n+h)an=,3n—l+,3n n=2937"'7N
M=)y =an + oy n=12...,N—-1
n—1-h)By =an
wheren = 2 +6 — »? is used as a temporary notational abbreviation.
Analytical solution of this linear system is complicated by the appearance of the two
distinct equations at the outer layers. Thus it is useful to consider for the moment the case of

a cyclic chain where the first and fourth equations in (3.2) are absent and the remaining ones
may be written as

(3.2)

oyt oty

:Bn = —b (’72 - hz)an = 2an top o, (33)
n—
and are valid for alk. An explicit solution is now given by, = €¢* whereq = 27v/N,
withv=0,1,..., N — 1, is a sublattice momentum, provided that

n? = 4cod(q/2) +h?.
This eigenvalue condition leads to two branches of normal frequencies:

w2(q) =2 +8 + \/4co(q/2) + h2 (3.4)

which may be referred to as the ‘optical’ and ‘acoustical’ branches. The frequencies (3.4) are
measured in units of the fundamental frequefXgyof equation (2.9) and are valid for large
Dy, as explained in section 2.

The normal frequencies of a cyclic chain are contained within the two shaded regions
of figure 1 which are bounded by the four lines (¢ = 0) andwi(¢ = m) viewed as
functions of the applied field. For each field value there eXistigenvalues in each branch
and their distribution becomes denseMis— oco. It is evident that the acoustical branch is

0 b,=0.75

b

Figure 1. Schematic illustration of the magnon spectrum in tleeNstate as a function of the bias
field. The two distinct gap modes are given analytically by equations (3.5) and (3.6). Here and in
all subsequent illustrations we use the specific anisotéopyl/4.
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itself separated from the ground state by a gap and a similar gap opens between the acoustical
and optical branches at any finite field. This picture remains substantially correct on an open
chain with some important deviations. The eigenvalues are somewhat rearranged within each
continuum while each branch loses exactly one eigenvalue that becomes a gap mode. Therefore
there exist two distinct gap modes.

Although we have been unable to derive an analytical solution for the complete spectrum
of an open chain the two gap modes can be calculated explicitly. Indeed one may return to
the linear system (3.2) and verify all four equations by direct substitution of the following two
special solutions:

=l =1+8—y1+§2 o, =£" g =gV (3.5)
and
P =wi=1+5+/1+02  a,=(D"E"T B, = (-D)"E" (3.6)
where, in both cases,

E=y1+p2-h O0<&<1 (3.7)
andrn = 1,2,..., N. The mode (3.5) is exponentially localized near the rightmost layer,

where the applied field opposes théeéllmoment, and its frequenay lies within the lowest
gap in figure 1. Similarly the mode (3.6) is localized near the leftmost layer, where the field is
parallel to the Nel moment, and its frequenay lies within the middle gap.

The significance of these surface magnon modes is that the lowest one becomes soft
(w1 = 0) at a critical field

ho = V28 + 52 (3.8)

beyond which the Bel state ceases to be stable even locally, as discussed by Mills and Saslow
for a semi-infinite system [2]. The present derivation together with the remarks included in
the first paragraph of this section establish that the critical field (3.8) is actually exact on an
open even chain of any size. The fate of the ground statg ferh, is a nontrivial question

that cannot be addressed within the linearized theory. One should also note thaethe N
state could, in principle, become globally unstable at an earlier shageh,) through a first-

order transition. These important issues will be taken up in section 4 by a direct numerical
minimization of the effective potentif.

Nevertheless, some further general features of the anticipated results can be surmised
from an elementary analysis ofcgclic chain for which the ground state can be analytically
constructed for alh. Surface modes are, of course, absent in this case and the system would
proceed directly to the familiar BSF transition at a critical field that is higher thaim fact,
the BSF transition is first order and is characterized by three critical fields [11]

8 /AS & 52
bz, = (4—9) m bz = V45 — 82 bz, = V45 + 82 (39)

ordered a$)3, < has, < hsz.. The Neel state is locally stable fdy < hz. as is evident from
the bulk magnon spectrum (3.4) whose lowest eigenvalug = 0) vanishes af) = ba,.
Actually the Neel state is rendered globally unstable at an earlier stage to become a canted
stateg, = (—1)’¢o with
b

COSpp = s (3.10)
The canted state is locally stable fpe- b3, but has higher energy than thé&él state until the
field reaches the valug;, after which the role of the two states is interchanged. Therefore,



Low-frequency dynamics in an antiferromagnetic superlattice 65

strictly speaking, the BSF transition occurs at the critical flgyd However, all three fields
in equation (3.9) are important in connection with hysteresis that would be observed near the
first-order BSF transition on a cyclic chain. The three fields become indistinguishable in the
limit of weak easy-axis anisotropy, naméjy, ~ hz, ~ hz. ~ V45, and differ from the field
b2 &~ /28 in the same limit by the well-known factar?2.

