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Nonspecular x-ray scattering in a multilayer-coated imaging system
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We present a rigorous theoretical treatment of nonspecular x-ray scattering in a distributed imaging
system consisting of multilayer-coated reflective optics. The scattering from each optical surface is
obtained using a vector scattering theory that incorporates a thin film growth model to provide a
realistic description of the interfacial roughness of the multilayer coatings. The theory is validated
by comparing calculations based on measured roughness to experimental measurements of
nonspecular scattering from a Mo–Si multilayer coating. The propagation of the scattered radiation
through the optical system is described in the context of transfer function theory. We find that the
effect of nonspecular scattering is to convolve the image with a point spread function that is
independent of the coherence of the object illumination. For a typical soft x-ray imaging system, the
scattering within the image field from the multilayer coatings is expected to be slightly greater than
for single surfaces~as normalized to the reflectivity!. This is because the roughness of the coatings
includes both replication of the substrate roughness and the intrinsic roughness of the multilayer
growth process. Our analysis indicates that the current multilayer coating technology is capable of
producing soft x-ray imaging systems that have acceptably low levels of scattering, provided that
the optical substrates are sufficiently smooth.@S0021-8979~98!02214-2#
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I. INTRODUCTION

Advancement in areas such as extreme ultraviolet~EUV!
lithography1 and x-ray astronomy2 are spurring dramatic im
provement in the performance of optical imaging systems
the soft x-ray regime (1,l,100 nm). The ultimate goal is
to achieve high throughput with resolution near the diffra
tion limit. This requires the use of all reflective, distribute
imaging systems working near normal incidence. Howev
the normal incidence reflectivity of all materials is very lo
at soft x-ray wavelengths. The problem is overcome by co
ing the optical surfaces with multilayer films, which in
creases the reflectivity by several orders of magnitude
comparison to a single surface. There are yet many pote
problems that can degrade the image formation and limit
resolution. One of the most important of these is the n
specular scattering from the multilayer coatings.

The ultimate resolution of a soft x-ray imaging syste
depends in detail on the nonideal nature of the optical s
strate and the interfaces in the multilayer coatings. Th
structures are imperfect at all spatial frequencies. The er
at frequencies less than;10 cm21 are called figure error and
are treated deterministically. The figure errors produce
aberration of the image that can be calculated using ray t
ing techniques. The errors at higher frequency are ca
roughness~or surface finish! and are usually treated statist

a!Current address: OS Associates, 1174 Castro St., Suite 250, Mou
View, CA 94040; electronic mail: healthst@ricochet.net

b!Current address: Ultratech Stepper, 3050 Zanker Rd., San Jose, CA 9
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cally. The effect of the roughness is to remove intensity fro
the image~the specular field! and scatter it throughout th
image field. This nonspecular scattering is problematic
two reasons:~1! it decreases the useful throughput of t
optical system and,~2! it produces a background halo whic
reduces the contrast of the image.

Soft x-ray imaging systems are particularly suscepti
to nonspecular scattering. The first reason is that the op
are by necessity all reflective. The second reason is the w
known l24 dependence of the cross section for dipole sc
tering. For a given interfacial roughness, the nonspec
scattering increases rapidly with decreasing wavelength.
implications for high resolution imaging are clear: the optic
substrates and multilayer coatings must be very smooth
avoid significant scattering. But how smooth is smoo
enough? The answer to this question is of both fundame
and practical interest. Fundamentally, there has been u
now a general lack of understanding of the effects of scat
ing in a multilayer-coated imaging system. From a practi
perspective, the time and cost of producing figured opti
substrates increases dramatically with the smoothness o
surface. An accurate model of scattering is needed to de
realistic specifications for surface finish that can be used
guideline for manufacturing precision optical components

The problem of nonspecular scattering of x rays fro
multilayer films has been addressed by many authors in
cent years.3–7 It is now understood that the scattering from
multilayer film is fundamentally different than the scatterin
from a single rough surface. The multilayer scattering
characterized by strong interference effects, due to the
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relation of the roughness of the different interfaces. Re
nances in the scattering were theoretically predicted3,4 and
have been experimentally observed.4,7–10 Dynamical effects
arising from the multiple specular reflection and extincti
of the scattered radiation can also be important,5 particularly
in the vicinity of a specular Bragg peak. We will show th
these unique characteristics of the scattering from multila
coatings have important consequences in an imaging sys

There have been previous attempts to address the p
lem of nonspecular x-ray scattering in an imaging syste
Church and Takacs11 have considered the scattering in
simple imaging system consisting of a single reflecting s
face operating near normal incidence. Here the multila
coating is treated as a single rough surface. Harvey12 has
discussed scattering in a distributed imaging system, and
proposed anad hocmethod for incorporating the effects o
multilayer coatings. More recently, Singhet al.13 have ap-
plied a Monte Carlo ray tracing technique to simulate no
specular scattering in a Schwarzschild imaging system
spite of this previous work, we believe that the current u
derstanding of scattering in a soft x-ray imaging system
incomplete. In particular, these important issues have ye
be adequately addressed:

~1! Owing to the high spatial frequencies characteris
of roughness there is significant diffraction of the scatte
field as it propagates between the optical surfaces that
duce the scattering and the exit pupil. How does this diffr
tion affect the pupil function and the image formation pr
cess in the context of the transfer function theory
imaging?

~2! It is well known that the coherence state of the obj
illumination is an important parameter in the imaging pr
cess. What is the relationship between the coherence
and the effects of scattering on the image process?

~3! The scattering from a multilayer coating occurs ov
a large number of interfaces throughout the volume of
film. The magnitude and distribution of scattering depen
on the detailed structure of the roughness of the interfa
What is a correct description of the roughness of a multila
coating and how is it related to the roughness of the s
strate?

~4! What are the characteristics of the scattering from
multilayer coating, particularly in the vicinity of the Brag
peak, and how do they differ from that of a single rou
surface? In particular, the description of the scattering p
cess must include interference effects~from the correlation
of the interfacial roughness!, dynamical effects~multiple re-
flection of the incident and scattered fields!, and extinction of
the scattered radiation in the film.

To investigate these issues we present a comprehen
theoretical description of scattering in a soft x-ray imagi
system, which includes rigorous treatments of the image
mation process, the roughness of the multilayer coatings,
the scattering process. In the following section we deri
following Born and Wolf,14 a very general expression for th
transfer function that relates the mutual intensity at the ob
and image planes. In Sec. III we consider the scattering
distributed imaging system having single reflecting surfac
We explicitly include the diffraction of the scattered fie
Downloaded 20 Apr 2005 to 148.6.178.100. Redistribution subject to AIP
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and obtain an effective pupil function for the distributed im
aging system. The intensity distribution at the image plan
derived in Sec. IV. We show that the effect of scattering is
convolve the image with a point spread function independ
of the coherence state of the object illumination. In Sec
we consider the case of multilayer coatings, and we relate
point spread function to the angular scattering distributio
from the multilayer coatings. The calculation of these sc
tering distributions is the topic of the next two sections.
Sec. VI we review a thin film growth model that has be
previously developed15 to describe the interfacial roughnes
in multilayer coatings, and we apply this model to measu
ments of roughness in a Mo–Si multilayer film. Th
multilayer scattering problem is treated in Sec. VII using
existing scattering theory extended to include dynamical
fects in the scattered field. To validate the scattering the
we compare calculations to experimental measurement
nonspecular scattering from a high-performance Mo–
multilayer coating. In Sec. VIII we evaluate the scattering
a soft x-ray imaging system in terms of conventional perf
mance parameters, namely the point spread function and
optical transfer function. We close our discussion by mod
ing the effects of scattering in a hypothetical imaging syst
designed for EUV lithography.

Throughout the course of the theoretical developm
we make several critical assumptions and approximation
is important to observe the restrictions and constraints
posed by these approximations whenever the theory is
plied to specific imaging systems. The approximations
enumerated as they appear in the text and are summariz
Appendix A.

II. DERIVATION OF THE TRANSFER FUNCTION

Consider a distributed imaging system consisting ofN
reflecting surfaces and having a real aperture stop as sh
in Fig. 1. The Cartesian coordinates of the object plane
the image plane areS0 and s1 , respectively. We introduce
the scale normalized coordinates for the object planes0

5MS0 , whereM is the lateral magnification of the optica
system. This allows us to describe an object point and
Gaussian image point by the same coordinate values.
aperture stop of the imaging system limits the angular d

FIG. 1. Schematic diagram of a distributed imaging system showing
trajectory of the principal ray. The (X,Y,Z) coordinate system of the rough
surface is related to the (x,y,z) coordinate system of the exit pupil throug
a rotation of angleu. The exit pupil is located a distancez5zP from the
rough surface.
 license or copyright, see http://jap.aip.org/jap/copyright.jsp
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persion of rays through the system. For a point object,
ray that intersects the center of the aperture stop is called
principal ray. The image of the aperture stop by the par
the optical system which follows it is called the exit pup
The exit pupil is located a distanceR from the image plane
The amplitude of the radiation field at the plane of the e
pupil is called the complex pupil function,G(s).

Let the object be illuminated by quasimonochromatic
diation of wavelengthl. The mutual intensity functions in
the object and image planes areJ0(s0 ,s08) and J1(s1 ,s18),
respectively. Following Born and Wolf14 the Fourier trans-
forms of the mutual intensity functions,J0(f,f8) and
J1(f,f8), are related by

J1~ f,f8!5G~lRf!G* ~2lRf8!J0~ f,f8!, ~1!

wheres5lRf are the coordinates of a point in the plane
the exit pupil. This description of the transfer of the mutu
intensity function through the imaging system is only va
within two important approximations. These are:

~a! The angle between the principal ray and any ot
ray that propagates through the imaging system is sm
Specifically, if we denote the angle asw, then the approxi-
mation is

sin2 w!1. ~2!

We call this the ‘‘small angle approximation.’’
~b! For a point object, the pupil function is independe

of the location of the point in the object field. In this case t
point spread function is independent of the position of
Gaussian image point, and the system is cal
‘‘isoplanatic.’’ In practice, the assumption of isoplanaci
restricts the applicability of the transfer function formalis
to objects of small spatial extent.

The effect of scattering from roughness at the opti
surfaces is to modify the pupil function in a simple way. L
G0(s) be the pupil function for the optical system witho
rough surfaces. HereG0 contains all of the standard dete
ministic information about the imaging system such as ab
rations. We will show in Sec. II that the effect of the roug
ness can be represented as a pure phase modulation:

G~s!5G0~s!exp@ iF~s!# ~3!

whereF~s! is a function directly related to the structure
the rough surfaces. Then substituting~3! into ~1! we obtain

^J1~ f,f8!&5G0~lRf!G0* ~2lRf8!

3^exp@ i ~F~lRf!2F* ~2lRf8!!#&J0~ f,f8!.

~4!

The angular brackets denote taking an ensemble ave
over many configurations of the rough surface. In pract
this is realized by the breaking up of the coherence of
illumination of the surface due to the finite size of the obje
For a coherently illuminated object of sizeL and a distance
D between the object plane and the optical surface, the
of the patch on the surface over which the illumination
coherent is approximatelylD/2L. For typical sources of fi-
Downloaded 20 Apr 2005 to 148.6.178.100. Redistribution subject to AIP
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nite size there will be many of these patches within the a
illuminated on the optical surface. If the surface is suf
ciently ergodic then each patch represents a different c
figuration of roughness, and the ensemble average ca
replaced by an average over the illuminated surface area

III. EFFECTIVE PUPIL FUNCTION

To proceed further it is necessary to derive an express
for the pupil functionG(s) that includes scattering from th
optical surfaces. For the moment let the optical surfaces
single surfaces~not coated with multilayer films!, and as-
sume that all but one of the surfaces are perfectly smooth
indicated in Fig. 1. Since our goal is to determine the eff
of scattering on the pupil function, we can neglect the c
vature of the incident wavefront and the optical surfa
~these will be included later!. Then let the specular field be
plane wave,êeikn̂•x, of unit amplitude and polarizationê
incident onto the rough surface with an angleu ~measured
with respect to the normal!. The field is reflected by the
surface and propagates to the plane of the exit pupil. Cho
ing the plane of the exit pupil to be perpendicular to t
principal ray, we find thatu is also the angle between th
normal to the exit pupil and the normal to the rough surfa

An expression for the field scattered by the rough s
face has been derived in a previous paper.16 The results are
valid under the following approximation:

~c! The scattering is weak so that multiple scattering a
shadowing effects can be neglected. This is called the ‘‘B
approximation.’’ This approximation is generally valid fo
x-ray wavelengths at angles of incidence away from the c
cal angle for total external reflection.

The component of the scattered reflected fieldER(x)
having polarizationâ ~S or P type! can be written as:

â•ER~x!5
D

2
~ â•ê!E E S E E exp~ iqXX!exp~ iqYY!

3
exp@ iqZH~X,Y!#

qZ~qZ1knZ!
dXdYD

3exp~ ikm̂•x!dmXdmY . ~5!

HereD512e, wheree is the dielectric constant of the su
face material,q5k(m̂2n̂) is the change of momentum o
the x-ray photon andH(X,Y) is the surface height function
describing the roughness of the surface.

