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Phase Determination in Spin-Polarized Neutron Specular Reflection
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New spin-polarized neutron specular reflection experiments to determine the moduli and phases
the full reflection matrix (non-spin-flip and spin-flip amplitudes) are proposed. The method makes us
of a reference layer and exploits the interference of the spin components of the neutron beam as
function of incident polarization. [S0031-9007(98)05598-7]
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Spin-polarized neutron specular reflection is increa
ingly used for the study of spin structures in thin magne
films and superlattices [1]. It provides important in
formation on the magnetic properties in nanostructur
materials, such as magnetization profiles and magne
coherence lengths. Several instruments for neutr
specular reflection studies are available worldwide whi
provide the option for polarized beam scattering a
analysis.

In specular reflection one is dealing with one
dimensional quantal scattering by a potentialV which
depends only on the coordinate perpendicular to t
surface. V is composed of a nuclear part,Vnucl,
proportional to the scattering-length density profil
and a magnetic part,Vmagn  gs ? B, whereg is the
gyromagnetic factor of the neutron,B is the magnetic
field, ands is the vector of the standard Pauli matrices.

The magnetic term couples the spin components a
therefore, one has to consider a coupled one-dimensio
Schrödinger equation with the interaction

V 

√
Vnucl 1 gBz gBx 2 igBy

gBx 1 igBy Vnucl 2 gBz

!
. (1)

The nuclear part,Vnucl, is, in general, the same for
both spin components. The reflection of a polarize
neutron beam with normal wave numberq is described
by the 2 3 2 reflection matrix Rsqd. The diagonal
elements correspond to the non-spin-flip coefficien
the nondiagonal elements describe spin-flip process
Similarly, one has a2 3 2 transmission matrixT sqd.

In actual spin-polarized neutron specular reflection e
periments [1], only the moduli of the matrix elements o
R are usually measured via the reflectivities. These
flectivity data can be analyzed only in a model-depende
way involving fitting procedures because an unambig
ous retrieval of the scattering-length and magnetic fie
profiles requires the knowledge of the full reflection m
trix, namely, the moduli and phases of all matrix ele
ments. This is the so-calledphase problemwhich has
been widely discussed in standard (“spinless”) reflectom
try with neutrons and x rays, where it has hampered t
application of the method considerably.
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Recently, several schemes for the determination of th
phase in standard neutron specular reflection experime
have been proposed. We mention three approach
(i) the reference layer method where one makes use of t
interference between the reflections of a known referen
layer and the unknown surface profile [2–6], (ii) the
Lloyd’s mirage technique [3], and (iii) the dwell time
method [7]. Among these the reference layer method
are most promising because they require only mino
modifications of the usual setup. Although so far only on
proposal has been implemented in experiment [8] it is fa
to say that the phase problem of standard neutron specu
reflection is now solved in principle. In spin-polarized
neutron specular reflection, however, the determination
the phases is still an open problem and we are not awa
of any attempt of its solution.

In this Letter we propose a novel method for the mea
surement of the full reflection matrix in spin-polarized
neutron specular reflection. Measurements of the p
larization of the reflected beam and use of a referen
layer are required. For a full determination ofR, mea-
surements with differently polarized incident beams ar
needed. As shown by tests with simulated data the proc
dure is stable against experimental uncertainties.

We consider a neutron reflectometer setup which allow
for variations of the polarization directions of the inci-
dent beam as well as polarization measurements of the
flected beam. This setup is the same as that in our rec
proposal for the phase determination in standard neutr
reflectometry [6]. The procedure for the phase determ
nation, however, is different because of the presence
magnetic fields in the sample.

We describe the reflection process in the gener
formalism of the density matrixr which for a neutron
beam is a2 3 2 matrix in spin space. The Pauli matrices
s together with the unit matrix form a basis in this spac
so we can write the density matrixr0 of the incident
neutron beam in the form [9]

r0 
1
2 s1 1 P0 ? s d (2)

with the polarization vector

P0  Trsr0s d . (3)
© 1998 The American Physical Society
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The density matrix of the reflected beam is then

r  Rr0R1, (4)

where the reflection matrix

R 

µ
R11 R12

R21 R22

∂
(5)

is defined in an arbitrarily chosen system of spin quan
zation. The polarization vector of the reflected beam
given by

P  Trsrs dyTrsrd . (6)