The magnon spectrum in the canted state of a cyclic chain is similarly derived to yield

w?(q) = 2[c1 % c2€09q/2)] c1=1-— %sinz b0 co =2sirf¢o—1 (3.12)

and its lowest squared eigenvalwé (g = 0) = 2(c; — c) is non-negative foh > ha,, in
accord with our interpretation of the critical fields (3.9). The spectrum shows an interesting
behaviour when the field is increased beyond the BSF transition. Hence the coefficient
vanishes at the characteristic field

e = (4—8)/vV2 =0 (3.12)

where the dispersion collapses to the single valtie= 2c; = (4 — §)/2 for all g. Aboveb,,,
the lowest boundary of the spectrum is givendf(g = 0) = 2(c1 + ¢,) and vanishes at yet
another critical field

ba=4—38 (3.13)

beyond which the systems orders ferromagneticaly = 0). The magnon spectrum for
h > b4 reads

w?(k) = 8+ — 2(1 — cosk) (3.14)

wherek = 2nA/A, withx = 0,1, ..., A — 1, is now the crystal momentum on the complete
lattice. The lowest eigenvalue occurs at the zone boun@ar¢ 7) and becomes soft at
h=ba.

Needless to say, some departures from the preceding picture should be expected to occur
on an open chain. In particular, interesting surface magnon modes occur alse foy but
an analytical treatment seems impossible. Therefore we turn to numerical calculation of the
magnon spectrum for al}, in section 5, after the true ground state has been determined in
section 4.

4. Surface spin-flop transition

This section is a simplified version of [10]. We consider a numerical minimization of the
effective potentiaV for a wide range of field values. An elementary algorithm may be based
on the dissipative sine—Gordon equation (2.12). A further simplification is possible if one only
desires to compute the minima of the potential. One may then employ the fully dissipative
equation

. oV
b= fio = “% (4.1)

in the sense that an arbitrarily chosen initial configurafipwill eventually relax to a terminal
staterpéo) that is a local minimum of the potential. The resulting equilibrium spin configuration
is given by

M} =cosp® = 0} M} =sing!® = 0} M: =0 (4.2)
which is a static version of equation (2.15).

A straightforward first-order time differencing (Euler) scheme, with a time step in the
neighbourhood of 1, proved to be sufficient for an accurate determination of the terminal
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states of equation (4.1). Numerical calculations were performed on an even chain wift0
sites and a specific easy-axis anisotrédpy= 1/4 which are typical values in currently
synthesized superlattices [14]. The picture would be significantly different for very large
anisotropy [9], as is also evident in the discussion of section 3 from the repeated appearance
of the quantity 4- § which becomes negative fér> 4.

The Neel statep, = (0,7, ..., 0, ) is an exact static solution for any bias field but
is locally stable only foly < b, = 0.75; the latter field value was obtained from equation
(3.8) applied withs = 1/4. To verify this statement we consider a ‘small’ fluctuation in the
Néel state realized here by replacing the last eptty= = with, say,¢, = 0.997. The
resulting configuration is then used as initial condition in equation (4.1) which is solved by the
elementary numerical algorithm described above. Not surprisingly the perturbed configuration
quickly relaxes back to the ¢l state as long ds < h,. However, at) = b, the calculated
terminal state is highly nontrivial and describes a domain wall that has suddenly nucleated
somewhere between the rightmost layer and the centre of the superlattice; see figure 1 of [10].

The process is continued beyoiyd, now in steps ofsh = 1073, using as initial
configuration at each step the terminal state obtained in the preceding step. The domain
wall quickly moves to the centre of the lattice and becomes symmetric about the centre to
16-place accuracy fdy = 1. This is roughly the field region of the would-be BSF transition
predicted by the critical fieldgs of equation (3.9). However, the BSF transition is rapid but not
sharp on an open chain. Meanwhile the domain wall expands symmetrically with increasing
field to become a nearly uniform canted state within the bulk with notable nonuniformities
near the edges. Complete ferromagnetic order is eventually achieved when the field exceeds
the valueh = 3.73 which is slightly different from the critical fieltly = 4 — § = 3.75 thanks
to a minor finite-size effect. In this respect, one should recall that no such effect was observed
for the critical fieldh, = 0.75 because equation (3.8) is exact on an open even chain of any
size.

A good illustration is provided by the calculated total magnetic moment

A
w= ZM@ = (1, U2, [43)
=1
M1=ZQ’Z M2=2Qf uz=0
4 4

whose field dependence is shown by a solid line in figure 2. This figure uses a limited field
range(0 < h < 1.5) to emphasize important details that are present in the spin-flop regime.
The componeni; along the easy axis suffers a sudden jumipand also develops a shoulder
nearh ~ hz ~ 1 which reflects a rapid crossover at the BSF regime. Further increase of the
applied field beyond the figure range leads to a monotonic increagg ohftil it reaches
ferromagnetic saturatiofuu; = A = 20) at the critical fieldh,. Finally, the inset of figure 2
demonstrates that a small transverse compopngajppears, just abovg, which reflects the

fact that the nucleated domain wall is initially off centre. The transverse momeaubd the
corresponding asymmetry of the domain wall about the centre disappear to 16-place accuracy
forh > 1.

