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In principle, a very bright, monochromatic 1-A signal with % Aw~10~8—10~% eV can be filtered
from white synchrotron radiation by multiple reflection at grazing incidence from mirrors coated
with grazing-incidence antireflection (GIAR) films in which either the films or substrate contain
resonant Mdssbauer nuclei. Typically, nonresonant reflectivities can be suppressed to 10~4—1073
while maintaining resonant reflectivities of ~70%, with half-widths strongly broadened by
“enhancement” to I'.r~20I". Effective filtering should be possible with two to four reflections, or
alternatively, with one to two reflections plus time resolution. By using different combinations of
films and substrates, the response can be tailored to give narrow resonance widths Aw ~T" and corre-
sponding delayed scattering times to optimize time filtering, or at the other extreme, to produce
broad-width filters with # Aw~ 100I" which would be ideal for a high-resolution x-ray source. In
the time response there will be “quantum beats” at frequencies (3 due to the interference between
the radiation emitted by different hyperfine oscillators, so the beat pattern is determined by the hy-
perfine splitting. Also, there are two interesting dynamical effects—first, due to the “enchancement
effect” the coherent decay is speeded up relative to the natural lifetime for incoherent decay and
internal conversion absorption; and secondly, there will be “dynamical beats” at frequencies wp (su-
perimposed on the quantum-beat spectrum) which is essentially an interference between the natural
“ringing” of an oscillator at its resonsance frequency wq and the collective response which rings with
a median frequency wo+wp. Finally, there is also a multiple-reflection delay to the response, which
should be a useful aid for time filtering. This paper develops the general theory for resonant filter-
ing of synchrotron radiation using GIAR films, examining in particular the resulting frequency
spectrum, the integrated response, and the time response for resonant >’Fe mirrors coated with A /4
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I. INTRODUCTION

In the preceding paper (paper III),! we developed the
theory for pure nuclear reflections using grazing-incidence
antireflection (GIAR) films to suppress the nonresonant
electronic reflection. In this paper we apply this idea to
the problem of Mdssbauer filtering of synchrotron radia-
tion.

Ruby? and Méssbauer® first pointed out that synchrot-
ron sources can be so exceedingly bright in the 10-keV x-
ray region that even within the highly monochromatic
frequency region of a nuclear resonance width,
#Aw~10"% eV, the brightness can greatly exceed that
available from natural y-ray sources. Thus, in principle,
using pure nuclear scattering, one can produce an ‘“‘ultra-
narrow” bandpass filter to filter synchrotron radiation.
The resulting beam will be highly monochromatic
(iAw~10"8-107° eV) with a potential brightness great-
ly exceeding that available from other sources. Such a
source would offer a unique high-resolution x-ray probe
of “soft” inelastic excitations (% Aw < 10~% eV), opening
up a new region inaccessible by other scattering methods.
There will also be immediate application to Mossbauer ex-
periments involving coherent scattering from perfect crys-
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tals, structure determination of biomolecules, and studies
of surface magnetism. Also, the long coherence length of
the signal (~0.3—30 m) will open quite new possibilities
in x-ray interferometry. Various aspects of the problem
of filtering have been discussed by a number of au-
thors.2~1? Some initial positive results have been reported
by Cohen® and Chechin et al.,'® and the first definitive
resonant signal has been obtained by Gerdau et al.!}!

Such filtering can be achieved by resonant scattering
from the sharp Mossbauer transitions, making use of the
unique features which distinguish the resonant nuclear
scattering from the nonresonant electronic scattering—the
slow scattering time, the sharp variation with frequency
near resonance, and the sensitivity to crystalline electric
and magnetic fields. Using these features, three main
techniques have emerged to selectively scatter the
resonant slice—(1) time-resolved scattering with detectors
which are only turned on ~10~7 sec after each prompt
synchrotron pulse to detect the slowly emitted resonant
signal; (2) “superlattice” Bragg reflections from crystals
with special magnetic or electric field symmetries which
at special orientations will only scatter resonance radia-
tion; and (3) grazing-incidence reflection from resonant
mirror systems with antireflection films for suppressing
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the nonresonant reflection.