The expression~5! for the scattered field has a straigh
forward physical interpretation: it is simply an expansion
the scattered field using the plane waves exp(ikm̂•x) as a
basis set. The quantity in brackets is the scattering amplit
of the plane wave modem̂. Note that there are two differen
spatial coordinate systems in Eq.~5!. The relationship be-
tween these coordinate systems is illustrated in Fig. 1.
coordinate system (X̂,Ŷ,Ẑ) is defined such thatẐ is normal
to the plane of the rough optical surface and theY-Z plane is
the plane of incidence. The coordinate system (x̂,ŷ,ẑ) hasẑ
normal to the plane of the exit pupil. The transformati
between the two coordinate systems is a rotation through
 license or copyright, see http://jap.aip.org/jap/copyright.jsp
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angleu about thex̂5 x̂8 axis. The momentum transfer vecto
q in the two coordinate systems is related according to

qX5qx

qY5cosuqy1sin uqz>cosuqy12k cos2 u sin u ~6!

qZ52sin uqy1cosuqz>2k cosu.
Downloaded 20 Apr 2005 to 148.6.178.100. Redistribution subject to AIP
These expressions are valid within the small angle appr
mation ~a!, which requires thatqX andqY be small. Noting
that

n̂5sin uŶ2cosuẐ5sin 2u ŷ2cos 2u ẑ ~7!

we rearrange Eq.~5! to get
x

y
e

semble
â•ER~x!5~1/4p2!r SP cosu exp~ iky sin 2u!exp~2 ikz cos 2u!E E E E exp~ iq•x!exp~2 iqxX!

3exp~2 i cosuqyY!exp~22ik cos2 u sin uY!exp@22ik cosuH~X,Y!#dXdYdqxdqy ~8!

wherer SP5D(â•ê)/4 cos2 u is the specular reflectance amplitude from an ideally smooth surface.
Next we propagate the reflected field to the plane of the exit pupil at positionz5zP . The field in this plane is the comple

pupil functionG(s) wheres5sxx̂1syŷ. Then using Eq.~8! the pupil function becomes

G~s!5~1/4p2!r SP cosu exp~ ik sin 2usy!exp~2 ik cos 2uzP!

3E E E E exp~ iqxsx!exp~ iqysy!exp~ iqzzP!

3exp~2 iqxX!exp~2 i cosuqyY!exp~22ik cos2 u sin uY!exp@22ik cosuH~X,Y!#dXdYdqxdqy . ~9!

This is the correct expression for the pupil function that includes the~significant! diffraction of the scattered field on its wa
to the exit pupil. However, the propagation of the mutual intensity, as described in Eq.~1!, requires the determination of th
transfer function̂ G(s)G* (2s8)&. Substituting from Eq.~9! we have

^G~s!G* ~2s8!&5~1/16p4!RSP cos2 u exp@ ik sin 2u~sy1sy8!#

3E E E E exp~ iqxsx!exp~ iqysy!exp~ iqzzP!exp~ iqx8sx8!exp~ iqy8sy8!exp~2 iqz8zP!

3E E E E ^exp$22ik cosu@H~X,Y!2H~X8,Y8!#%&exp~2 iqxX!exp~ iqx8X8!

3exp@2 i cosu~qyY2qy8Y8!#exp@22ik cos2 u sin u~Y2Y8!#dXdYdX8dY8dqxdqydqx8dqy8 . ~10!

We make the following assumptions about the statistical properties of the roughness:
~d! The surface heightH(X,Y) is a Gaussian random variable, is stationary and is ergodic in the sense that the en

average can be replaced by an average over the illuminated surface area.
The assumption thatH is stationary leads to an important simplification: the quantity in the brackets^ & depends only on

the separation of the pointsU5X2X8 andV5Y2Y8. In particular, if we define

F~U,V![^exp$22ik cosu@H~X,Y!2H~X8,Y8!#%& ~11!

then the inner integral in Eq.~10! becomes

E E E E F~U,V!exp~2 iqxU !exp~2 i cosuqyV!exp~22ik cos2 u sin uV!exp@2 i ~qx2qx8!X8#

3exp@2 i cosu~qy2qy8!Y8#dX8dY8dUdV

5cos21 ud~qx2qx8!d~qy2qy8!E E F~U,V!exp~2 iqxU !exp~2 i cosuqyV!exp~22ik cos2 u sin uV!dUdV. ~12!

Substituting~12! into ~10! we obtain:
 license or copyright, see http://jap.aip.org/jap/copyright.jsp
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^G~s!G* ~2s8!&5~1/4p2!RSP cosu exp@ ik sin 2u~sy1sy8!#E E E E F~U,V!exp~22ik cos2 u sin uV!

3exp@ iqx~sx1sx82U !#exp@ iqy~sy1sy82cosuV!#dqxdqydUdV

5RSP cosuE E F~U,V!d~sx1sx82U !d~sy1sy82cosuV!dUdV5RSPFS sx1sx8 ,
sy1sy8

cosu D . ~13!
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We find that the transfer function̂G(s)G* (2s8)& does not
depend onzP , the distance between the optical surface a
the exit pupil. In other words, the diffraction of the scatter
field between the optical surface and the exit pupil does
contribute to the image formation. This surprising conclus
is due to the process of averaging over an ensemble of
figurations corresponding to a stationary distributio
Diffraction effects must cancel out in the ensemb
average because all points on the optical surface
equivalent. Consequently, for the purpose of evaluat
^G(s)G* (2s8)&, we can map the rough surface direct
onto the exit pupil as if there was no separation (zP50). The
effect of the roughness on the pupil function can be rep
sented as a simple phase modulation

G~s!5G0~s!expF22ik cosuHS sx

ax
,

sy

ay cosu D G . ~14!

Here we have reintroduced the effects of the wavefront c
vature and surface figure in the factorG0(s), which is the
pupil function in the absence of scattering. The factorsax

5sx /X and ay5sy /(Y cosu) account for the change o
scale between the optical surface and the exit pupil, as
termined, for example, by the change in separation of
extrema rays. The scaling relationship forsy includes a fac-
tor of cosu to account for the angle of inclination of th
optical surface with respect to the plane of the exit pupil. W
emphasize that Eq.~14! is not the correct pupil function fo
any particular configuration of surface roughness. It can
used, however, as aneffectivepupil function, in the sense
that it produces a correct result in the calculation of ima
formation when the quantitŷG(s)G* (2s8)& is averaged
over a statistically random andstationarydistribution of con-
figurations.

At first glance it might appear that Eq.~14! cannot cor-
rectly account for all of the radiation scattered within t
imaging system. For example, radiation scattered at la
angles by the first optical surface in the distributed syst
will not pass through the subsequent optics and reach the
pupil. Yet within the context of the transfer function theor
the roughness of each optical surface is mapped onto the
pupil and all of the scattering occurs at the exit pupil. T
resolution of this apparent inconsistency is to understand
any scattered radiation that in reality does not reach the
pupil, is scattered outside of the image field in the trans
function description; the transfer function theory correc
accounts for all scattering that intersects the image field. T
can be illustrated using the following argument. Consider
ideal imaging system that images a point object ats0 to a
point s1 in the image plane. The scattering from a rou
Downloaded 20 Apr 2005 to 148.6.178.100. Redistribution subject to AIP
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optical surface into a particular nonspecular directionm̂ will
be imaged by the subsequent optics to a different points18 in
the image plane. Tracing rays back through the imaging s
tem from the image points18 , the propagation through th
imaging system of the radiation scattered into directionm̂ is
found to be equivalent to the imaging of a point source at
conjugate positions08 in the object field. Consequently, th
propagation of the scattered radiation that intersects the
age field is equivalent to the propagation of radiation from
extended object in the absence of scattering, a process th
correctly described by transfer function theory.

Thus far we have considered the scattering from a sin
rough surface. We next consider an imaging system wh
each of theN reflecting surfaces has a roughness descri
by a unique height functionHn(Xn ,Yn). We assume that the
roughness of the different surfaces each satisfies the co
tions ~d! for stationary and ergodic distributions, and are m
tually statistically independent. The effective pupil functio
for the entire imaging system can be derived by imagin
that we ‘‘turn on’’ the roughness of each surface sequentia
and apply Eq.~14! iteratively. In particular, the pupil func-
tion for n rough surfaces becomesG0 for the case ofn11
rough surfaces, etc. Then the effective pupil function for
entire distributed system is

G~s!5G0~s!exp@ iF~s!#

5G0~s!expF22k(
n51

N

cosunHnS sx

axn
,

sy

ayn cosun
D G .

~15!

IV. DESCRIPTION OF THE IMAGE

Having derived the effective pupil function, we now a
ply the transfer function formalism of Eq.~4! to obtain a
description of the image. We begin by evaluating the qu
tity

^exp@ i ~F~s!2F* ~2s8!#&

5K expH 22ik (
n51

N

cosunFHnS sx

axn
,

sy

ayn cosun
D

2HnS 2
sx8

axn
,2

sy8

ayn cosun
D G J L . ~16!

It can be shown generally17 that for Gaussian random var
ablesBm the ensemble average reduces to

K expS (
n

BnD L 5expF1

2 K S (
n

BnD 2L G . ~17!
 license or copyright, see http://jap.aip.org/jap/copyright.jsp
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We have assumed that the roughness of the different op
surfaces is completely uncorrelated, requiring that^HnHm&
50 for nÞm. Then we obtain

^exp@ i ~F~s!2F* ~2s8!#&

5expS 24k2(
n51

N

cos2 un^Hn
2~Xn ,Yn!&

14k2(
n51

N

cos2 un^Hn~Xn ,Yn!Hn~2Xn8 ,2Yn8!& D ,

~18!

where (Xn ,Yn)5@(sx /axn)(sy /ayn cosun)# are the spatial
coordinates on thenth optical surface. The assumption th
H is stationary requires that the quantity^H2(X,Y)& be in-
dependent of (X,Y) and the quantity^H(X,Y)H(2X8,
2Y8)& depends only on the separation of the pointsU5X
1X8 andV5Y1Y8. These statistical quantities are conve
tionally defined in terms of the surface height variances2,
wheres is called the root-mean-square~rms! roughness, and
the height–height autocorrelation functionC, given by

s2[
1

A E H2~X,Y!dXdY ~19!

and

C~U,V!5
1

A E H~X,Y!H~U1X,V1Y!dXdY. ~20!

Here we have replaced the ensemble average with an ave
over the area,A, of the illuminated surface. We write

^exp@ i ~F~s!2F* ~2s8!#&5expS 24k2(
n51

N

cos2 unsn
2

14k2(
n51

N

cos2 unCn~un!D ,

~21!

where

un[
sx1sx8

axn
x̂1

sy1sy8

ayn cosun
ŷ.

The final step for determining the intensity distributio
in the image plane is to take the inverse Fourier transform
^J1(f,f8)&. Applying the convolution theorem to Eq.~4! we
obtain

^J1~s1 ,s18!&5J1
0~s1 ,s18!* expS 24k2(

n
cos2 unsn

2D
3E E expF4k2 (

n
cos2 unCn~un!G

3exp~2p is1•f!exp~2p is18•f8!dfdf8. ~22!

Here
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J1
0~s1 ,s18!5E E G0~lRf!G0* ~2lRf8!J0~ f,f8!

3exp~2p is1•f!exp~2p is18•f8!dfdf8, ~23!

is the mutual intensity at the image plane in the absence
roughness. SinceCn is dependent only on the difference ve
tor un , the double integral in~22! collapses to yield,

^J1~s1 ,s18!&5J1
0~s1 ,s18!* d~s12s18!

3expF24k2(
n

cos2 unsn
2G

3E E expF4k2(
n

cos2 unCn~un!G
3exp~2p is1•v!dv, ~24!

wherev[f1f8. The intensity distribution is obtained by se
ting s15s18 . Then,

^I 1~s1!&5I 1
0~s1!* expF24k2(

n
cos2 unsn

2G
3E E expF4k2(

n
cos2 unCn~un!G

3exp~2p is1•v!dv. ~25!

Further simplification is possible if each surface is su
ciently smooth to satisfy the following condition:

~e! The deviations of the surface heightHn(Xn ,Yn) from
the ideally smooth surface are small compared to the ra
tion wavelength such that 2k cosunHn(Xn ,Yn)!1 for all Xn ,
Yn . We call this the ‘‘small roughness approximation.’’
necessary consequence of the small roughness approx
tion is that the power scattered into the nonspecular field
small compared to the specularly reflected power, a con
tion that is implicitly satisfied by high-performance optics

For a randomly rough surface the autocorrelation fu
tion Cn will have a maximum value ofsn

2. Then invoking
the small roughness approximation, we can expand the
ponential in the integrand in Eq.~25! to obtain

^I 1~s1!&5I 1
0~s1!* expS 24k2(

n
cos2 unsn

2D
3Fd~s1!1

4k2

l2R2 (
n

axnayn cos3 un

3PSDnS axns1x

lR
,

ayn cosuns1y

lR D G . ~26!

Here PSDn is the~power spectral density! of thenth surface,
which is the Fourier transform of the autocorrelation fun
tion.

The result shown in Eq.~26! has a simple physical in
terpretation. The effect of the surface roughness on the
mation of an image is to convolve the image that would ex
in the absence of scattering,I 1

0, with a point spread function
due to scattering

^I 1~s1!&5I 1
0~s1!* kPSFsc~s1!. ~27!
 license or copyright, see http://jap.aip.org/jap/copyright.jsp
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The point spread function, PSFsc, consists of two parts:

PSFsc~s1!5
1

k FSd~s1!1(
n

dPn~s1!

ds1
G . ~28!

The first term is the contribution from specular reflection.
is simply a delta function reduced by the Strehl factor,S,
where:

S5)
n

Sn5)
n

exp~24k2 cos2 unsn
2!. ~29!

The Strehl factor represents the power removed from
specular field due to nonspecular scattering. The second
in the PSF corresponds to the power per unit area scatt
into the image plane given a point source in the object pla
where

dPn~s1!

ds1
5

4k2S

l2R2 axnayn cos3 un

3PSDnS axns1x

lR
,

ayn cosuns1y

lR D . ~30!