The familiar BSF transition is thus pre-empted by a SSF transition. The latter will
generically occur at the critical fiell,, where a surface magnon mode turns soft, if
the ascending-field sequence is implemented without special precautions; e.g., by slowly
increasing the applied field either in small steps or continuously. On the other hand, the
sudden nucleation of a domain wall within the chain, the sudden jump of the total moment,
and a corresponding sudden reduction of the energy, make it clear that the SSF transition is
first order and could occur at a field smaller thgn

(4.3)
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Figure 2. Total magnetic moment = (u1, u2, u3 = 0) for an open chain witlh = 20 sites for
the various field sequences as described in the text.

In order to probe for such a possibility we repeat the procedure by invoking a ‘large’
fluctuation in the initial Neel state. The moment of the outer layer is now nearly flipped by
replacing its Neel valuep, = 7 with, say¢, = 0.01x. If we then use such an initial condition
in equation (4.1) the perturbed configuration no longer relaxes to the faglesbhite when the
field exceeds a new critical valie = 0.656 which is smaller thah, = 0.75. Abovebh, the
relaxed configuration is a nontrivial surface state in which the outer moment forms a nearly
60° angle to the easy axis and should thus be identified with the ‘true’ SSF state of [9]. We
have continued the process beydngagain in steps afh = 1073, to find that the SSF state
eventually evolves into the domain wall discussed earlier. Similarly the corresponding total
magnetic moment, depicted by a dotted line in figure 2, jsmsothlywith the earlier results
at ho. The appearance of a sizable transverse compagegeint the region p1, ho] implies
that the SSF state is significantly twisted and comes in two varieties distinguished by their
handedness. The transverse moment would be negative if the initial configuration were chosen
such thap, = —0.01x.

The calculated total moment displays a rather bumpy field dependence within the SSF
region, which is not clearly visible on the scale of figure 2. To make this feature completely
apparent we consider the static susceptibility

10

X1 = XW (4.4)

which is plotted in figure 3 using both a dotted and a solid line corresponding to the two field
sequences. The rounded maximum in the vicinityy of 1 is due to the rapid crossover that

has replaced a sharp BSF transition. The situation is far more complgx, if,] and even

finer structure may emerge if the field step is chosen to be smaller than the currently employed
8h = 1073, Therefore the details of figure 3 indicate a ‘chaotic’ behaviour in the otherwise
‘deterministic’ effective potential defined on an open chain,[8]. Finally, the notation of
equation (4.4) suggests that the susceptibility tensor also acquires nonvanishing off-diagonal
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Figure 3. The static susceptibility of equation (4.4) using as input numerical data from figure 2.

elements due to the twisting effect described in the preceding paragraph. Such elements may
be computed using our numerical results for the transverse mqmdntt this issue will not
be pursued further.

We thus return to the main argument and examine whether or not a transition can actually
occur at the critical field);. A contrived scenario for instigating such a transition is suggested
by the method of calculation; namely, by temporarily applying a strong field pulse opposing the
Néel moment at the outer layer as the bias field crosses thehsaldemore natural alternative
results from an appreciation of the detailed nature of the SSF transition. A closer examination
of the numerical energy data reveals that we are dealing with a genuine first-order transition
characterized by three distinct field values orderet;as h. < h, whereh; = 0.656 and
h, = 0.75 are the fields already discussed. The low-energy data may be roughly interpreted
by invoking an uneven double well whose two local minima correspond to &t &hd SSF
states. The Rel state is locally stable fr < §, and the SSF state fgr> ;. The energies of
the two minima coincide at the critical fielg = 0.682 which lies in the overlapping domain
[b1, b2]. The SSF state first appears as a metastable local minimua,ib.] and becomes
the absolute minimum fdy > .. Similarly the Neel state is the absolute minimum fpk b,
and survives as a metastable local minimumhin 2]. Beyondbh, the SSF state has clearly
transformed into a domain wall which is detached from the surface and quickly moves to the
centre of the superlattice; in general agreement with the interpretation of [9] where the critical
field b, is derived by a different reasoning and is thought to provide the phase boundary of
the AR;:AF,4 transition. We think that the coincidence of such a phase boundary with the
boundary of local stability of the &kl state, i.e., the field where a surface magnon mode turns
soft, is a model-dependent accident that is partly responsible for the confusion generated on
this subject.