We now define the quantity

sĝ 
P1

1 1 Pz

Ç
ĝ

, (7)

whereP1 denotes the combinationP1  Px 1 iPy and
the lower index̂g refers to an incident beam which is fully
polarized parallel toĝ. Using (4) to (6) for differently
polarized incident beams we find

s6x̂ 
R21 6 R22

R11 6 R12

, s6ŷ 
R21 6 iR22

R11 6 iR12

,

s1ẑ 
R21

R11

, s2ẑ 
R22

R12

.
(8)

As can be seen from Eqs. (7) and (8) the measu
ment of P determines ratios of the matrix element
of R. There are three independent ratios (e.g
R21yR11, R12yR11, R22yR11), and we must choose
three of the six relations (8) (corresponding to thre
choices of the polarization of the incident beams)
calculate them. This leads to a system of three line
equations for the three unknown ratios. The differe
ways of determining these ratios are mathematica
equivalent but result in a different behavior in regard
the propagation of experimental errors.

The reflection matrixR can now be written in the form

R  R11G , (9)

where the matrix

G 

√
1 R12yR11

R21yR11 R22yR11

!
(10)

is completely determined by the measurement of t
polarization of the reflected beams for three different
polarized incident beams. We are left with the proble
of the determination ofone matrix element ofR. We
have chosenR11, but equivalently one may take any
other matrix element.

To determineR11 we propose a method which in-
volves two types of measurements. First, one perform
the polarization measurements, as discussed above, w
the sample alone. These yieldGS, where the upper index
“S” refers to the sample. Second, one places a known r
erence layer on top of the sample (see Fig. 1) and repe
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FIG. 1. Experimental arrangement for measuring the comple
reflection matrix. The reference double layer is shaded dar
The symbols in circles indicate the direction of magnetization

the polarization measurements to obtainG tot. The upper
index “tot” refers to the arrangement consisting of th
sample and the reference layer. The reference layer
chosen here as a double layer built up of a magnetiz
film and a nonmagnetic spacer.

The reflection matrixRtot is related to the unknown
reflection matrix of the sampleRS by

Rtot  Rref 1 E ,

E  T refRSf1 2 Rref
R RSg21T ref .

(11)

The reference layer is known and so are its transmissi
matrix T ref and its reflection matricesRref and R

ref
R .

(The lower index “R” characterizes the reflection matrix
for a beam impinging from the right; reflection matrices
without the lower index correspond to the standard situ
ation of an incident beam from the left.) The reflection
matrix of the sample is given byRS. Equation (11) is a
generalization of Eq. (11) of Ref. [6] except for a shift of
origin.

Using the factorization (9) forRS and Rtot we must
determineRS

11 from the four equations implied by the
matrix relations (11). Elimination ofRtot

11 in (11) yields
the three equationssij  12, 21, 22d,

Eij  Gtot
ij fRref

11 1 E11g 2 Rref
ij , (12)

which are each equally suitable for the extraction ofRS
11.

With the definitions

A  Rref
R GS , B  T refGST ref,

C  2T refsRref
R d21T ref,

(13)

we can cast the matrixE of (11) into the form

E 
RS

11fB 1 RS
11C detsAdg

1 2 RS
11TrsAd 1 sRS

11d2 detsAd
. (14)
2615
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Substituting (14) in (12) yields three quadratic equation
for RS

11sij  12, 21, 22d,

1 1 aijR
S
11 1 bijsRS

11d2  0 , (15)

with

aij 
Gtot

ij B11 2 Bij

Gtot
ij Rref

11 2 Rref
ij

2 TrsAd , (16)

bij  detsAd

"
Gtot

ij C11 2 Cij

Gtot
ij Rref

11 2 Rref
ij

1 1

#
. (17)

The three equations (15) are mathematically equivale
and have the same two roots. The stability of their so
lutions against measurement errors is different, howev
and one chooses the most stable one for the analysis. T
method works both above and below the critical valueqcr
for total reflection. Of the two solutionsRS

11 of (15) one
selects the physical one by requiring that its phasefS

11

tends towards the limit2p as q ! 0. This selection
by continuity requires polarization measurements over
range of momenta. From measurements at singleq val-
ues one may select the physical solution by employing t
criterion Trsrd # 1. This works forq values above the
regime of total reflection, where it commonly turns ou
that only one solution satisfies this requirement. Unfortu
nately, we have no general proof of this.