The factork accounts for any loss of integrated image inte
sity due to, for instance, scattering outside of the image fi
or absorption in the multilayer coating. It is defined by

k[E E FSd~s1!1(
n

dPn~s1!

ds1
Gds1 ~31!

which ensures that the PSF integrates to unity.
We note that the effect of scattering on the image f

mationis independentof the coherence of the illumination o
the object. All of the coherence effects in Eq.~29! are con-
tained in the imageI 1

0(s1) formed in the absence of scatte
ing. The effect of scattering is to convolve this image with
PSFsc that is independent of the coherence state. This in
esting result is due to the process of taking an ensem
average over the statistical distribution of configurations
surface roughness. The coherence state of the source d
mines the specific illumination of the rough surface. Ho
ever, taking the ensemble average makes each surface
equivalent in terms of its contribution to scattering, whi
means that the specific illumination pattern cannot effect
scattering distribution.

V. EXTENSION TO MULTILAYER COATINGS

Thus far we have assumed that the optical surfaces
single reflecting surfaces. In fact, these surfaces are co
with multilayer films to produce efficient reflectivity at so
x-ray wavelengths. Although the reflectance from a sin
surface is small at these wavelengths, the reflections f
each interface in the multilayer coating add constructively
produce a large total specular reflectance. For example,
single Mo surface the normal incidence reflectance of s
x rays at a wavelength of 13 nm is;0.15%; the reflectance
from a Mo–Si multilayer coating consisting of 40 bilayers
period 6.8 nm is;70% ~see Sec. VII!.

Multilayer coatings typically have roughness at the lay
boundaries, due to both replication of the substrate rough
and roughness introduced during the film growth proce
Downloaded 20 Apr 2005 to 148.6.178.100. Redistribution subject to AIP
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The incident specular field scatters at each of the multila
interfaces, and these contributions add coherently to prod
a total scattered field. Hence, in principal, the calculation
the scattered field from a multilayer coating requires kno
edge of the PSD of each of the interfaces, as well as
correlation of the roughness between every pair of interfac
It is intractable to measure the roughness of each interfac
each coating of an imaging system. We have found tha
effective approach to this very complicated problem is
describe the multilayer interface structure in terms of
simple multilayer growth model.15 The model provides a
straightforward method for describing all of the detail
structural information required by the scattering theory
terms of a small set of fundamental parameters. A desc
tion of the multilayer growth model is presented in the ne
section.

The nonspecular scattering from a multilayer film is fu
damentally different than the scattering from a single s
face. This is because the scattered field is the coheren
perposition of the fields scattered by each of the interfac
Just as the specular reflectance is a resonance property o
coating, the nonspecular scattering exhibits resonance be
ior that is absent in the case of a single surface. The phen
enon of resonant nonspecular scattering has been discu
previously.3,5 The scattering is enhanced whenever the m
mentum change normal to the film is equal to a recipro
lattice vectorandwhen the structure of the interfaces is co
related from layer to layer~i.e., is at least partially confor-
mal!. This has important implications for the scattering in
imaging system. Since the specular field is near the cente
the Bragg peak, the scattering at small angles will neces
ily satisfy the conditions for resonant scattering. To the e
tent that the interfacial roughness is purely conformal,
multilayer film will behave like a single surface having th
roughness of the substrate. However, we will see that rea
tic multilayer films have intrinsic interfacial roughness th
modifies the substrate roughness and reduces the confor
ity of the interface structure. These ‘‘multilayer effects’’ ten
to enhance the resonant scattering at small angles and
press the scattering at large angles. To accurately desc
the scattering from realistic multilayer film we must accou
for the variation of the interface structure through the fil
and the interaction of the radiation field with each interfa

Once the scattered field is outside of the multilayer co
ing, its propagation through the distributed optical system
the image plane is described by the transfer function form
ism derived in the previous section. In particular, the eff
of scattering is to convolve the image with a PSFsc as de-
scribed by Eq. ~28!, where now the quantitiesSn and
dPn /ds1 correspond to the contribution from thenth
multilayer-coated optical surface. The roughness of thenth
coating reduces the specular field by a factor ofSn ; the
power per unit area scattered bynth coating into the image
plane~for a point source! is dPn /ds1 .

To derive an expression fordPn /ds1 , we relate this
quantity to the angular distribution of power scattered fro
the nth coating. The power incident at the points1 in the
image plane corresponds to radiation that is scattered by
nth coating into the directionm̂, given by
 license or copyright, see http://jap.aip.org/jap/copyright.jsp
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mX5
anxs1x

R

mY>
anys1y cosun

R
1sin un ~32!

mZ>2
any sin un

R
s1y1cosun .

Note thatm̂ is projected onto the (X,Y,Z) coordinate system
of the rough coating. The power distribution in the ima
plane is related to the power scattered per unit solid angle
the nth coating according to

dPn~s1!

ds1
5

anxany

Rn
SPR2 (

â

dPn~m̂,â;n̂,ê!

dV
, ~33!

whereRn
SP is the specular reflectivity of the coating,n̂ andê

are the direction of propagation and the polarization of
incident field, respectively, and we must sum over both
larization statesâ of the scattered field. In essence, Eqs.~32!
and~33! represent two mappings: first thenth rough coating
is mapped onto the exit pupil and second the angular di
bution of scattering from the rough coating is mapped to
spatial coordinates of the image plane. Our task then red
to finding the angular distribution of scattering,dPn /dV,
and the Strehl factorSn for a multilayer-coated surface give
an incident plane wave propagating in directionn̂ with po-
larization ê. This problem is addressed in Sec. VII. How
ever, before we can calculate the scattering from a multila
coating, we must obtain a realistic description of the rou
ness of the multilayer interfaces, which is the subject of
next section.

VI. GROWTH MODEL FOR MULTILAYER FILMS

Much attention has been given to the problem of
roughening of the surface of a thin film by growth and e
sion. Stochastic theories of the evolution of the surface h
been developed using two generally different approaches
the first approach,18 the phenomenological observation th
randomly rough surfaces are self-affine is used to de
simple scaling laws describing the width of the interface a
function of film thickness and the amount of surface a
sampled. One consequence of the scaling theory is tha
autocorrelation function for the rough surface is appro
mately described by:19

C~r !5H s2F12
a11

2 S r

j D 2aG , for r<j

0, for r .j

~34!

where j is the correlation length anda is an independen
scaling parameter called the ‘‘roughness exponent.’’ T
corresponding PSD of the rough surface is given by

PSD~ f !5H a

p
s2j2, for q,1/j

a

p

s2

j2a f 22~a11!, for q>1/j

. ~35!
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The rms roughnesss and correlation lengthj of the surface
change with the thickness of the growing~or eroding! film.
The scaling laws predict thats;tb andj;tb/a, wheret is
the thickness of the film andb is a second independent sca
ing parameter.

The second approach19 of describing the roughening of
surface is through the use of a kinetic continuum equat
for the evolution of the surface heightH(r ). The linear ver-
sion of such a continuum equation~to lowest order inH! has
the form:

]H~r !

]t
52nu¹nH~r !u1

]h

]t
. ~36!

In this approach the evolution of the surface roughnes
viewed to be a competition between relaxation of the s
face, wheren is an independent growth parameter that ch
acterizes the relaxation process, and the stochastic roug
ing due to the random shot noiseh of the deposition~or
removal! process. Whenn is positive, the first term in Eq
~36! tends to dampen the surface roughness while the sec
term increases the roughness with film thickness. The ex
nentn in the relaxation term varies according to the kine
mechanism that dominates the smoothing process. Edw
and Wilkinson20 first applied Eq.~36! with n52 to describe
the settling of a granular layer under the influence of
gravitational potential. Herring21 has identified several relax
ation mechanisms relevant to film growth corresponding
viscous flow (n51), evaporation and condensatio
(n52), bulk diffusion (n53) and surface diffusion
(n54). It has been pointed out by Saldittet al.22 that, for
high-energy deposition processes such as sputtering at
pressures, the case ofn52 will more likely correspond to
the sputter and redeposition of adatoms via atomic bomb
ment of the surface. Tong and Williams19 have suggested
that by using a negative value ofn the first term in Eq.~36!
can also describe roughening of the surface due to th
dimensional island growth. In this casen51 corresponds to
island growth via deposition onto the surfaces of exist
islands, andn53 represents the growth of islands via th
diffusion of atoms on the surface.

Taking the Fourier transform of Eq.~36! readily yields a
solution for the PSD of the growing surface:15

PSD~ f!5V
12exp@22nu2p f unt#

2nu2p f un . ~37!

Here V is the volume of a constituent element of the fil
~e.g., atom, molecule, cluster!. It is surprising to find that the
scaling and kinetic continuum models predict essentially
same form for the PSD of the surface! A comparison of E
~35! and~37! shows that the scaling parameters are relate
the exponentn according to

a5~n22!/2, b5~n22!/2n. ~38!

The kinetic model~36! predicts a characteristic shape f
the PSD of a single layer grown on a smooth substrate gi
by Eq. ~37!. An example is shown in Fig. 2 for several di
ferent film thicknesses and reasonable parameter value
V50.02 nm3, n52.5 nm3, andn54. The PSD is flat at low
frequencies and rolls over to asymptotically approach
 license or copyright, see http://jap.aip.org/jap/copyright.jsp
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power law dependence of; f 2n at high frequencies. The
transition point moves to lower frequency as the film thic
ness increases. In the limit of infinite film thickness the P
of the surface becomes a pure power law, which is the
nature of a self-affine~fractal! surface, and explains in pa
the similarity between the kinetic continuum and scali
models. The behavior of the PSDs shown in Fig. 2 ha
straightforward physical explanation. The low frequen
~large wavelength! components of roughness have a flat
sponse characteristic of white noise, which is simply the s
noise of the random deposition process. At high freque
~small wavelength! the PSD rolls off due to local relaxatio
of the growing surface. In particular, surface features hav
a size less than (nt)1/n are unstable and are damped out.

It should be emphasized that Eq.~36! is the simplest
possible kinetic model for roughening. It is a linear and lo
description of the roughening process, and is expected t
valid only when the surface heights and slopes are small.
first nonlinear correction, corresponding to a term;(¹H)2,
has been considered by Kardaret al.23 Physically, this term
represents growth along the local normal to the film surf
as might be expected under the conditions of isotropic de
sition characteristic of, for example, chemical vapor depo
tion. The assumption that the roughening is a local proc
breaks down when the distribution of deposition angles
large and the surface slopes are large. In this case the d
sition at a point on the surface depends on the topology
the surrounding surface due to shadowing effects. Karuna
et al.24 and later Tanget al.25 have proposed growth mode
that explicitly include a nonlocal growth mechanism~shad-
owing!. It is found that when the nonlinear and nonloc
effects dominate the roughening process, the film surf
rapidly develops discontinuities in the form of cusps a
columns. These features have often been observed in
film morphology, particularly for films grown using low
energy deposition processes.26–28 In contrast, the high-
performance multilayer optical coatings which we are co
sidering in this paper have small roughness by design. Th
achieved by using a high-energy growth process, such
sputtering at low pressure, that incorporates a significant

FIG. 2. The theoretical PSD of the top surface of a film grown on a perfe
smooth substrate at different values of the film thickness. The growth
rameters areV50.02 nm3, n52.5 nm3, andn54.
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laxation mechanism~large n! to compensate the natura
roughening due to the stochastic nature of the deposition
balancing the roughening and smoothing mechanisms,
roughness is never allowed to become large enough to
ger the nonlinear and nonlocal growth modes. We belie
that under these conditions the continuum model of Eq.~36!
is an appropriate description of the thin film growth. Th
view is supported by recent experimental studies7 of rough-
ness in multilayer films.

Thus far we have considered the growth of a sin
layer. We next extend the kinetic model to describe the e
lution of interfacial roughness in a multilayer film. This
achieved by considering the growth of a multilayer film to
a sequence of single layers, each growing upon a ‘‘s
strate’’ corresponding to the underlying layer. Then t
roughness of an interface naturally separates into two c
ponents:~1! the ‘‘intrinsic’’ roughness due to the growth o
the i th layer, as would occur if the underlying layer wa
perfectly smooth, and~2! the ‘‘extrinsic’’ roughness due to
the replication of the roughness of the underlying layer.
represent the growth of such a sequence of layers, we re
Eq. ~36! as a finite difference equation15

hi~ f!5g i~ f!1ai~ f!hi 21~ f!, ~39!

wherehi(f) is the frequency spectrum of the roughness
the i th interface,Hi(r ), and

ai~ f!5exp@2n i u2p f unt i #, ~40!

is the replication factor that describes the fraction of the f
quency componentf in the (i 21)th interface that is repli-
cated in thei th interface. The first and second terms on t
right-hand side of Eq.~39! correspond to the intrinsic an
extrinsic roughness components of thei th interface, respec-
tively.

The growth theory is typically applied to measureme
of surface or interfacial roughness using a statistical desc
tion of the roughness in terms of the power spectral den

PSDi~ f!5
1

A
^hi~ f!hi* ~ f!&, ~41!

or the autocorrelation function

Ci~r !5^Hi~x!Hi~x1r !&, ~42!

where the expectation value denotes an average over an
semble of interface structures having statistically equival
random roughness. These quantities are related by a sim
Fourier transform, and in principal are equivalent descr
tions of the structure of the rough surface. In practice, ho
ever, all measurements of surface roughness are limited
finite instrumental bandwidth, and the PSD has the disti
advantage of being accurately measurable within the ins
mental bandwidth.29 We consider the case where th
multilayer film is grown by alternately depositingN pairs of
high-index (H) and low-index (L) layers onto a substrat
(S) having an isotropic surface roughness described b
power spectral density PSDsub. The PSD of the top surface o
the multilayer film is found by successive iteration of E
~39! to be

y
a-
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PSDN5
12~aH

2 aL
2!N

12aH
2 aL

2 ~PSDint
L 1aL

2PSDint
H !