To summarize, the ‘true’ SSF transition occurs at the critical figldNevertheless, all
threefieldd),, h., andh, are relevant in connection with hysteregisheing the leastimportant.
Specifically, let us invoke the original scenario and drive the system to a nomingjfjglcst
abovebh,, where a domain wall appears within the chain but is still off centre. If we then
reverse the cycle by reducing the field adiabatically, the domain wall returns to the outer layer
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through formation of the SSF state in reverse order, and finally exits the systgrs df;

where the chain returns to the puréélistate. Accordingly the total moment follows the solid

line in figure 2 during the ascending-field sequence but the dotted line during the descending
sequence, a fact that can be checked numerically provided that the noming} fietdose to

h2. Therefore the ‘true hysteresis loop’ is given by the solid and dotted lines of figure 2 taken
in combination.

It would thus appear that we have obtained a complete description of the SSF transition
including hysteresis. Nonetheless, a further interesting possibility arises when the nominal
field o is chosen to be sufficiently large, practically in the redign- 0.8, where the relaxed
configuration is symmetric about the centre to great numerical precision which reaches machine
(16-place) accuracy fdy, = 1. The calculated hysteresis curve is then rather elongated and
typically extends all the way down to vanishing field [1@, 14], as shown in figure 2 by open
circles starting fromp = 1.5. The explanation for a elongated hysteresis is that the domain
wall loses its memory as the field descends through the SSF regime and remains trapped in a
metastable state near the centre of the superlattice even at low field values. This possibility was
previously discussed [10] as a means for experimental detection of the theoretically predicted
ferromagnetic moment of an antiferromagnetic domain wall [11].

We conclude this section with a comment concerning the elementary Euler scheme used to
solve the fully dissipative equation (4.1). One needs abdi#1I@ time steps o6t = 1072 to
obtain complete relaxation for each field value within the SSF regime, a process that amounts
to about one CPU minute on a modest workstation. The required number of time steps can
be reduced by several orders of magnitude away from the critical region, and hence the whole
numerical effort is well within current capabilities. Furthermore, the calculation was subjected
to several consistency checks, including a fourth-order Runge—Kutta solution of the complete
sine—Gordon equation (2.12) at finite

5. Dynamic response

We now consider the response of the superlattice to an AC magnetic field applied in a direction
that is perpendicular to both the easy axis and the chain direction. Such a field is accounted
for by the simple substitution

F, > F, + H co9dQt)e; (5.1)

in the original Landau—Lifshitz equation (2.1). Within the context of the truncated dynamics,
the sine—Gordon equation (2.12) is accordingly extended to

b + A = fo + b, coLwT) COSPy (5.2)

wherer is given by equation (2.9 = Q/ Qo is the frequency in units &g, andh, = H, /J
is the amplitude of the AC field normalized as in equation (2.10).

With small variations of the main theme to be discussed later, the mathematical problem
consists of the following simple steps. Suppose that the superlattice has relaxed in its ground-
state configuratioa&éo) at a specific value of the bias field One must then solve equation
(5.2) with initial condition

pe(r = 0) = ¢

to determine the configuratiapy(t) at all later times. Of special importance is the case of a
weak transverse field which probes the intrinsic properties of the superlattice and allows us to
invoke the linear approximation

de(r) ~ ¢ + b Lug(r). (5.3)
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To lowest order irf) ;. , equation (5.2) becomes

A
iig + Mg + Y Comtty = Qf COLWT) (5.4)

m=1

where the nonvanishing elements of the tridiagahat A matrix C = (Cy,,) are given by

Cu1=—(Q1-Q2) +8[(0)* — (0D + 10}

Coo = —Qu - (Qus1 + Qe—1) +8[(0))* — (0D + 10}
Can =—(Qa - Qa-1) +8[(Q})* — (D +H0%
Coov1=(Qr - Qe+1) = Crare

and are expressed entirely in terms of the two-component vektes (03, Q) defined in

equation (4.2) for a specific ground-state configuradﬁﬁ?h calculated in section 4.
Thanks to dissipation, transients die out quickly and the terminal state is described by the
particular solution of equation (5.4)

ue(t) = Ay coqwt) + By Sin(wt) (56)

(5.5)

where the local dynamic susceptibilities and B, satisfy the linear system of algebraic
equations

roAy =" Dy B, roBy+ > DAy = 0} D =C —&?I. (5.7)

The matrixD = (D,,,) canreadily be constructed in terms of the maftiaf equation (5.5) and
the A x A unit matrix/ = diag(1, 1, ..., 1). The calculation of the dynamic susceptibilities
can then be carried out by any standard numerical algorithm solving the linear system (5.7).