The most extensive efforts have centered on using pure
nuclear Bragg reflections,*>’~!! in conjunction with time
resolution, and the first successful filtering has been
achieved using this method. Such resonant superlattice
Bragg reflections offer the highest possible signal-to-noise
ratio in a single reflection, and with a macroscopically
perfect crystal it may even be possible to resonantly filter
with a single superlattice reflection. However, there are
several problems which arise, all centered on the severe re-
strictions imposed by the Bragg condition: (1) Most im-
portant is the problem of obtaining highly perfect single
crystals which produce pure nuclear reflections (peak re-
flectivities and the signal-to-noise ratio are reduced by
mosaic structure); (2) the narrow Bragg acceptance angles
allow only a portion of the incident beam to be utilized (or
for mosaic crystals or thin films which have acceptance
angles greater than the beam divergence, the reflectivities
are correspondingly reduced); (3) small strains or
thermal-expansion changes can shift the Bragg condition
out of the resonance region; (4) because the resonance is so
sharp, there is a problem of finding the exact Bragg angle
which actually passes the resonance radiation. As has al-
ready been demonstrated, these problems are not insur-
mountable, but it is clearly desirable to have alternative
approaches available.

The alternative discussed here is to filter by multiple
grazing-incidence reflection from mirrors coated with
grazing-incidence antireflection films"'?!® in which either
the films or substrate contain resonant MGssbauer nuclei.
Typically, nonresonant reflectivities can be suppressed to
1074—10"*® while maintaining resonant reflectivities of
~70%, with half-widths strongly broadened by “enhance-
ment” to Lp~20I. Effective filtering should be possible
with three to four reflections, or alternatively, with one to
two reflections plus time resolution.

Because this is an index-of-refraction technique, no
crystals are needed and the system is freed of the restric-
tions imposed by a Bragg crystalline condition. As a
consequence, the filter can accept the full beam diver-
gence of the synchrotron, and the system is stable against
lattice-parameter changes, such as might be caused by
heating or radiation damage. Furthermore, the films are
relatively easy to fabricate, and the techniques can be ap-
plied to a number of low-energy Méssbauer transitions.

Perhaps the most important advantage is that, by using
different combinations of films and substrates, the
response can be tailored to give narrow resonance widths
Aw =T and corresponding delayed scattering times to op-
timize time filtering, or at the other extreme, to produce
filters of very broad width with Aw~ 100I", which would
be ideal for a high-resolution x-ray source.

On the negative side, the grazing-incidence geometry is
very difficult to work with, and one must contend with
small-angle—scattering ‘“noise” which limits the possible
signal-to-noise ratio for a single reflection.!*

The time response itself is of considerable interest and
there are several novel aspects: First, there will be “quan-
tum beats” at frequencies Q3 due to the interference be-
tween the radiation emitted by different hyperfine oscilla-
tors, so the beat pattern is determined by the hyperfine

splitting. Secondly, there are two interesting dynamical
effects—{first, due to the “enhancement effect’” the
coherent decay is sped up relative to the natural lifetime
for incoherent decay and internal conversion absorption;
secondly, there will be “dynamical beats” at frequencies
wp (superimposed on the quantum-beat spectrum) which
qualitatively can be viewed as an interference between the
natural “ringing” of an oscillator at its resonance frequen-
cy wq and the collective response which rings with a medi-
an frequency wo+wp. Finally, there is also a multiple-
reflection delay to the response, which should be a useful
aid for time filtering.

This paper develops the theory for resonant filtering of
synchrotron radiation using GIAR films, examining, in
particular, the resulting frequency spectrum, the integrat-
ed response, and the time response for resonant *’Fe mir-
rors coated with A/4 GIAR films. Alternate thin-film
techniques which can be used to tailor the response will be
discussed in a future paper.'’

We have organized this paper as follows: In Sec. IT we
examine the frequency spectrum and integrated response
for a grazing-incidence filter system, and in Sec. III the
time response is treated. In Sec. IV we summarize our
main conclusions.

II. FREQUENCY SPECTRUM
AND INTEGRATED RESPONSE

Synchrotron radiation is a very bright, white source of
radiation with fluxes in the 10-keV region approaching
2% 10'? photons/sec per eV per mrad of A, (see Fig. 1).
Future machines are expected to have fluxes several or-
ders of magnitude greater. The radiation is highly col-
limated about the plane of the synchrotron, with the
divergence at 10 keV being A, ~0.1—0.2 mrad, and the ra-
diation is highly linearly polarized, with about 90% of the
intensity associated with the component parallel to the
plane of the orbit (€, in Fig. 1). There is also a stable
periodic time structure, with the duration of each pulse
being ~1071° sec, and the separation between pulses, de-
pending on the electron bunching, being ~10~° sec for
operation in a single-bunch mode.

As we saw in the preceding paper, using an impedance-
matched quarter-wave film it is possible to obtain a pure
nuclear reflection at grazing incidence, with a resonant re-
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FIG. 1. Schematic of reflection geometry.




6376

flectivity | R |fesz0.7 and a strongly broadened width,
Tegr= 20T, and with a nonresonant = reflectivity
| R | flomesz 103, which is suppressed over approximately
a 1-keV region about resonance.