1~aH
2 aL

2!NPSDsub, ~43!

whereaH,L is the replication factor of the high- or low-inde
layer and

PSDint
i ~ f !5

1

A
^g ig i* &5V i

12exp@22n i u2p f unt i #

2n i u2p f un ,

~44!

is the PSD of the intrinsic roughness of the layer. Here
have used the fact that the intrinsic roughness of each in
face is statistically independent so that^g ig j* &50 when i
Þ j .

Our measurements of the roughness of high-performa
multilayer optical coatings are generally in good agreem
with the predictions of Eqs.~43! and ~44!. As an example,
we show in Figs. 3 and 4 results of surface metrology m
surements on a superpolished fused silica substrate an
top surface of a Mo–Si multilayer film grown on the su
strate, which we will refer to as our ‘‘canonical’’ multilaye
sample throughout this paper. The multilayer film was d
posited using magnetron sputter deposition in an Ar plas
of 1.75 mTorr pressure as described in detail elsewher30

The film consisted of 40.5 layer pairs with individual lay
thicknesses of 2.1 nm for Mo and 4.75 nm for Si. The fi
and last layers deposited were Si. Images of the sur
height were measured using a Digital Instruments Dimens
5000 atomic force microscope operating in the tapp
mode. The lateral resolution was;10 nm, due to the width
of the tip of the single-crystal Si probe, resulting in a ban
width limit at high frequency of;0.1 nm21. The height
resolution of the microscope was;0.01 nm and the surfac
area sampled was a square region of width 5mm. To obtain
images of these ultrasmooth surfaces it was necessary to
erate the microscope inside an environmental chamber
significantly reduced noise from vibrations and air curren
The surface height distributions for the two surfaces
shown in Fig. 3. The data are seen to be well described

FIG. 3. Surface height distributions of a fused silica substrate and a Mo
multilayer film grown on the substrate, measured using atomic force mic
copy. The structure of the multilayer film is@Mo~2.1 nm!/Si~4.75 nm!#
340. The solid lines are Gaussian fits to the data.
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Gaussian distributions. The PSDs of the surfaces were
tained directly from the surface images through Four
transform. The two-dimensional PSDs were found to be i
tropic and were averaged over all directions to generate
radial PSDs shown in Fig. 4.

A complete description of the interfacial roughness
the multilayer film can be inferred by fitting the data show
in Fig. 4 to the model of Eqs.~43! and ~44!. To limit the
degrees of freedom of the fitting process, we place the
lowing constraints on the values of the growth paramete

~1! We set the growth unit volumeV for Si to the atomic
volume of 0.020 nm3. The Si layers in the multilayer film are
deposited in an amorphous phase. The choice of the ato
volume assumes that the final position of the adatoms on
amorphous growth surface are random and uncorrelated

~2! We set the relaxation parameters for the Mo and
layers to be equal,n5nSi5nMo . This is an arbitrary and
unrealistic constraint, which is likely to produce a result th
is a weighted average of the true values.

The solid line in Fig. 4 represents the best fit using values
n52.5 nm3, VMo50.050 nm3, and n54 for the remaining
free parameters. We note that the growth unit volume for
is approximately three times the atomic volume. This su
gests that the final position of the atoms on the growth s
face are partially correlated. Indeed, the Mo layers in t
film have a polycrystalline bcc phase with a strong^110&
texture,31 and the ordering due to crystal growth is expect
to increase the size of the growth unit. Within the context
the growth theory, the growth parametersV, n, andn, along
with the PSD of the substrate, provide a comprehensive
scription of the roughness of the multilayer film. From the
parameters we can determine the PSD of any interface in
multilayer. For example, the dotted lines in Fig. 4 show t
PSDs calculated for the interfaces corresponding to the te
and twentieth bilayer periods as measured from the subst

Si
s-
FIG. 4. The PSDs of a fused silica substrate and the top surface of a M
multilayer film grown on the substrate, measured using atomic force mic
copy. The PSD of the substrate is empirically described by PSDSUB( f )
5(1.431026/ f 4.2)@12exp(27.53104f 3.6)# in nm4 ~dashed line!. The solid
line is a best fit to the PSD of the top surface of the multilayer film using
growth model discussed. The dotted lines are the calculated PSDs fo
interfaces at the 10th and 20th bilayer period as measured from
substrate.
 license or copyright, see http://jap.aip.org/jap/copyright.jsp
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The value ofn54 indicates that the dominant relaxatio
mechanism in these Mo–Si multilayer films grown by sp
ter deposition is surface diffusion. The importance of surfa
diffusion in Mo–Si multilayer growth has been previous
noted32 in a study where films were grown using electr
beam evaporation onto substrates at elevated temperatur
was found that the roughness of the interfaces decreased
matically as the temperature of the growing film was
creased, up to a point where interdiffusion caused broad
ing of the interfaces. The decrease in roughness
accompanied by an increase in the size and texture of
crystallites in the polycrystalline Mo layers. Smooth a
abrupt interfaces, comparable to the best sputtered multil
films, were obtained in a rather narrow temperature ra
around 525 K. This result was interpreted to indicate that
formation of smooth interfaces required sufficient energy
the growth surface to allow adequate surface mobility wi
out activating bulk diffusion. A similar result ofn54 has
been found for sputtered Ni0.81Fe0.19–Au multilayer films.9

In contrast, Saldittet al.22 have observedn52 behavior in
sputtered W–Si multilayer films, indicating that sputteri
and redeposition might be another important smooth
mechanism for specific material systems. It is interesting
note that in these experiments both the W and Si layers w
amorphous, whereas in the case of the Mo–Si a
Ni0.81Fe0.19–Au multilayer films at least one of the laye
was polycrystalline. Hence it is possible that surface dif
sion is the dominant smoothing mechanism when the m
source of interfacial roughness is polycrystalline faceting

For the case of relaxation via surface diffusion, it
shown in Appendix B that the parametern can be related to
other standard growth parameters according to

n5
jDV0

4/3

r DkT
. ~45!

Here j is the surface energy,D is the surface diffusion co
efficient,V0 is the atomic volume,r D is the deposition rate
k is Boltzmann’s constant, andT is the local temperature o
the growth surface. Based on our measurement of the re
ation parametern we can infer from Eq.~45! an estimate of
the surface diffusion coefficient for the Mo–Si multilay
film growth. Using values33 for Mo of j52250 erg/cm2,
V050.016 nm3, r D50.2 nm/s, andT5525 K we obtain a
surface diffusion coefficient ofD54310215 cm2/s. Then
the range of an adatom on the surface before it is ‘‘froze
by the deposition of the next monolayer would be appro
mately given byADt50.9 nm. This suggests that the ad
tom has the opportunity to relax to a energetically favora
position within a radius of several atomic sites. Monte Ca
simulations34 of thin film growth have indicated that such
relaxation mechanism is sufficient to produce low def
films of near bulk density.

It is evident in Figs. 3 and 4 that the roughness of the
surface of the multilayer film is significantly greater than t
substrate. The kinetic growth theory predicts three disti
regimes:
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~1! At low spatial frequencies~less than;1024 nm21 in
Fig. 4! the interfacial roughness replicates the substr
roughness and is purely conformal.

~2! There is an intermediate frequency ran
~1024– 1021 nm21 in Fig. 4! in which the top surface of
the multilayer film is significantly rougher than the su
strate due to the additional intrinsic roughness associa
with the growth of the film.

~3! At high frequencies~greater than;1021 nm21 in Fig. 4!
the multilayer film growth process has a smoothing
fect and can actually result in a damping of the roug
ness of the substrate.

In general, the transition points between these frequency
gimes are not unique; they can vary with both the multilay
growth parameters and the PSD of the substrate.

The increase in the multilayer film roughness in the f
quency range of 1024– 1021 nm21 is a particular concern for
soft x-ray imaging, as it represents in some sense the lim
smoothness that can be obtained for a multilayer-coated
face. For 13 nm radiation near normal incidence these
quency components will produce scattering at angles rang
from ;0.1 to 90 degrees. The integrated power scatte
over this angular range is proportional to the variance of
surface height,s2, which is the second moment of the su
face height distribution shown in Fig. 3, and can also
obtained from the PSD according to

s252pE
f min

f max

PSD~ f ! f d f . ~46!

The rms roughness,s, determined by integrating the PS
over the frequency range of 1024– 1021 nm21, is plotted in
Fig. 5 for all of the interfaces in the multilayer film. The rm
roughness is observed to double throughout the thicknes
the film, increasing from a value ofs50.09 nm at the sub-
strate tos50.18 nm at the top surface. From this example
is evident that the intrinsic roughness associated with
growth of the multilayer film can be a significant part of th

FIG. 5. The variation of the rms roughness of the interfaces within
Mo–Si multilayer film, obtained by integrating the PSDs over the freque
range of 1024– 1021 nm21.
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total roughness, and should be included to obtain an accu
description of nonspecular scattering from multilayer-coa
optical surfaces.

VII. THEORY OF NONSPECULAR SCATTERING FROM
A MULTILAYER FILM

The last decade has seen considerable progress tow
developing a rigorous theory of the scattering of x rays fr
multilayer films. The existing theoretical framework explo
the fact that the interaction between x rays and matte
typically weak, and treats the nonspecular scattering fr
interfacial roughness using first- or at most second-order
turbation theory. Consequently the theory is limited to t
case where the scattered power is small compared to
incident power. Within the context of perturbation theo
there are basically two different formulations, each valid in
different regime. Stearns3 has presented a theory of scatte
ing from multilayer structures based upon previous wor16

describing the scattering from a single interface within
Born approximation. In this treatment, the incident field
each interface consists of plane waves incoming from b
sides, corresponding to the exact eigenstate of the i
multilayer structure~no roughness!. The rough interface is
considered to be the perturbation, and a solution of M
well’s equations is found for the scattered vector field, wh
includes the polarization dependence. The total scatte
field, consisting of outgoing plane waves from each of
interfaces, is treated kinematically. The Born approximat
neglects the refraction of the incident field, which becom
important near the critical angle for total internal reflectio
and hence this scattering theory is only valid for ang
greater than the critical angle~as measured from the surface!.

In an alternate approach, Holyet al.5 have developed a
scattering theory using the distorted-wave Born approxim
tion ~DWBA!, based upon the description of scattering fro
a single rough surface presented by Sinhaet al.35 The theory
has been extended to second order by de Boer.36 In this
approach the incident field is an eigenstate of the id
multilayer structure~in the absence of roughness, althou
the interfaces need not be abrupt36! having a wave vectork0 ,
including both the incoming and outgoing waves, and
scattered field is a time-reversed version of an incident fi
having a different wave vectork. The perturbation is just the
change of the multilayer structure upon introducing t
roughness. At first glance the DWBA formulation appears
be unphysical since the scattered field includes incom
plane waves. This paradox is resolved by realizing that
final state only needs to be a reasonable approximation o
scattered field within the interaction region, that is, the
gions where the roughness exists. When the reflectivity
large, such as near the critical angle, the ‘‘outgoing’’ sc
tered plane wave will experience multiple reflections with
the interaction region, thereby creating a strong ‘‘incomin
plane wave component, and this state is well-represente
the DBWA final state. Hence this theory is valid at ang
near the critical angle, but is generally not applicable
larger angles. Another limitation of the DBWA approach
that it is based on the Helmholtz equation for the scalar fi
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and neglects polarization effects, which is strictly only va
at grazing incidence.

An important practical issue in the formulation of th
scattering theory is the way in which the roughness of
interfaces is incorporated. It is easily shown35 that the scat-
tering from a single surface is proportional to the Four
transform of the quantity exp@qz

2C(r )/2#. Consequently, there
has been a tendency to describe and model surface rough
in terms of the autocorrelation function. However, in t
limit where qz

2s2!1, which we call the ‘‘small roughnes
approximation,’’ the exponential can be expanded to obt
the well-known result that the scattering cross section is p
portional to the PSD of the surface roughness. The formu
tion of the scattering theory in terms of the PSD has sev
distinct advantages:

~1! The PSD is directly measurable by instruments hav
finite bandwidths, as mentioned previously.

~2! Knowledge of the PSD within a limited bandwidth
sufficient to model scattering for a given angular rang
In contrast, the complete autocorrelation function is
quired to describe the scattering within any angu
range.

~3! The scattering problem can be inverted to determine
PSD of a surface from the angular distribution of t
scattering.

In the case of scattering from multilayer films the situ
tion gets more complicated; the scattering is proportional t
sum of Fourier transforms of exponential terms contain
cross-correlation functions between every pair of interfac
Specific models of the correlation functions are typically
troduced in anad hocfashion. In contrast, applying the sma
roughness approximation~when valid! provides the impor-
tant simplification of linearizing the dependence of the sc
tering amplitude on the interface roughnessh(f). It then be-
comes possible to directly integrate into the scattering the
the linear growth model described in the previous section

In this paper we are interested in modeling the scatter
from high-performance multilayer optical coatings in co
figurations near normal incidence. Under these condition
is appropriate to apply the scattering theory of Stearns ba
on the Born approximation and linearized using the sm
roughness approximation. It is necessary, however, to ex
the previous theory to account for two effects which are i
portant in modeling the performance of realistic imaging s
tems. These new developments are:

~1! The scattered field is treated dynamically, that is,
take into account the multiple specular reflection of the sc
tered field within the multilayer structure. The dynamic
treatment of the scattered field is important when the sca
ing angle is within a Bragg resonance condition, as will ge
erally be the case for small angle scattering in an imag
system.