In order to complete the theoretical description we must return to the original magnetic
momentsM,. Inserting the linearized field (5.3) in equation (2.15) the corresponding linear
approximation of the local moments reads

M7~ Qf — b1 Qyuy M ~ Q) +h.Qju; ¢ ~ phiuy (5.8)
whereu, is the terminal state (5.6). Hence the total moments are given by
pa(t) = 1+ AbL[x1,Co8wt) + 1, SiN(wr)]
pa(t) = pa + Ab [ x5 COSwT) + X35 Sin(w7)] (5.9)
13(7) = pz + Abi[x3,COSwT) + X3, SIN(wT)]
whereus, u2, andus in the right-hand side are the static total moments of equation (4.3) and

/ 1 y /7 1 y
X12:_XZQ2AZ X12:_XZQZB£
; ¢
! 1 X 4 1 X
X2 =& Z QA X22= & Z Qy By (5.10)
¢ [

PO )y __po
X32_TZ£:B£ X32——T2[:Az

are the sought-after total dynamic susceptibilities expressed in terms of the local onds with
and B, determined from the linear system (5.7).

Now x;, and x, manifestly vanish in the 8el state(Q; = 0) and are also found to
practically vanish for bias fields greater thgn They do acquire small finite values within the
SSF regionfj, h2] which are more a nuisance than a clear signature for the SSF transition.
Similarly the sums iny3, and x4, are small and further suppressed by the fagior< 1.
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Therefore, although no additional effort is required to calculate all sums in equation (5.10),
we shall confine our attention to the diagonal susceptibilities relabelled as
X22=x"= x' (0, b) X22=x"=x"(®,h) (5.11)

and examined in the following as functions of frequencynd bias fieldy; for lattice size
A = 20, easy-axis anisotrogy= 1/4, and dissipation constaht= 0.1.

4.5

b

Figure 4. The magnon spectrum fak = 20 along the most likely ascending-field sequence
reaching beyond ferromagnetic saturation.

Inspection of the linear system (5.7) suggests that potential resonances occur at frequencies
such that

detD = det(C — »?I) =0 (5.12)

whose eigenvalues are determined numerically using as input the ground-state configuration
Q. calculated in section 4 at any given bias figldWe are thus in a position to complete the
discussion of section 3 and calculate the normal frequengiesw (h) for all h. Consider

first the most likely ascending-field sequence in which tiéelétate survives as a metastable
local minimum beyond the true critical field = 0.682, until the bias field crosses the value

h, = 0.75 where a sudden SSF transition occurs. The corresponding eigenvalues of equation
(5.12) are shown in figure 4 for a wide field range reaching beyond the criticahfjetd3.73
required for ferromagnetic saturation.

The overall appearance of figure 4 is similar to that of figure 7 in [12] in spite of the
use of truncated dynamics. The main difference is that we now assume thatehstate is
trapped in its metastable phase in the reglpni,]. As a result the spectrum for the complete
interval [Q §,] is the spectrum of the &kl state provisionally discussed in section 3 and shown
schematically in figure 1. As expected the first and the eleventh modes counting from the
bottom of figure 4 were found equal to the gap modesindw, of equations (3.5) and (3.6)
which are valid for allA including A = 20. In particular, the lowest mode was numerically
found to vanish at the critical fielfl, given analytically by equation (3.8). One should add
that several important features of the calculated spectrum were already present in the earlier
calculation of Nirtemanret al [23, 24].

The discontinuity of the spectrumigtis yet another consequence of the first-order nature
of the SSF transition. The imprint of the BSF transition is also made apparentin figure 4 by the
observed crossover behavioumat- 1. The evolution of the spectrum for larger field values
is quite spectacular. Most eigenvalues cluster around a single value at the characteristic field
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ben &~ 2.65 predicted for a cyclic chain by equation (3.12) and mildly corrected to account for
the open chain considered here. However, a definite difference from the cyclic chain emerges
with the appearance of surface modes whose eigenvalues are clearly separatednokelow
above the continuum for fields in the regign~ b.,. Indeed the lowest gap mode;) in

the Neel state is gradually joined by the next mode to evolve into a pair of nearly degenerate
surface states with frequencies well within the lowest gap. Similarly the middle gap mode
(w2) in the Neel state is joined by a nearby partner and they both work their way through
the upper continuum to reappear as surface states with nearly degenerate frequencies above
the continuum. A fifth gap mode can also be discerned just below the accumulation point
of the eigenvalues dt ~ h.,. Finally, the spectrum regroups itself into a more or less rigid
continuum above the ferromagnetic transition which takes plagg @t3.73.

A detailed analysis of the various surface states is certainly possible by examining the
wavefunctions associated with the eigenvalue problem (5.12). Here we are mainly interested
in their potential contributions to resonances in the dynamic susceptibijfitiaad x”. The
simpleg = 0 rule known to apply for cyclic or infinite chains should be viewed with caution in
the presence of open boundaries. Our numerical calculation is not based on any assumptions
of that nature. Hence in figure 5 we illustrate the calculated frequency dependence of the
dynamic susceptibilities for a number of typical values of the bias fieldken along the
described ascending-field sequence.