Thus it should be possible to effectlvely filter the radia-
tion with a threefold to fourfold reflection from a system
of parallel mirrors as indicated in Fig. 1(b). The resulting
radiation will be “purely resonant” within a ~1-keV re-
gion about resonance. Outside this keV region, however,
much stronger nonresonant reflection will occur, and to
remove this background radiation one broad-bandpass
Bragg monochromator is required to restrict the frequen-
cy band to, say, #ilw;~10 eV. (Actually, the Bragg
monochromator may not be required if the filtered radia-
tion is to be used for interferometry, or for dynamical y-
ray optics experiments since then a monochromatizing
Bragg reflection is contained in the experiment itself.)

As discussed in paper L!* there are a large number of
possible materials suitable for an impedance-matched
quarter-wave film for *’Fe. To be specific, however, we
will make most of our calculations for a Te film, for
which the optimum parameters are [;~76 A and
P min~4.4 mrad, and the electronic reflection is suppressed
to | R, |2~9.4X10~4,

The filter system is then taken as a system of m parallel
mirrors of >’Fe, each coated with a quarter-wave film of
Te. The internal magnetic fields B in the separate mir-
rors will be assumed to be in parallel alignment.

For parallel alignment of the internal fields, the filter
system has well-defined eigenpolarizations €,(®), 7=LII
which are determined by the resonant >’Fe medium as
given explicitly by Eq. (6) of paper IIL.! The eigenpolari-
zations are generally frequency dependent and nonorthog-
onal, but as discussed in paper III, for the special cases of
B||kg, or Blk,, or if there is no Zeeman splitting, then
the bases are orthogonal and frequency independent.

For incident €, eigenpolarization, the reflection ampli-
tude of the m mirror filter is

ig, ()1
Ro1(77)+R12("7)921g1(7’) !

1+Ro1 ()R (e

R (0,4)= , ()

2ig (m);

where the notation is that of Eq. (17) of paper III. For ar-
bitrary incident polarization, the reflectivity of the filter is
then given by

|R(’")(w,¢;?0) | 2__ |§(m)@o | 2 , ) )

where the reflection matrix R ™ is given by Eq. (15) of
paper III, but with Ry,Ry; now given by Eq. (1). For the
special cases of orthogonal eigenbases, the reflectivity is

[R™d20)|*= 3 R @|7[E5E12. O
n=LII
For an incident synchrotron pulse I,(¢) of polarization
€, where Ig,(¢) gives the number of photons/eV per
mrad? per pulse incident on the filter at the angle ¢, the
frequency spectrum of the reflected radiation is (see Ap-
pendix A)

1" w,4)= | R'"™($,0;&)) | *Iop(¢) . @)
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As discussed in Appendix A, I'™(w,¢) gives the expected
number of photons/eV per mrad® in the reflected beam
(per pulse) at ¢ at the frequency w. However, I (w,¢) is
not a “steady-state” distribution: it is the frequency dis-
tribution obtained in observing for ¢ «0— o following a
pulse excitation at =0. If instead only delayed counts at
tS1/T are observed, then the effective frequency distri-
bution will be narrowed.

The frequency spectrum will depend on the orientation
of the internal field B, and on the number of reflections in
the filter (and, of course, on the quarter-wave film used).
In Fig. 2 we plot the near-resonant spectrum for m =1—4
reflections for a Te filter with B||ky. In this case the
eigenpolarizations are the orthogonal right- and left-
circularly-polarized bases €,y and €_;. Because the
synchrotron source is essentially linearly polarized, the re-
flectivity is '

|R™(w,8;80) | *= 5[ | Ri11)(e0,0) | ™
+ | R_1)(w,¢) | *] . 5

The near—resonant spectrum of the eigenbasis reflectivities
| R(+1) | ? for a single reflection are given in Fig. 4(b) of
paper III which shows one that the peak reflectivities are
| R(+1) | max~0.7. For the reflection of synchrotron radi-
ation, the reflectivities are reduced by + because the
eigenpolarizations are circular while the synchrotron radi-
ation is essentially linearly polarized. However, after the
first reflection in the filter the radiation is circularly po-
larized: € ) near the M= + 1 resonances and € _;) near
the M = —1 resonances. Thus there is no further polari-
zation loss in multiple scattering other than the initial fac-
tor of 5.