~2! The description of the unperturbed multilayer stru
ture ~without roughness! is allowed to included interfacia
diffuseness. The diffuseness, corresponding to a broade
composition profile across the interface, arises from inter
fusion and reaction at the layer boundaries. For exam
high performance Mo–Si multilayer coatings exhibit inte
 license or copyright, see http://jap.aip.org/jap/copyright.jsp
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diffusion zones of;1 nm at the Mo-on-Si interface an
;0.5 nm at the Si-on-Mo interface.37 The relative effects of
roughness and diffuseness on x-ray scattering are discu
in Ref. 16. In general, diffuseness of the interfaces redu
the specular reflectivity of each interface, and thereby re
tributes the specular field within the multilayer structure.
this way diffuseness can have an important effect on
nonspecular scattering without producing any scatteringper
se.

We begin by considering a multilayer film having a s
ries of rough and diffuse interfaces as shown schematic
in Fig. 6. Let the incident field be a plane wave wi
wavevectorkn̂ and polarizationê, corresponding to eitherS
or P type. Multiple specular reflection within the multilaye
film produces counterpropagating plane waves in each la
and refraction modifies the wave vectors and polarizat
vectors. The wave vectors in thei th layer, ki n̂i

6 , for the
fields propagating towards the top of the film~1! and to-
wards the substrate~2! are related to the incident field ac
cording to

kiniX
6 5knX

kiniY
6 5knY ~47!

kiniZ
6 56kAe i2nX

22nY
2.

Here the wavenumberki5e i
1/2k becomes a complex quantit

for the case of an absorbing medium. The polarization v
tors within thei th layer are given by

S type: eiX
6 5

niY

A~niX!21~niY!2
,

eiY
6 52

niX

A~niX!21~niY!2
, eiZ

6 50

FIG. 6. Schematic diagram of a multilayer film having rough and diffu
interfaces. The inset shows the scattering process at thei th interface. The
specular fieldsEi and Ej are incident on either side of the interface. Th
nonspecular scattering into mode (m̂,â) consists of two parts, the fieldr i

that is scattered towards the top of the film and the fieldt i that is scattered
towards the substrate.
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P type: eiX
6 5

niXniZ
1

A~niX!21~niY!2
,

eiY
6 5

niYniZ
1

A~niX!21~niY!2
, eiZ

6 57A~niX!21~niY!2 . ~48!

We define interfacei to be located between layersi and j
5 i 11. Then there are two plane waves,Ej

2êj
2 exp(ikjn̂j

2

•x) and Ei
1êi

1 exp(ikin̂i
1
•x), incident on thei th interface

from above and below, respectively. Within the spirit of pe
turbation theory, the incident plane waves correspond to
specular field in the multilayer film in the absence of roug
ness.

Let us consider the field scattered by the multilayer fi
into directionm̂ with polarizationâ. As before, the scattere
field undergoes multiple specular reflections within the fi
which produces counterpropagating waves in each layer h
ing wave vectorskim̂i

6 and polarizationsâi
6 . Following the

formalism of Ref. 3, the amplitude of the field scattered
the i th interface towards the top of the multilayer film
given by

r i~m̂j
1 ,â j

1!5
D j i kj

3

8p2e jmjZ
1 S Ej

2~ â j
1
•êj

2!
gi~qr !

qrZ

1Ei
1~ â j

1
•êi

1!
g̃i~qr8!

qrZ8
D . ~49!

Here qr5kjm̂j
12kj n̂j

2 and qr85kjm̂j
12ki n̂i

1 are the mo-
mentum transfer vectors,D j i 5e j2e i is the change in the
dielectric function across the interface,gi(q) is the Fourier
transform of the normalized gradient of the dielectric fun
tion given by

gi~X![
1

D

]e~X!

]Z
, ~50!

and g̃i(qX ,qY ,qZ)5gi(qX ,qY ,2qZ). Since we are treating
the scattered field dynamically, we must also include
scattering that is initially directed towards the substrate,
this radiation can be reflected back out of the film by und
lying interfaces. The field scattered by thei th interface to-
wards the substrate is given by

t i~m̂i
2 ,âi

2!5
D i j ki

3

8p2e imiZ
2 S Ei

1~ âi
2
•êi

1!
g̃i~qt!

qtZ

2Ej
2~ âi

2
•êj

2!
gi~qt8!

qtZ8
D , ~51!

whereqt5kim̂i
22ki n̂i

1 andqt85kim̂i
22kj n̂j

2 .
All of the information about the structure of the interfac

is contained in the quantityg, which can be thought of as
structure factor for the interface in the terms of x-ray diffra
tion theory. We choose to describe the interface usin
model

g~X!5WD@Z2H~X,Y!#. ~52!

Here the functionWD(Z) represents the gradient of the d
electric function across the interface due to the diffusene
the position of this diffuse interface is modulated by t
 license or copyright, see http://jap.aip.org/jap/copyright.jsp
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roughness functionH(X,Y). The key underlying assumptio
of this model is that the diffuseness is constant over
interface. We would expect this model to be valid when
physical mechanisms causing the roughness and diffuse
are essentially independent. This would be the case, for
ample, when the interface roughness is predominantly du
the replication of roughness of the underlying layer and
diffuseness is due to the local interdiffusion or reaction
the layers. One example where our model would be inapp
priate is the case where the interface roughness is prod
by nonuniform interdiffusion or reaction at the layer boun
ary.

Several important examples of a diffuse interface
listed in Table I, along with the gradient functionWD(Z) and
its Fourier transformwD(qZ). In case~a! we show an ideal
interface, where the dielectric function changes abruptly
tween layers. In this case the gradient is a delta function w
a Fourier transform of unity. Classical interdiffusion is re
resented by case~b!, where the dielectric function across th
interface is described by an error function, and both the g
dient and its Fourier transform are Gaussian. When a c
pound is formed at the interface, and the growth of the
terlayer is rate limited by diffusion through the interlaye
then the dielectric function should have a linear profile
shown in case~c!. However, if the growth of the interlayer i
limited by the reaction rate at the interlayer boundary, th
the dielectric function has a step profile as shown in case~d!.
In Table I we normalize the width of the different interfac

TABLE I. Several examples of the gradient functionWD(Z) for a diffuse
interface and its Fourier transformwD(qZ).

Description
of

interface WD(Z) wD(qZ)

d(Z) 1

1

A2psD
2

exp~2Z2/2sD
2 ! exp(2sD

2qZ
2/2)

H0, uZu.)sD

1

2)sD

, uZu,3sD

sin~)sDqZ!

)sDqZ

1
2 @d~Z1sD!1d~Z2sD!# cos(sDqZ)
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models to the second moment of the gradient function,sD ,
defined as

sD
2 [E Z2WD~Z!dZ. ~53!

Choosing the appropriate model requires a detailed kno
edge of the microstructure of the interface. This informati
is accessible from high-resolution imaging techniques s
as transmission electron microscopy of cross-sec
specimens.31 Advances in new scanning techniques such
high-angle annular dark-field microscopy38 make it possible
to map the composition gradient at interfaces with nanom
resolution.

Taking the Fourier transform of Eq.~52! we obtain for
the nonspecular case (qX ,qYÞ0):

g~q!5wD~qZ!E exp~2 iqXX!exp~2 iqYY!

3exp@2 iqZH~X,Y!#dXdY

>2 iqZh~qX ,qY!wD~qZ! ~54!

where we have used the small roughness approximation~e!
to expand the exponential. Substituting into Eqs.~49! and
~51! yields

r i~m̂j
1 ,â j

1!52
iD j i kj

3hi~qX ,qY!

8p2e jmjZ
1 @Ej

2~ â j
1
•êj

2!wD~qrZ!

1Ei
1~ â j

1
•êi

1!wD~2qrZ8 !#

t i~m̂i
2 ,âi

2!5
iD i j ki

3hi~qX ,qY!

8p2e imiZ
2 @Ei

1~ âi
2
•êi

1!wD~2qtZ!

1Ej
2~ âi

2
•êj

2!wD~qtZ8 !#. ~55!

The power per unit solid angle scattered by all of t
interfaces in the multilayer film is

dP~m̂,â!

dV
5

4p2mZ
2

k2AunZu U(i
~f i

r r i1f i
tt i !U2

, ~56!

whereA is the area of the film illuminated by the inciden
field. The propagation factorsf i

r and f i
t account for the

phase shift and attenuation of the field scattered from thei th
interface as it propagates to the top surface of the multila
film. We rearrange Eq.~56! to show explicitly the depen-
dence on the interface structure:

dP~m̂,â!

dV
5

mZ
2

16p2k2AunZu (
ik

~G iGk* hihk* !, ~57!

where

G i5
D j i kj

3f i
r

e jmjZ
1 @Ej

2~ â j
1
•êj

2!wD~qrZ!

1Ei
1~ â j

1
•êi

1!wD~2qrZ8 !#

2
D j i ki

3f i
t

e imiZ
1 @Ei

1~ âi
2
•êi

1!wD~2qtZ!

1Ej
2~ âi

2
•êj

2!wD~qtZ8 !#. ~58!
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The next step is to incorporate the multilayer grow
model to describe the roughness of the interfaces, includ
the correlation of roughness between interfaces. In particu
iteration of Eq.~39! shows that the roughnesshi of the i th
interface is a superposition of the intrinsic roughnessg i of
each of the underlying layers~and the substrate!. The rough-
nesshi can be written as

hi5 (
n50

i

cingn . ~59!

The factorcin represents the amount of intrinsic roughness
thenth layer that propagates to thei th interface. It is explic-
itly related to the replication factors,am , of the intervening
interfaces according to

cin5
Pm50

i am

Pm50
n am

. ~60!

Assuming that the intrinsic roughnessg i of each interface is
statistically independent, we have

hihk* ——→
for k, i

(
n50

k

cinckngngn* 5A(
n50

k

cincknPSDint
n .

~61!

Substituting into Eq.~57! yields

dP~m̂,â!

dV
5

mZ
2

16p2k2unZu

3(
i 50

N F S (
n50

i

cin
2 PSDint

n DG iG i*

1 (
k50

i 21 S (
n50

k

cincknPSDint
n D ~G iGk* 1GkG i* !G .

~62!

This expression is the central result of the multilayer scat
ing theory. The angular distribution of the scattering pow
is directly related to the detailed structure of the interfa
through the PSDint of the intrinsic roughness~including the
substrate! and the factorscin which describe the replication
of roughness between interfaces. These quantities are in
defined, within the context of our growth model, by th
growth parametersV, n, andn, which are characteristic o
the film media and deposition conditions. It is evident in E
~62! that the scattering separates naturally into two ter
The first term corresponds to the uncorrelated scattering,
is simply the sum of the intensities scattered by each in
face independently. The second term corresponds to the
related scattering. This contribution represents the inter
ence of the radiation fields scattered by interfaces that
correlated due to the replication of roughness from laye
layer.

We note that Eq.~62! is only applicable under the con
ditions for which the multilayer growth model is expected
be valid, that is, when the roughness is sufficiently small
that the growth kinetics are local and linear. This limit
consistent with the ‘‘small roughness approximation’’~e!
that was invoked previously, and is expected to be satis
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by high performance multilayer optical coatings, where t
roughness is minimized by design. Equation~62! should not
be valid when the roughness is large and the film growth
dominated by nonlinear and nonlocal effects such as sh
owing and columnar growth.

Although the formulation of the scattering theory
complete, its implementation requires a method of calcu
ing the incident field amplitudes,Ei

1 andEj
2 , and the propa-

gation factorsf i
r and f i

t . These quantities are to be dete
mined in the absence of roughness, since we are conside
the scattering process as a first-order perturbation~the Born
approximation!. This is accomplished using a well-know
matrix approach to analyze the propagation of the spec
fields within the multilayer film. The matrix method is de
scribed in detail in Appendix C.

The description of the image formation in the presen
of scattering~Eq. @29#! also requires the calculation of th
Strehl factor,S. This factor accounts for the total decrease
the specular intensity due to scattering and, for the case
multilayer film, includes losses due to the absorption of
scattered field within the film. In practice, the accurate c
culation of the Strehl factor is problematic when there is
strong reflected field. This is because the scattering from
roughness significantly alters the configuration of the in
dent specular field. In particular, the roughness redistribu
the power between the reflected and transmitted spec
fields, which generates loss through increased absorp
This is a purely dynamical effect, requiring second-ord
perturbation theory to correctly describe the lowest-or
change in the specular field due to the interfacial roughn
Unfortunately, a general second-order theory of scatter
from rough multilayer structures has not yet been develop
An alternative approach for estimating the Strehl fact
based on anad hoctreatment of these interference effects,
presented at the end of this section.