At low values of the bias field the main absorption peak occurs at the highest eigen-
frequency which is accurately predicted by the numerical results of figure 4 or approximately
by the bulk magnon spectrum (3.4) as

w2(g=0)=2+5+/4+h2 (5.13)
to within a minor finite-size correction. The above frequency accounts for the main resonance
observed in figure 5 both &t = 0 andh = 0.5. A new low-frequency feature begins to
emerge in the latter case due to absorption by the lowest gap mode with frequegiegn
analytically by equation (3.5). The contribution of this surface mode becomes increasingly
significant when the Bel state enters its metastable phase for fields greatefthar).682,
as illustrated in thég = 0.735 entry of figure 5 which exhibits a rather strong low-frequency
signal.

When the bias field crosses the critical vafiye= 0.75 of equation (3.8) the SSF transition
becomes inevitable. Accordingly the low-frequency peak in the dynamic susceptibilities is
suddenly quenched and is difficult to discern on the scale ofy tae0.75 entry of figure 5.
Nevertheless, low-frequency absorption is again amplified, albeit to a lesser extent, when the
field approaches the BSF crossover regime; as shown ifn thé entry of figure 5.

The superlattice is set on a clearly new course for fields beyond the BSF regime. Thus
the low-frequency peak drifts to a higher frequency initially along the lowest eigenvalue of
figure 4. However, it eventually shifts to the lower side of the continuum, i.e., to the third
mode counting from the bottom of figure 4, as the bias field approaches the characteristic
valueh., ~ 2.65 of equation (3.12). Meanwhile the highest eigenfrequency loses its intensity
and is replaced by a secondary peak drifting along with the middle gap mode on its way to
emerging as a surface state above the continuumbh Eerh.;, a partial reversal takes place
and the two peaks observed at, day: 3 correspond to the frequencies of the upper side of
the continuum and of the highest surface mode. Finally, above the ferromagnetic transition,
e.g., ath = 4, the two peaks merge into a single clear signal at the highest magnon frequency
given by equation (3.14) as

W’k =0)=58+h (5.14)
again to within a minor finite-size correction.
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h=0.75

h=3 b=4

Figure 5. Dynamic susceptibility as a function of frequency for representative values of the bias
field along the most likely ascending-field sequence. The real pgrts depicted by a solid line
and the imaginary parf”) by a dotted line.

Therefore an experiment that would determine the frequency dependence of the
susceptibilities would probe in detail the dynamics of the superlattice. However, to the best of
our knowledge, such an experiment has not yet been performed. Instead the susceptibilities
were measured as functions of the DC bias field with an AC field also pointing along the easy
axis and operating at a fixed very low frequency [14]. Here and in the calculation of the above
reference the AC field is assumed to be perpendicular to the easy axis. In the upper panel of
figure 6 we display the field dependence of the dynamic susceptibilities calculated here at the
fixed relatively low frequencw = 0.1. This result is consistent in its gross features with the
calculation in [14].

The strong signal just below, = 0.75 as well as the lower bump near the BSF regime
h ~ 1 are consistent with the frequency dependences of figure 5. The first peak is expected
and numerically verified to become increasingly sharp at lower frequencies and its location



74 N Papanicolaou

approaches the critical fielgh from below. It is then clear that the most likely ascending-field
sequence yields a sensitive probe of the critical field where the Mills—Saslow surface magnon
mode turns soft [2], but bypasses the finer details of the SSF transition. On the other hand,
these important details could be accessible through hysteresis.

Hence we recall the discussion of section 4 and consider the calculation of dynamic
susceptibilities along the ‘true’ hysteresis curve given by the dotted line of figure 2. The
corresponding normal frequencies calculated from equation (5.12) are shown in figure 7 and
differ from those of figure 4 only in the field intervaq, h2]. The frequency dependence of
the diagonal susceptibilitieg” = x;, andx” = x4, is depicted in figure 8 for two typical
field valuesh = 0.675 andh = 0.725 within the region of metastability < h.) and absolute

®»=0.1

XX

_5 i i
0 05 0,0, 1 15
5 H T
w=0.1
0 R
__5 i L
0 05 b, b, 1 15

Figure 6. Field dependence of the dynamic susceptibility at a fixed low frequeney0.1. The
arrow in each frame indicates the direction of increasing (decreasing) bias field along the three field
sequences as described in the text.
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1 B 1 1.5

Figure 7. The magnon spectrum of figure 4 with the exception of the field intehalfj2] where
the spectrum is now calculated in the SSF instead of el Btate.

stability (h > b.) of the true SSF state, respectively. In both cases the low-frequency features
are tamed. As a result the field dependence along the descending sequence illustrated in the
middle panel of figure 6 shows no dramatic variations in the SSF regiofJ]. One should

further recall our earlier comment that the off-diagonal susceptibilitigandy’, also acquire

finite values of comparable variation in the same field region. The overall conclusion is that a
clear signal for the finer details of the SSF transition does not seem feasible through dynamic
response in a transverse AC magnetic field.