To test the procedure we have applied it to a realist
example. Specifically, we consider a multilayer samp
studied by Schreyer [10], consisting of five layers o
different thickness (5 nm Fe, 2.6 nm Cr, 5 nm Fe, 20 n
Cr, and 50 nm Nb) mounted on a Si substrate. F
the reference layer we take a double layer consisting
a 10 nm thick magnetized Co film and a 10 nm thic
Cr film on top of the sample (see Fig. 1). The C
layer is inserted to avoid a possible influence of th
magnetized Co layer on the magnetization of the samp
The magnetization of the Co layer in the desired directio
requires an external magnetic field.

We have chosen thez axis parallel to the direction of
magnetization of the reference layer at the surface of t
sample. The direction of propagation perpendicular to th
surface defines thex axis. As to the magnetic field in
the sample we assume the first Fe layer to be magnetiz
up to saturation in thez direction, and the second in the
2y direction.

Following the procedure outlined above, we have reco
structed the reflection matrixRS. We have considered
incident beams polarized in the6x and1y directions as
these seem to give the most stable solutions for configu
tions predominantly magnetized in the1z direction. The
reconstructed phases and the moduli squared of the ma
elements ofRS are displayed in Fig. 2 (solid curve). Only
the physical solution is shown.

If we change the magnetization of the second F
layer to the1y direction, the phases of the nondiagona
2616
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FIG. 2. Reconstruction of the reflection matrixRS extracted
from simulated polarization data for an arrangement with
magnetic reference layer. The simulation includes the effect
absorption, surface roughness, and assumes a mean uncerta
of 0.01 of the polarization measurements. (a) Square o
the moduli rij  jRS

ijj
2, (b) phasesfij; i, j  1, 2; 1  1,

2  2. The error bands correspond to a probability content o
68%, the solid curve represents the exact solution. For bett
visibility, r12 and r21 are divided by 100,r22 is multiplied
by 100, and2p is subtracted fromf11 andf22. For further
details, see text.

elements ofRS are interchanged, but their moduli remain
unaltered. This underlines the importance of the phas
determination once again.

So far we have used exact “data” and, therefore, th
reconstruction must be perfect no matter which of th
three equations (15) has been used in the procedu
We have simulated measurement errors by using inp
ensembles of normally distributed polarization values wit
half-width DPS

i , DPtot
i  0.01, i  x, y, z. To include

surface roughness we have randomly varied the positio
of the interfaces within a width of 0.3 nm around the
mean value. Figure 2 shows the reconstructed phases a
the moduli squared of the matrix elements ofRS; they are
in fair agreement with the exact values. The error band
correspond to a probability content of 68% but they do no
represent the standard deviation because the probabil
distribution is distorted. One finds isolated regions wher
the solution is rather unstable. This is due to the nea
vanishing of the discriminant14 a

2
ij 2 bij in the quadratic

equation (15).
We have repeated the previous calculation assumin

that there is no magnetic field in the Co layer. The resul
are displayed in Fig. 3. The errors are slightly increase
compared to Fig. 2, but still an excellent retrieval of the
reflection matrix is achieved. These results demonstra
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FIG. 3. Reconstruction of the reflection matrixRS using a
nonmagnetic reference layer. For more explanations cf. capt
to Fig. 2.

that the use of a magnetized film within the referenc
layer may reduce the errors of the phase retrieval but
in principle, required only for nonmagnetic samples.

In summary, the present method solves the phase pr
lem of spin-polarized neutron reflection measurements f
the first time. It is based on polarization measuremen
and makes use of a reference layer. In analogy to t
single-channel method presented recently [6] one may u
a magnetic reference layer but this is not required for sa
ples with internal magnetic fields. The method also work
in the region of total reflection as well as for absorptiv
layers. A stability test with simulated data results in
reasonably reliable reconstruction of the reflection matr
thus attesting to the viability of the whole method. Apa
from the fact that, in general, measurements up to hi
q values (necessary for a good spatial resolution) m
present a challenge for experiment, there are no spec
problems expected for the experimental implementation
the method using modern neutron-optical devices. Lim
tations on the allowable thickness of the reference lay
may be placed by the achievable monochromaticity a
angular resolution of the reflectometer, which must suffic
ion
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to resolve the so-called Kiessig oscillations associat
with the reference layer. The novel method present
in this Letter is best suited to provide valuable insigh
into the magnetic structure of multilayers and superlattic
because it provides the necessary information for an u
ambiguous reconstruction of the scattering-length dens
profile.
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