As an example of the application of the multilayer sc
tering theory, we have modeled the specular reflectivity a
nonspecular scattering from the canonical Mo–Si multila
film described in Sec. VI, and we compare these results
experimental measurements. The x-ray scattering meas
ments were performed using synchrotron radiation~S polar-
ization! provided by Beamline 6.3.2 of the Advanced Lig
Source at Lawrence Berkeley Laboratory. A detailed desc
tion of the beamline and reflectometer is presen
elsewhere.39 A unique feature of this experimental facility
which is particularly important for performing scatterin
measurements on high-quality multilayer films, is the co
bination of high photon flux~;1012 photons/s in 0.1% band
width! and excellent collimation of the incident beam. A
example of the profile of the incident beam is shown in F
7. At angles greater than four degrees the wings of the in
dent beam are suppressed by over nine orders of magnit
making it possible to measure very low levels of scatterin

The measured specular reflectivity of the Mo–
multilayer as a function of x-ray wavelength is shown in F
8 for angles of incidence ranging from 5 to 20 degrees
measured from the film normal. The reflectivity was mode
using the matrix method described in Appendix C, with o
tical constants provided by the CXRO World Wide We
 license or copyright, see http://jap.aip.org/jap/copyright.jsp
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site.40 Modeling the position and width of the Bragg pea
provides an accurate and unique determination of the i
vidual layer thicknesses. The interfaces have been mod
as asymmetric zones of intermixing having linear compo
tion profiles, based upon previous detailed studies of the
crostructure of similar Mo–Si multilayer films.41 The width,
sD , of these zones is 0.3 nm for the Mo-on-Si interfaces a
0.15 nm for the Si-on-Mo interfaces. The best fits are sho
as the solid lines in Fig. 8, and correspond to a layer str
ture of @Mo~2.1 nm!/Si~4.75 nm!#340. The amplitude of the
reflectivity ~i.e., the Strehl factor! is not accurately modeled
by the matrix method, as discussed above, and has
treated as a free fitting parameter.

The nonspecular scattering measured at normal i
dence (u50 deg) and at wavelengths of 12.8 and 13.2 nm
shown in Fig. 9 as a function of the scattering angle. We a
show the calculatedspecular reflectivity for comparison

FIG. 7. The measured angular profile of the incident beam for the exp
mental configuration used to obtain the scattering data. The intensity o
incident beam is reduced by nine orders of magnitude within four degree
the center of the beam. The high spatial purity is achieved using a co
nation of focusing optics and apertures.

FIG. 8. Measured specular reflectivity of the canonical Mo–Si multila
film as a function of soft x-ray wavelength for several different angles
incidence. The peak reflectivity varies from 66% at five degrees and
nm to 70% at 20 degrees and 12.6 nm~just above the SiL edge!. The solid
lines are best fits using a multilayer structure of@Mo~2.1 nm!/Si~4.75 nm!#
340.
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~dotted lines!. The measurements correspond to the scatte
power per unit solid angle, normalized to the incident pow
These data were obtained using a channeltron detector o
ating in pulse counting mode. The solid angle subtended
the detector was defined by a 2.0-mm-diameter pinhole
sitioned 225 mm from the multilayer sample. The scatter
was measured by scanning the detector in the plane of i
dence while keeping the incident beam fixed. The scatte
could be measured to within approximately 4 degrees of
angle of specular reflection, at which point the backgrou
level overwhelmed the scattering signal.

The angular dependence of the nonspecular scatte
exhibits several characteristic features. In both cases the
a broad peak that mimics the specular Bragg peak. At 1
nm @Fig. 9~a!# the scattering peak is shifted to a larger ang
than the specular Bragg peak. At 13.4 nm@Fig. 9~b!# the
scattering and specular peaks appear to coincide. Furt
more, the nonspecular scattering exhibits a small oscillat
more easily observed in the 13.4 nm data@Fig. 9~b!#, which
dies out at larger scattering angles.

The origin of the broad peak in the nonspecular scat
ing is the same as the Bragg peak in specular reflection:
interference of the fields scattered from the different int
faces. This phenomenon has been called ‘‘quasi-Br
scattering’’3 or ‘‘resonant diffuse scattering’’5 in the litera-
ture. We will refer to it as resonant nonspecular scatter
~RNS! in this paper. Two conditions are required to obser
a peak in RNS. First there must be correlation between
roughness of the interfaces in the multilayer. Second,

ri-
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i-

r
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FIG. 9. Nonspecular scattering measured from the canonical Mo
multilayer film for normal incidence radiation at a wavelength of~a! 12.8
nm and~b! 13.4 nm. The dotted lines are the calculated specular reflecti
of the film as a function of incident angle.
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fields scattered from the different interfaces must add
phase constructively. These requirements are best illustr
using an Ewald construction in reciprocal space, as show
Fig. 10. Here the Bragg reflection atqZ52k0 is spread out
into a sheet parallel to theqX2qY plane due to the correlate
roughness of the multilayer interfaces, which produces
herent scattering with finite momentum transfer in theX-Y
plane. Figure 10~a! shows the configuration for scattering
normal incidence with an x-ray momentumk.k0 @as is the
case in Fig. 9~a!#. The allowed~elastic! values of momentum
transfer are constrained to be on the surface of the Ew
sphere. The peak in the RNS,uRNS, is given by the angle a
which the scattering vectorkm̂ intersects the Bragg shee
The RNS peak generally occurs at a larger angle than
specular Bragg peak. This can be seen in Fig. 10~b!, where
we show an Ewald construction for specular reflection fr
the multilayer at the same value of x-ray momentumk. Here
the angle of incidence and reflection isuB . Inspection of the
two diagrams in Fig. 10 shows that the relationship betw
the angular positions of the RNS and Bragg peaks is

2k cosuB5k1k cosuRNS, ~63!

which reduces touRNS>&uB in the limit of small angles.
This predicted behavior is consistent with the data of F
9~a!, where the RNS and Bragg peaks are at;25 and 18

FIG. 10. ~a! An Ewald construction showing the nonspecular scatter
process in reciprocal space. The Bragg sheet is located atqz52k0 and the
incident radiation, of momentumkn̂, is normal to the film. The nonspecula
scattered field, of momentumkm̂, is constrained to the surface of the Ewa
sphere. A peak in the resonant nonspecular scattering~RNS! occurs when
the Ewald sphere intersects the Bragg sheet.~b! An Ewald construction
illustrating the conditions for specular reflectivity.
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degrees, respectively. The two peaks only coincide when
wavelength and angle of the incident field satisfy the con
tion for Bragg reflection (k5k0), as is the case in Fig. 9~b!.

An important consequence of the relationship betwe
the position of the RNS and Bragg peaks is that the to
integrated scattering increases significantly ask exceedsk0 .
The total integrated scattering~TIS! corresponds to the tota
power nonspecularly scattered into all angles for a given
cident angle and wavelength. The TIS obtained by integ
ing the scattering shown in Fig. 9 is found to be 0.98% a
0.30% at the wavelengths of 12.8 and 13.4 nm, respectiv
The increase in TIS at the shorter wavelength~larger k! is
due to a significant increase in the transmission of
multilayer film as the RNS peak shifts away from the spe
lar Bragg peak. Within the Bragg peak, scattered radiatio
trapped inside the film in a standing wave similar to t
specular field, which reflects much of the radiation back in
the film. However, when the RNS is outside of the Bra
peak, as occurs at shorter wavelengths@Fig. 9~a!#. The radia-
tion scattered at interfaces within the film propagates to
top surface with little loss. This purely dynamical effe
causes the extinction of the RNS to vary dramatically w
scattering angle.

In Fig. 9 the RNS exhibits a small oscillation having th
same period as the high frequency oscillation of the spec
reflectivity ~sometimes called ‘‘Kiessig fringes’’!. The oscil-
lation in the RNS has the same origin as that in the spec
reflectivity, namely the interference of the radiation scatte
from the front and back surfaces of the multilayer film. Th
can occur in scattering whenever there is a correlation
tween the roughness of the substrate and the roughness o
top surface. Indeed, the existence of a finite thickness os
lation in the scattering intensity is an unequivocal indica
of conformality in the roughness of the multilayer film. Th
amplitude of the oscillation indicates the degree to which
roughness of the substrate is replicated at the top surf
The growth theory of Sec. VI asserts that the degree of r
lication is a strong function of frequency, decreasing
higher frequency. Hence we expect that the RNS at sm
scattering angles, corresponding to lower frequency rou
ness, should exhibit larger finite thickness oscillations th
the RNS at large scattering angles. This is consistent with
data shown in Fig. 9, where the amplitude of the oscillat
is observed to dampen with increasing scattering angle,
is essentially absent at angles greater than;25 degrees.

In Fig. 11 we present additional measurements of n
specular scattering from the canonical Mo–Si multilayer fi
for normal incidence and wavelengths of 12.8, 13.0, 13
and 13.4 nm. The solid lines are calculations of the scatte
intensity using the parameters summarized in Table II. T
growth parameters that characterize the multilayer roughn
are based on the measured PSDs of the substrate an
surface of the multilayer film, shown in Fig. 4. The lay
thicknesses are derived from measurements of the spe
reflectivity, shown in Fig. 8. We emphasize that all of th
input parameters are obtained from independent meas
ments and the calculations of the nonspecular scattering h
no adjustable parameters. The good agreement betwee
measured scattering and the calculations based on the
 license or copyright, see http://jap.aip.org/jap/copyright.jsp
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sured roughness provides an important validation of
multilayer growth model and scattering theory.

Finally we address an issue that is central to the ap

FIG. 11. Nonspecular scattering measured from the canonical Mo
multilayer film at normal incidence and for several different wavelengt
Data within four degrees of the specular direction is obscured by the w
of the specularly reflected beam. The solid lines are the scattering dist
tions predicted by the theory, based on the measured roughness o
multilayer film.
Downloaded 20 Apr 2005 to 148.6.178.100. Redistribution subject to AIP
e

i-

cation of multilayer coatings in imaging systems: how do
the scattering from a multilayer coating compare to the sc
tering from a single reflecting surface? The unique char
teristics of scattering from a multilayer film are illustrated
Fig. 12~a! where we show calculations of the nonspecu
scatteringnormalized to the specular reflectivityfor three
configurations of the surface. In each case the incidence
is unpolarized, has a wavelength of 13.4 nm and is incid
normal to the surface. The dotted line corresponds to sca
ing from a single surface having the roughness of the fu
silica substrate shown in Fig. 4. The scattering is feature
and decreases relatively slowly with increasing scatter
angle. The rolloff is mostly due to the frequency depende
of the PSD. In contrast, the dashed line represents the s
tering from our canonical Mo–Si multilayer film havin
completely conformal interfaces, that is, the roughness
each interface is identical to the substrate. Here the scatte
is characterized by strong interference effects~RNS!. The
RNS from the conformal multilayer is comparable to t
scattering from the single surface at angles less t
;12 degrees.~The scattering from the multilayer is slightl
reduced due to an increase of the x-ray wavelength wit
the film.! Beyond 12 degrees the scattering intensity dro
precipitously, as the radiation fields scattered by the differ
interface interfere destructively. Hence the conform
multilayer scatters like a single surface within the RNS pe
and strongly suppresses scattering at larger angles.

The solid line in Fig. 12~a! shows the scattering calcu
lated for the canonical Mo–Si multilayer film~Fig. 9!, where
the interfacial roughness is due to both the replication of
substrate and the intrinsic roughness of the film growth p
cess. The scattering exhibits an angular dependence sim
to the case of the purely conformal multilayer, but has
nearly sixfold increase in scattering at all angles greater t
;1 degree. The scattering is increased because
multilayer interfaces are rougher than the substrate, part
larly towards the top of the film where most of the scatteri
originates~see Fig. 5!. It is also apparent that the finite thick
ness oscillation is smaller and the decrease in scatterin
large angles is less rapid than for the case of the pu
conformal multilayer film, behavior which is consistent wi
the partial correlation of the interfacial roughness. Comp
ing the realistic multilayer film to the single surface, we fin
that the scattering is equivalent only at very small angles
,1 degree, where the interfacial roughness in the multila
film is purely conformal. The scattering from the multilay
is enhanced in the region of 1–20 degrees due to the intri
roughness of the film, and is suppressed at angles gre
than 20 degrees due the interference effects characterist
RNS.

The total integrated scatter~TIS! within a cone of half-
width u centered about the film normal is plotted as a fun
tion of u in Fig. 12~b!. The TIS is normalized to the specula
reflectivity, RSP. We observe that, compared to the sing
surface, the scattering from the multilayer coatings is c
centrated in the relatively small annular region with
;14 degrees from the normal, corresponding to the pea
RNS. This suggests a simplead hocmethod for estimating
the Strehl factor for the multilayer film in the conditio
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TABLE II. A list of the parameters used to model the nonspecular scattering from the canonical M
multilayer film. The multilayer growth parametersV, n, andn are described in Sec. VI. These together with t
substrate PSD~shown in Fig. 4! define the roughness of the multilayer interfaces. The diffuseness of
interfaces is described by a linear profile of widthsD ~case@c# in Table I!. The thickness of the individual layer
is t. The atomic scattering factors aref 1 and f 2 , ther is the mass density, andW is the atomic weight.

Growth parameters
Structural
parameters Optical parameters

V
(nm3)

n
(nm3) n

t
~nm!

sD

~nm!
l

~nm! f 1 f 2

r
(g/cm3)

W
~g/mole!