5 5
b=0.675 _ 5=0.725
=
" 0

=

-5 -5

0 1 2 3 0 1 2 3
Q)

Figure 8. Dynamic susceptibility as a function of frequency for two typical values of the bias field
in the regions of metastabilityh = 0.675 and absolute stabilityh = 0.725 of the SSF state.

Furthermore, the descending-field sequence assumed in the middle panel of figure 6 is
artificial in an important respect. The corresponding hysteresis curve is realized only if the
nominal fieldho at which the cycle is reversed is chosen to be just above the critical field
b2, = 0.75. Whenhy is sufficiently large the superlattice loses memory of the SSF transition
and is locked into a symmetric state. Thus the generic hysteresis curve shown by open circles
in figure 2 extends all the way down to vanishing field, reflecting the fact that a domain wall
is trapped in a metastable state near the centre of the superlattice. The field dependence of
the susceptibilities along the generic hysteresis curve is depicted in the lower panel of figure
6 and continues to display the standard BSF pe#k-atl but is featureless in the SSF region
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Figure 9. Dynamic susceptibility as a function of frequency in the presence of a bulk domain wall
trapped at the centre of the chain for two typical values of the bias field.

[b1, b2]. Thisresultis a consequence of the absence of an interesting low-frequency behaviour
in the dynamic susceptibilities, a fact illustrated in figure 9 for the two representative field
valuesh = 0 andh = 0.5. Therefore lack of structure in the dynamic susceptibilities near the
SSF region would provide indirect experimental evidence for the realization of the elongated
hysteresis curve of figure 2.

We have additionally examined the spectrum of normal frequencies in the presence of a
bulk domain wall at the centre of a finite chain. This spectrum exhibits a nearly zero-frequency
bulk mode, instead of a surface gap mode, which is a finite-lattice analogue of the strict zero
mode that would occur in the continuum limi# — 0) of an infinite lattice(A — o0)
reflecting translation invariance. Itis thus not surprising that such a mode is not excited by the
uniform AC field and is not conspicuous in figure 9.

The preceding analysis may be carried further to address the question of local stability
of a bulk domain wall trapped at the centre of a finite chain. In fact, at vanishing bias field,
the lowest squared normal frequency was found to be negatve- —10-%) for A = 20
and positive(w? ~ 107°) for A = 100. Therefore the domain wall is actually a marginally
unstable saddle point on a sufficiently short chain. More generally one should expect that a
bulk domain wall would become locally stable on a chain that exceeds a certain critical size
A = A.(8, h) which is a function of anisotropy and bias fieldh. As a consequence the
elongated hysteresis curve shown by open circles in figure 2 should become more robust on
larger superlattices.

The numerical method followed in the present work is completely elementary and easy
to implement. Nevertheless, an interesting alternative was suggested by the authors of [14].
Within the context of the truncated dynamics the method of the above reference would amount
to solving the initial-value problem for th@onlineardissipative sine—Gordon equation (5.2)
in the presence of a weak AC field. The dynamic susceptibilities would then be extracted from
the steady state acquired by(r) when the DC bias field is changed adiabatically. We have
actually implemented the method for equation (5.2) and reproduced some of the described
results for special values of the parameters. Our preference to the standard linear response
theory adopted in the text was due to its ability to provide detailed information on the normal
frequencies of the system. However, the method of [14] is more natural and will certainly play
an important role in future micromagnetic calculations.

6. Concluding remarks

Although the main features of the SSF transition are clearly understood, a number of more
detailed issues remain to be investigated both theoretically and experimentally. The nature
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of the hysteresis is probably the most urgent issue that has not been completely settled.
Furthermore, the finer details of the transition have not yet been resolved and could, in fact,
be irrelevant to actual experiments.

One should thus address and possibly quantify the question of robustness in the presence
of disorder and/or noise. Static disorder may result from a variation of the parameters as one
moves from one layer to the next. Similarly noise may be induced dynamically either by the
external field or by internal fluctuations including a partial lack of coherence in the moment of
each layer. A formulation of the relevant stochastic dynamics might prove fruitful especially
near the SSF transition where the effective potential displays a multitude of local minima with
energies that differ only slightly. In particular, one might be able to explain in detail a certain
loss of memory and irreversibility that are responsible for the elongated hysteresis curve of
figure 2.