Mo 0.05 2.5 4 2.1 0.3 12.8 14.34 1.270 10.2 95.94
~Mo-on-Si! 13.0 14.52 1.320

13.2 14.67 1.372
13.4 14.82 1.424

Si 0.02 2.5 4 4.75 0.15 12.8 21.397 0.487 2.33 28.086
~Si-on-Mo! 13.0 20.763 0.475

13.2 20.321 0.464
13.4 0.023 0.452
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where the RNS and Bragg peaks effectively coincide. O
main assertion is that the effect of roughness can be div
into two regimes, corresponding to the frequencies that s
ter within and without the RNS peak. DefininguC as the
scattering angle at the edge of the RNS peak, we divide
rms roughness into two parts: the low frequency roughn
sL , obtained by integrating the PSD over the spatial f
quencies less than the valuef C5sinuC /l, and the high fre-
quency roughnesssH obtained by integrating the PSD ove
the spatial frequencies greater thanf C . The low-frequency
roughness produces scattering within the RNS peak. S
the roughness is conformal at these frequencies, the sca
ing from the different interfaces is coherent and interfe
constructively. Then the reduction in the specular reflectiv
due to these low frequencies can be estimated by a sim
factor of the Debye–Waller type, exp(216p2sL

2 cos2 u/l2).
For the frequencies of the roughness that scatter outsid
the RNS peak, the situation is very different. Here the l
due to scattering is significantly reduced for two reasons:~1!
the interference of the fields scattered by the different in
faces becomes destructive, and~2! the coherence of the sca
tering is reduced due to the decreased correlation of the
terfacial roughness. Thus in the high-frequency range
primary effect of roughness is not to produce scattering,
instead to increase the transmission of the interfaces, the
resulting in a larger penetration depth for the incident spe
lar field and correspondingly greater absorption. This is
fact the same loss mechanism as the case of a diffuse i
face broadened by intermixing or chemical reaction, and
be treated in a similar way. Specifically, we estimate
reduction of the specular reflectivity due to the hig
frequency roughness by including a contribution from t
high-frequency roughness in the interface widthsD

→AsD
2 1sH

2 . This modified value ofs can be applied in the
matrix method described in Appendix C to calculate t
specular reflectivityRSP(s) of the multilayer coating re-
duced by both diffuseness and high-frequency roughn
Then the Strehl factor describing the reduction in the spe
lar reflectivity due to interfacial roughness is estimated a
r 2005 to 148.6.178.100. Redistribution subject to AIP
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FIG. 12. ~a! Calculations of nonspecular scattering from three differe
surfaces, normalized to the specular reflectivity. The dotted line is a si
surface having the roughness of the fused silica substrate shown in F
The dashed line corresponds to an ideally conformal Mo–Si multilayer fi
where the roughness of each interface is identical to the roughness o
single surface. The solid line is a realistic Mo–Si multilayer film havi
interfacial roughness due to both replication of the substrate roughness
the intrinsic roughness of the growth process.~b! The total integrated scat-
tering ~TIS! within a cone of halfwidthu, calculated for the three surface
and normalized to the specular reflectivity. Nearly all of the scattering fr
the multilayer films is within 20 degrees of the specular direction.
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S5
RSP~s5AsD

2 1sH
2 !

RSP~s5sD!
expS 2

16p2sL
2 cos2 u

l2 D . ~64!

As an example, consider the scattering from the cano
cal multilayer coating calculated from the PSDs of Fig. 4 a
shown as the solid line in Fig. 12~a!. The separation of the
low- and high-frequency ranges is found by inspection to
at a scattering angle ofuC>14 deg, corresponding to a fre
quency off C50.02 nm21. We integrate the PSD of the to
surface of the multilayer coating as prescribed in Eq.~46!
over the low- and high-frequency ranges to obtainsL

50.09 nm andsH50.15 nm, respectively. Using these va
ues in Eq.~64! in conjunction with the structural paramete
of Table II, we obtain a Strehl factor of 0.988 for norm
incidence andl513.4 nm.

We emphasize that the method described by Eq.~64! for
estimating the Strehl factor is only necessary when there
strong reflected field, such that dynamical effects associ
with the interference of the fields scattered by the differ
interfaces are important. When the incident field is not n
the Bragg peak, or if the specular reflectivity is sm
(,0.1) then the scattering process is well approximated
kinematical theory, that is, the scattering does not sign
cantly alter the configuration of the incident field. In th
case, the Strehl factor can be estimated from either
Debye–Waller factor of Eq.~29! or the matrix method of
Appendix C with modified Fresnel coefficients, using a rm
roughnesss obtained by integrating the PSD over all fr
quencies.

VIII. MODELING THE PERFORMANCE OF A SOFT X-
RAY IMAGING SYSTEM

We now turn our attention back to the problem of mo
eling the nonspecular scattering in a distributed optical s
tem consisting of multilayer coated optics. The conventio
method for characterizing the performance of an imag
system is to measure the optical transfer function~OTF!. The
OTF is the ratio of the image intensity to the object intens
at a particular spatial frequency, and is also the Fourier tra
form of the point spread function. It is only defined for th
case of incoherent illumination, where there is a purely lin
relationship between the Fourier transforms of the intensi
in the image and object planes. However, we have sho
that the effect of scattering is to produce a point spread fu
tion, PSFsc, that is independent of the coherence of the il
mination. Then the Fourier transform of PSFsc yields an
OTFsc that describes the modulation of the image intens
due to scattering under any illumination conditions. In p
ticular, collecting the results of Secs. II and III, the intens
at the image plane is given by

^I 1~s1!&5I 1
0~s1!* kPSFsc~s1!, ~65!

whereI 1
0 is the image produced by the optical system in

absence of scattering and
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PSFsc~s1!

5
1

k S )
n

Snd~s1!1(
n

anxany

Rn
SPR2 (

â

dPn~m̂,â;n̂,ê!

dV D ,

~66!

is the point spread function due to scattering. The quantity
brackets is calculated using the scattering theory presente
the previous section; the angular scattering distributio
dPm /dV are obtained from Eq.~62!, where the scattering
vector is related to the points1 in the image field through Eq
~32!. The Strehl factorSn , corresponding to the ratio be
tween the specular reflectivity of thenth surface with and
without roughness, can be estimated from the PSD of the
surface of the multilayer coating using Eq.~64!. The normal-
izing factork is

k5E E S )
n

Snd~s1!

1(
n

anxany

Rn
SPR2 (

â

dPn~m̂,â;n̂,ê!

dV D ds1 , ~67!

where the integration is over the image field. This fac
accounts for the loss of image intensity due to the scatte
outside of the image field and the increased absorption a
ing from the high-frequency interfacial roughness.

Taking the Fourier transform of~65! we obtain

I 1~ f!/I 1
0~ f!5OTFsc~ f!, ~68!

whereI 1(f) is the Fourier transform of the image intensit
and

OTFsc~ f!5
1

k )
n

Sn1
1

k E E (
n

anxany

Rn
SPR2

3(
â

dPn~m̂,â;n̂,ê!

dV
exp~22p is1•f!ds1 .

~69!

Equations~68! and ~69! provide the basis for relating th
optical performance in the presence of scattering, as cha
terized by the OTFsc, to the key structural parameters of th
optical surfaces, including the surface finish of the substra
and the roughness of the multilayer coatings. This allows
to determine specifications for the roughness of the s
strates and coatings, given certain performance requirem
The operational procedure for deriving such specificatio
consists of first defining a minimally acceptable OTFsc(f)
that will allow the production of useful images. Then, takin
into account the intrinsic roughness of the multilayer coati
we determine the limits of substrate roughness required
satisfy the specified value of OTFsc at each frequency.

A significant simplification is possible in the limit o
very smooth substrates, where the scattering is dominate
the intrinsic roughness of the multilayer coatings. In this ca
the scattering is uniform out to fairly large angle
(;10 degrees) because the PSD of the intrinsic roughne
flat for frequencies less than;1021 nm21 ~see Fig. 2!.
When the scattered light is uniformly distributed througho
 license or copyright, see http://jap.aip.org/jap/copyright.jsp
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the image field it is called ‘‘veiling glare.’’ Under these con
ditions the second term in Eq.~69! is negligible and the
OTFsc can be approximated as having a constant value
S/k, that is, the image contrast is reduced by a cons
amount at all but the lowest frequencies.

As an example, we model the nonspecular scatterin
the distributed optical system shown schematically in F
13. The imaging system is purely hypothetical, but is ba
on generic designs being considered for applications in E
lithography.42,43 It consists of four reflecting surfaces an
although designed to be used as a ring field, we will cons
for the purpose of modeling scattering that the image fiel
a square of width 2.5 cm. A requirement for lithograp
applications is that the imaging system be telecentric at
wafer, that is, the principal ray is parallel to the optical a
for all points in the image field. A consequence of telece
tricity is that the exit pupil is infinitely large and is located a
infinite distance from the image plane. However, we show
in Sec. III that the effects of scattering on the transfer fu
tion are independent of the position of the actual exit pu
We can choose to evaluate the transfer function at any p
tion on the image side of the last optical surface, provid
that we apply the correct scaling factors. In this case
evaluate the transfer function at the position of the last m
ror ~M4!, located 23 cm from the image plane. The scal
factors and angles of incidence of the principal ray, as de
mined by ray tracing calculations, are listed in Table III. W
assume that the optical surfaces are coated with Mo
multilayer films designed for an operating wavelength
13.2 nm. Since the dispersion of the angles of incidence
any given optical surface is small, the multilayer coatin
will have uniform bilayer spacing. The multilayer structu

FIG. 13. Schematic diagram of a hypothetical soft x-ray imaging system
EUV lithography. The optical system, consisting of four multilayer-coa
mirrors, projects an image of the reticle onto the wafer.

TABLE III. Design parameters for a hypothetical soft x-ray imaging syst
consisting of four mirrors. The scaling factors,aX andaY , are set equal and
u is the angle of incidence of the principal ray as measured from the no
to the optical surface. Also listed are the Strehl factorsSn for the multilayer
coatings calculated at an x-ray wavelength of 13.2 nm.

Mirror aX5aY u ~deg! Multilayer structure Sn

M1 1.7 3.0 @Mo~2.8 nm!/Si~4.0 nm!#340 0.985
M2 0.9 7.0 @Mo~2.8 nm!/Si~4.0 nm!#340 0.985
M3 1.8 12.0 @Mo~2.8 nm!/Si~4.1 nm!#340 0.985
M4 1.0 6.0 @Mo~2.8 nm!/Si~4.0 nm!#340 0.986
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that optimizes the reflectivity for the first, second, and fou
surfaces is @Mo~2.80 nm!/Si~4.00 nm!#340. The third
surface requires a slightly different design
@Mo~2.80 nm!/Si~4.10 nm!#340, due to the larger angle o
incidence. The calculated reflectivity of these designs a
wavelength of 13.2 nm is shown in Fig. 14. These calcu
tions include interdiffusion at the interfaces ofsD50.3 nm
for the Mo-on-Si interface andsD50.15 nm for the Si-
on-Mo interface. All roughness and oxidation is neglect
and hence the reflectivity values are slightly overestimate

The PSFsc is calculated using the methodology describ
above. The plane of incidence of the principal ray is they–z
plane for all optical surfaces, and the radiation incident
each surface is assumed to be unpolarized. We assume
the roughness of the substrates is the same as the supe
ished fused silica flat having the PSD shown in Fig. 4. F
thermore, we assume that the roughness of the Mo
multilayer coatings is equivalent to the ‘‘canonical’’ film dis
cussed in the previous sections, and that the roughnes
described by the thin film growth model and the correspo
ing growth parameters listed in Table II. Consequently,
multilayer coating contributes roughness to the optical s
faces, causing the rms roughness to increase from the
strate to a final value ofs50.18 nm at the top surface. Th
Strehl factorsSn for the coatings are determined from E
~64!, where the rms roughness is divided into low- and hig
frequency components ofsL50.09 nm andsH50.15 nm,
corresponding to those frequencies that scatter within
out of the RNS peak, respectively. The calculated values
the Strehl factors are listed in Table III.

The PSFsc calculated over a 2.532.5-cm image field is
shown in Fig. 15. The delta function corresponding to t
specular field@the first term in Eq.~66!# has been omitted
from the plot. The PSFsc exhibits a peak at the optical axi
which drops off to a relatively constant level of scattering
distances beyond;0.5 cm from the optical axis. The edge o
the image field corresponds to a scattering angle of o
;3 degrees. Since the strong resonant scattering~RNS! from
the multilayer coatings exists out to an angle
;14 degrees, it is evident that the image field intercepts o

r

al

FIG. 14. Calculated reflectivity of the two Mo–Si multilayer coatings us
in the hypothetical imaging system. The arrows indicate the angles of i
dence of the principal ray on each of the optical surfaces.
 license or copyright, see http://jap.aip.org/jap/copyright.jsp
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a small fraction of the total scattered radiation. In this ca
the Strehl factorS for the imaging system is 0.94, corre
sponding to a 6% decrease in the specular image inten
However the fraction of the specular intensity scattered i
the image field is only 0.3% (S/k50.997). The OTFsc ob-
tained by taking the Fourier transform of the PSFsc is shown
in Fig. 16. The OTFsc drops rapidly to a constant value o
S/k50.997 for frequencies greater than;2.5 cm21. This
behavior is characteristic of veiling glare and illustrates
dominant effect of the intrinsic roughness of the multilay
coatings in this example; the scattering is fairly uniform
distributed throughout the image field and hence reduces

FIG. 15. The point spread function due to scattering (PSFsc) of the hypo-
thetical imaging system, calculated assuming that the roughness o
Mo–Si multilayer coatings is equivalent to the canonical film shown in F
4. The delta-function component of PSFsc is not shown.

FIG. 16. The optical transfer function due to scattering (OTFsc) of the
hypothetical imaging system. The nonspecular scattering reduces the
of the imaging system by a factorS/k50.997 at all but the lowest
frequencies.
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image contrast by a constant amount at all but the low
frequencies.

At the risk of oversimplification, we can use our e
ample to make some general comments regarding the e
of scattering in the performance of multilayer-coated ima
ing systems. High performance imaging systems for s
x rays require a numerical aperture of;0.1 or less in order
to have a reasonable depth of focus (>1 mm). Consequently
the range of scattering angles subtended by the image
will be limited to a few degrees, and all of this scattering w
be within the RNS peak of the multilayer coatings. The co
ponents of roughness that scatter into the image field ar
the midspatial frequency range of;1025/l – 1021/l nm21;
it is this range of frequencies that is responsible for the
crease in image resolution and contrast. In this range
roughness of the multilayer coatings is dominated by
replication of the substrate roughness and includes~at the
higher end of the frequency range! some intrinsic roughnes
of the multilayer film. Consequently, the scattering with
the image field for a multilayer-coated imaging system
expected to be comparable to, and slightly greater than
equivalent system having single reflecting surfaces. Mos
the intrinsic roughness of the multilayer-coatings occurs
higher frequencies (1023– 1021 nm21) that will scatter out-
side of the image field. Hence the main detrimental effec
the intrinsic roughness of the coatings is to reduce
throughput of the imaging system.

IX. CONCLUSION

In summary, we have presented a theoretical framew
for modeling nonspecular scattering in a soft x-ray imag
system consisting of multilayer-coated reflecting optics. T
theory directly relates the image degradation due to sca
ing to the statistical properties of the interfacial roughness
the multilayer coatings. Consequently, the theory can b
versatile tool for tasks such as modeling the performance
optical components of known roughness, deriving specifi
tions for the roughness of optical substrates and coatin
and comparing the performance of different optical desig
When applying the theory in practice, it is important to rec
the numerous approximations that were invoked, and to
serve the restrictions imposed by these approximations.
summarize the key approximations of the theory in Appe
dix A.

Throughout the course of this presentation we have
tempted to illustrate the theoretical formalism with realis
examples and analysis of experimental data whenever
sible. In particular, the good agreement between the m
sured scattering from Mo–Si multilayer films and the calc
lations based on the measured roughness of the films se
to validate our treatment of the scattering problem. The u
mate test of the theory will require the complete charac
ization of a distributed imaging system, corresponding to
dependent measurements of the PSF and the roughness
multilayer-coated optics. This will be the goal of futur
work.

In addition to its practical importance, our theoretic
investigation has broadened the fundamental understan

he
.
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of scattering in a distributed imaging system and, in parti
lar, the effects of multilayer coatings. The most importa
results are summarized below:

~1! Image formation in a distributed optical system c
be described as a convolution of the image formed in
absence of scattering with a PSFsc due to scattering.

~2! The PSFsc is independent of the coherence state
the object.

~3! The roughness of a multilayer coating originat
from both the intrinsic roughness of the growth process
the replication of the roughness of the substrate. At the lo
est spatial frequencies the multilayer film exactly replica
the substrate roughness. In the range;1023– 1021 nm21 the
roughness increases from the substrate to the top surfac
the multilayer, and the roughness of the different interface
partially correlated. At higher spatial frequencies t
multilayer film tends to smooth the substrate roughness.

~4! The nonspecular scattering from a multilayer coat
exhibits strong interference effects due to the partial corr
tion of the roughness of the interfaces. This produces a r
nance in the nonspecular scattering~RNS! in the vicinity of
the specular Bragg peak. In particular, the RNS peak and
Bragg peak are coincident when the incident field satis
the Bragg condition for specular reflection.

~5! In a soft x-ray imaging system, the roughness in
midspatial frequency range of;1025/l – 1021/l nm21 pro-
duces the scattering that reaches the image field. In this
quency range the roughness of the multilayer coatings is
to replication of the substrate roughness and, to a small
tent, the intrinsic roughness of the multilayer film. Hence
scattering within the image field for a multilayer-coated im
aging system is expected to be slightly greater than
equivalent system having single reflecting surfaces, and
pends predominantly on the roughness of the optical s
strates.

~6! The main detrimental effect of the intrinsic roug
ness of the multilayer coatings is to scatter radiation outs
the image field, thereby reducing the throughput of the o
cal system.

We conclude with a comment regarding the impact
scattering on the performance of soft x-ray imaging syste
The example that we have presented using a hypothe
imaging system designed for EUV lithography shows a v
minor degradation of performance due to scattering; the O
is reduced by only 0.3% and the throughput is decreased
6%. One might be tempted to infer that scattering is no
significant problem in such an imaging system. In fact, o
example demonstrates that scattering can be limited to
ceptably low levels in a soft x-ray imaging systemif the
optical substrates can be fabricated with roughness equ
lent to the best superpolished flats measured to date. Our
analysis indicates that, once these ultrasmooth substrate
available, the existing multilayer-coating technology is c
pable of producing soft x-ray imaging systems that have
ceptably low levels of scattering. This conclusion is su
ported by experiments performed44 on a soft x-ray telescope
designed for normal incidence operation atl56.35 nm. The
optical components were coated with Co–C multilayer film
and were measured to have roughness similar to the P
Downloaded 20 Apr 2005 to 148.6.178.100. Redistribution subject to AIP
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shown in Fig. 4. Analysis of the images obtained with t
telescope showed no measurable scattering. Although t
results are encouraging, they must be considered a best
scenario. We anticipate that fabricating sufficiently smoo
figured optics will be a significant technical challenge, p
ticularly as the size of the optical components increases
the figures become aspherical. In practice the effect of s
tering on the performance of the soft x-ray imaging syst
will define the acceptable limits of roughness for these
tics.
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APPENDIX A: SUMMARY OF APPROXIMATIONS

We summarize below the key assumptions and appr
mations underlying the theoretical development presente
this paper.

~a! The angle between the principal ray and any oth
ray that propagates through the imaging system is sm
Specifically, if we denote the angle asw, then the approxi-
mation is

sin2 w!1. ~2!

We call this the ‘‘small angle approximation.’’
~b! For a point object, the pupil function is independe

of the location of the point in the object field. In this case t
point spread function is independent of the position of
Gaussian image point, and the system is cal
‘‘isoplanatic.’’ In practice, the assumption of isoplanaci
restricts the applicability of the transfer function formalis
to objects of small spatial extent.

~c! The scattering is weak so that multiple scattering a
shadowing effects can be neglected. This is called the ‘‘B
approximation.’’ This approximation is generally valid fo
x-ray wavelengths at angles of incidence away from the c
cal angle for total external reflection.

~d! The surface heightH(X,Y) is a Gaussian random
variable, is stationary and is ergodic in the sense that
ensemble average can be replaced by an average ove
illuminated surface area.

~e! The deviations of the surface heightHn(Xn ,Yn) from
the ideally smooth surface are small compared to the ra
tion wavelength such that 2k cosunHn(Xn ,Yn)!1 for all Xn ,
Yn . We call this the ‘‘small roughness approximation.’’
necessary consequence of the small roughness approx
tion is that the power scattered into the nonspecular field
small compared to the specularly reflected power, a con
tion that is implicitly satisfied by high-performance optics
 license or copyright, see http://jap.aip.org/jap/copyright.jsp
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APPENDIX B: RELAXATION OF A ROUGH SURFACE
BY SURFACE DIFFUSION

Consider a rough surfaceH(X,Y) where the growth
units ~e.g., atoms! have mobility to move between sites o
the surface. The chemical potential at each point on the
face depends on the curvature at that point. The gradien
the chemical potential is the driving force for the surfa
diffusion that causes the smoothing of the surface. To
press these concepts quantitatively let us model the l
curvature of the surface at a particular point as a spher
radiusR. Then the curvature at that point is

¹2H~X,Y!52
2

R
. ~B1!

The chemical potential of the pointH(X,Y) is found by let-
ting the radius of the spherical feature change by an infi
tesimal amountDR. The chemical potential is given by

m5
DEs

DN
, ~B2!

whereDEs is the change in the surface energy andDN is the
change in the number of atoms within the sphere. T
change in the surface energy is just proportional to
change in the surface area

DES58pRjDR, ~B3!

wherej is the surface energy per unit area. The change in
number of atoms in the sphere is

DN5
4pR2DR

V0
, ~B4!

whereV0 is the atomic volume. Combining Eqs.~B1!–~B4!
we obtain

m5
2jV0

R
52jV0¹2H~X,Y!. ~B5!

This shows explicitly that the chemical potential is propo
tional to the local curvature of the surface.

The driving force,F, for surface diffusion is the gradien
of the chemical potential

F52¹m. ~B6!

From the Nernst–Einstein relation45 the mean velocity of an
atom on the surface is given by

^v&5
FDS

kT
52

DS¹m

kT
~B7!

where DS is the surface diffusion coefficient,k is Boltz-
mann’s constant, andT is the surface temperature. The flu
of atoms,J, on the surface is

J5
^v&
V0

2/3. ~B8!

The surface flux is the mechanism of mass transport thro
which the smoothing of the surface takes place. Howe
the surface height at a given point can change only if ther
a divergence of flux. Then the change in the surface he
per unit time is given by
Downloaded 20 Apr 2005 to 148.6.178.100. Redistribution subject to AIP
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dH~X,Y!

dt
52V0¹•J. ~B9!

Combining Eqs.~B5!–~B9! we obtain

dH~X,Y!

dt
52

jDSV0
4/3

kT
¹4H~X,Y!. ~B10!

In the thin film growth model the evolution of the surface
measured as a function of film thickness,t, and not time.
However, time and thickness are simply related through
deposition rater D5dt/dt. Then we can rewrite Eq.~B10! as

dH~X,Y!

dt
52

jDSV0
4/3

r DkT
¹4H~X,Y!. ~B11!

Comparing this result to Eq.~36! we identify the relaxation
parameter for the thin film growth model

n5
jDSV0

4/3

r DkT
. ~B12!

Not surprisingly, the rate at which the smoothing occurs
proportional to the surface diffusion coefficient. The tem
perature dependence of the relaxation parameter is do
nated by the surface diffusion coefficient which is propo
tional to exp(2EA /kT), whereEA is the activation energy. In
general the relaxation of the surface will be enhanced
higher temperature and lower deposition rate.

APPENDIX C: MATRIX METHOD FOR PROPAGATING
SPECULAR FIELDS IN A MULTILAYER FILM

The multilayer scattering theory requires as input para
eters the incident field amplitudes,Ei

1 and Ej
2 , and the

propagation factorsf i
r and f i

t for each interface of the
multilayer film in the absence of roughness. These are m
easily calculated using a well-known matrix approach46 to
analyze the propagation of the specular fields within
multilayer film. First we define a scattering matrix,T i , that
relates the specular fields across thei th interface according
to

S Ej
2

Ej
1D 5T i S Ei

2

Ei
1D . ~C1!

It is easily shown that

T i5
1

t j i
S 1 r j i

r i j t j i t i j 1r j i
2 D , ~C2!

wheret j i andr j i are the specular transmission and reflect
amplitudes, respectively, for thei th interface. For a compo
sitionally abrupt interface the transmission and reflection a
plitudes are given by the Fresnel equations

S polarization: t j i
0 5

2x j

x j1x i
, r j i

0 5
x j2x i

x j1x i

P polarization: t j i
0 5

2Ae je ix j

e ix j1e jx i
, r j i

0 5
e ix j2e jx i

e ix j1e jx i

~C3!

where
 license or copyright, see http://jap.aip.org/jap/copyright.jsp
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x i5kAe i2nX
22nY

2. ~C4!

Diffuseness at the interface, characterized by a com
sition gradientWD(Z), modifies the transmission and refle
tion amplitudes according to the well-known formulas fi
derived by Nevot and Croce47

t j i 5t j i
0 1

wD~kjnjZ
1 2kiniZ

1 !

r j i 5r j i
0

wD~kjnjZ
1 1kiniZ

1 !

wD~kjnjZ
1 2kiniZ

1 !
.

~C5!

Specific examples of the functionwD(qz), corresponding to
several simple interface profiles, are listed in Table I.

The scattering matrix describes the propagation of
specular field across an interface. To propagate the fi
through thei th layer of thicknesst i we define the propaga
tion matrix Pi

Pi5S exp~2 iw i ! 0

0 exp~ iw i !
D , ~C6!

where

w i5kt iAe i2nX
22nY

2. ~C7!

The propagation of the specular field from layer to lay
in the multilayer film is represented by a series of mat
multiplications. In particular, the field above interfacei is
related to the field below the underlying interfacem through
a matrixA i ,m according to

S Ei 11
2

Ei 11
1 D 5A i ,mS Em

2

Em
1D , ~C8!

where

A i ,m5S A11
i ,m A21

i ,m

A12
i ,m A22

i ,mD 5T iPiT i 21¯Tm11Pm11Tm . ~C9!

The transmission and reflection amplitudes for the en
multilayer film, tML andr ML , are obtained fromAN,0, corre-
sponding to propagation through allN interfaces. In particu-
lar,

tML5
1

A11
N,0 , r ML5

A21
N,0

A11
N,0 , ~C10!

and the specular transmission and reflectance are corresp
ingly,

TSP5utMLu2, RSP5ur MLu2. ~C11!

Knowledge of the transmitted amplitude allows us to det
mine the specular fields above and below each interface
ing the relations

S Ei 11
2

Ei 11
1 D 5A i ,0S tML

0 D , S Ei
2

Ei
1D 5PiA

i 21,0S tML

0 D .

We introduced the factorsf i
r and f i

t in the scattering
theory to account for the propagation of the scattered fi
from the i th interface to the top surface of the multilay
film. Consider a field of unit amplitude initially scattered
the i th interface towards the top of the film. This produce
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field exiting the front surface of the film of amplitudef i
r and

a field exiting the bottom surface into the substrate of am
tudeEs . Then the matrix equation that describes the pro
gation of this scattered radiation through the system of lay
is given by

S 0
f i

r D5AN,i 11Pi 11F S 0
1D1A i ,0S Es

0 D G , ~C12!

where the matricesA and P now correspond to a scattere
plane wave mode. Similarly, for a field of unit amplitud
initially scattered towards the bottom of the multilayer fil
we can write a matrix equation:

S 0
f i

tD5AN,iF S 1
0D1PiA

i 21,0S ES

0 D G . ~C13!

Solving these matrix equations forf i
r andf i

t we obtain

f i
r5eiw i~A22

N,i 112r MLA12
N,i 11!

f i
t5A21

N,i2r MLA11
N,i .

~C14!
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