Throughout this paper we have confined our attention to an even superlattice. The main
difference in the Mel state of an odd superlattice is that the moments of the two outer layers
point in the same direction. Therefore when the bias field is applied along the direction of
the outer moments a SSF transition is absent and the system proceeds directly to the BSF
transition. When the field is applied in the opposite direction a SSF transition takes place at
both ends. Thus the picture appears to be more complicated on an odd superlattice but does
not add anything fundamentally new. In any case, all calculations can be repeated for an odd
chain without difficulty.
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Appendix. Dynamics of a single moment

We return to the discussion of section 2 and consider the special limit of vanishing exchange
constant(J = 0) in which the moments of the various layers decouple. The dynamics of
each momenM = (M,, M,, M;) = (sinf cosg, sinb sing, cosy) is then governed by the
Hamiltonian

1, . o
W= é(D Sin? 6 sin’ ¢ + Dy cos ) — H sind cos¢ — H, cog2) siné sing (A1)

where the external field consists of a DC component of streHg#hong the easy-axis and
an AC component of amplitudd, and frequency2 along they-axis. For the moment we
make no assumptions on the relative strength of the anisotropy comxtant
The corresponding Landau-Lifshitz equations read
. 0¢ a6 . . .
smeg + yE = (Do — D sir? ¢) cosf sind + [H cosp + H, cos21) sing] cosh
A2)
a0 .0 . : . (
Yl y sm@a—(f = D siné cosg sing + H sing — H, cog2t) COS¢p
and our task is to determine the evolution of the moment induced by a weak AC field. One
may then invoke the linear approximatiére 7 /2 — gH, and¢ ~ fH, or

1
M, ~1-— E(f2 + g% H? M,~ fH, M, ~gH, (A3)
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where the amplitudeg andg satisfy the linear system

af g ag of

2 2 _Q0=0 — +y—+ Q1 f =cogQt

o Vo 28 o or 1f ) (A4)
Q1=D+H Qo= Do+ H.

At large times, transients damp out exponentially and the terminal state is described by the
particular solution
f = AcogQt) + Bsin(t) g = I'coqQr) + Asin(Q2t) (A5)

where the dynamic susceptibilities are given by
_ Q2(Q21Q2 — Q2) +y2Q1Q?
Q1922 — L+ yHQ2)2 + y2(Qq + Q2)2Q2
B y QIS+ (1 +y*)Q?

[Q:Q2 — (1 +yH)Q2]2 + y2(Q1 + Q2)2Q2 (A6)
r— y(Q1+Q2)Q2
2022 — L +yHQ2 + y (2 + 22)2Q2
B QL +y?)Q% — 21Q)]
2022 — A +yHQ2 + A Q1+ Q22)2Q%
For small values of the dissipation constapt <« 1) resonance occurs at the characteristic
frequency@ = /2195.

Thusthe component of the moment along the easy axis undergoes a negligible second-order
modulation around its ground-state valig, = 1, whereas the projection of the moment onthe
yz-plane is elliptically polarized. The length of the ellipse axes and their relative orientation in
theyz-plane are sensitive functions of frequersgyand bias field? especially near resonance.
However, the picture simplifies substantially whBg is much larger than all other scales
involved. This limit may be studied either by starting from the exact susceptibilities (A6) or
by first implementing the truncated dynamics of section 2; as is done in the remainder of this

appendix.
Since an exchange constant is no longer present the rescaled variables of equations (2.9)
and (2.10) are redefined as

p =+/D/Dg Qo =+/DDg T = Qot (A?)
rA=vy/p h=H/D bo=H, /D

and we again introduce a fiejdvia 60 = 7/2 — px. In the limit of smallp, the truncated
dynamics is governed by

A

A

X=¢ é + A+ cosp sing +hsing = b, coSwt) COSP (A8)

where the dot stands for differentiation with respecttandw = Q/Qp is the normalized
frequency. Accordingly the approximate moment is given by equation (2.15) restricted to a
single site.

Dynamic response is now based on the truncated equation (A8) which is solved to leading
orderinh, by ¢ ~ uh, whereu satisfies the linear equation

ii +u+ (1+hu = codwr) (A9)
whose relevant particular solution is

u = a codwt) + B sin(wt)
_ 1+bh—w? _ Ao (A10)
YT AHh — 0?2 + 2202 ﬂ_(1+h—w2)2+kzw2'
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The projection of the moment on the-plane is then given by

M, ~ uh, = [acoqwr) + B sin(wr)]h1

M~ puh, = po[p cogwr) — asin(wt)]h.
and describes an ellipse whose major axis is now fixed along thieection, and the minor axis
is relatively depressed. Hence the picture derived is consistent with the intuitive expectation
that out-of-plane fluctuations are small at laf3g Furthermore, if we introduce the rescaled
variables (A7) in the exact susceptibilities (A6) and then take the limit of IBggéhe truncated
result (A10) is reproduced. We have also plotted the exact and the truncated susceptibilities and
found them to be graphically indistinguishable wh@gy D = 100. The agreement continues

to be satisfactory aby/D = 10 and strongly influenced our decision to adopt the truncated
dynamics.

(A11)
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