We also note that the " resonances are strongly
broadened. This broadening is due to the refraction-
augmented enhancement effect as discussed in paper IIL
However, as we see from Fig. 2, the effect of multiple re-
flection is to narrow the resonance. In particular, for
m=1, the half-width of the strongest resonance is
I'" = 25T, while after three reflections the width is reduced
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FIG. 2. Near-resonant frequency spectrum of filtered syn-
chrotron radiation, | R w,¢)|? vs w, for m mirror filter sys-
tem for m =1—4. The resonant *’Fe mirrors are each coated
with 76 A of Te, for which the optimum ¢=4.4 mrad, and all
internal fields are aligned B||ko.
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to I'"=9T. This sharpening effect of multiple reflection
is an immediate consequence of “folding” the single-
reflection-resonance spectrum m times.

In Fig. 3 we give the corresponding results for Blkg
(and for B parallel to the plane of the film). In this case
the eigenpolarizations are the linear €,,€, bases. The in-
cident synchrotron radiation is approximately 90% €,-
and 10% €,-polarized. Treating these components as in-
dependent, the reflectivity is

(| R"™(e,¢580) | )
=0.9| R (@,8) | *™40.1| R (0,4)|?™. (6)

The near-resonant spectrum for the eigenbasis\ reflectivi-
ties | R, | % | R, |2 are given in Fig. 4(a) of paper III. For
this orientation of the B field, the filtered radiation is now
linearly polarized: €, for frequencies near the four
M = +1 resonances and €, for frequencies near the two
M =0 resonances. There is now better coupling to the
predominantly linearly polarized synchrotron radiation,
but this is offset by the fact that the oscillator strengths
are weaker for BLk, than for B||kq as we discussed in pa-
per III, and we see from Figs. 2 and 3 that the peak reflec-
tivities and widths are smaller for B1k, than for B||ko.

The quantity of real interest in filtering is the integrat-
ed response—the total number of resonant (N,) and non-
resonant (N,) quanta reflected, and the signal-to-noise ra-
tio N, /N,. The total integrated flux is given by

Nm™=p, [, do [, d#)I™(w,). )

N gives the expected number of photons reflected per
pulse from an m mirror filter system. Here, A, A, is the
angular collimation of the incident synchrotron pulse
(A, =~1 mrad, A, =~0.2 mrad) and #Aw;, is the frequency
spread of the synchrotron pulse, which, as discussed be-
fore, we will take as #Aw;~10 eV. The expected number
of photons reflected per second is then n,N™, where n,
is the number of pulses per second (or, equivalently, we
replace Io, by Io=n,ly,, which equals the incident
photons/eV per sec per mrad?).
The nonresonant “noise” passed by the filter is then

FIG. 3. Near-resonant frequency spectrum of filtered syn-
chrotron radiation for m mirror filter system as in Fig. 2, but
now with Blkg and B in plane of film.
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N™=#Aw, | R, | " A,A, , : 8)
where
| R |?=A7" [, |R.(¢)|%d¢

is_the angle-averaged electronic reflectivity per mirror.
| R, |2 must also be averaged over thickness variations of
the quarter-wave film as discussed in paper L.

The resonant “signal” passed is

N,(,M):N(m)—NéM)
=S"HTI)A A, , 9

where the “signal factor” S\™ of the m mirror filter is
given by

SM=T"13 A0 (moM)|R"™(meM ;&) |2 -
mO,M

(10)

Here, Aw'™(myM) is the resonance half-width of the m
mirror filter for the mg<«>m|=my+M resonance, and
| R™(moM ;&) | 2 x is the peak reflectivity. The signal
factor S\™ gives the integrated resonant signal passed by
the filter in units of AI,A.A,, the total number of
resonant photons incident per sec on the filter within a
natural T of resonance. We note, however, that because
the resonance half-widths Aw'™(m,M) are strongly
broadened over I', the “signal factor” S,(,'") can exceed un-
ity.

For convenience-of comparing the signal-to-noise ratio,
we also introduce the “noise factor”

si™=r-'Aw, | R, |*", (11)
so that the noise passed is
N =S{™HCIA A,

For a Te quarter-wave film, the effective widths and
peak reflectivities are given in Fig. 2 for B||k,, and we
find that after a threefold reflection, the noise factor is
S¥~1.7, while the signal factor is S¥~3.6, giving a
signal-to-noise ratio of S.\°'/8{¥=2.2. If the filter is
operated instead with Blkg, as in Fig. 3, then S, is re-
duced to S.*’~2.7, and we see that after three reflections
the enhanced polarization coupling to the synchrotron
beam which occurs for Blky is offset by the weaker oscil-
lator strengths. For a fourfold reflection with B||k,, the
signal is only reduced to S\*'~2.1, while the noise drops
to S{¥~1.6x1073, giving a very pure resonance signal,
S /8iM~1.3 10°. The filtered radiation will then have
four frequency components with relative intensities
Ao | R™|2~0.80, 0.08, 0.30, and 1.0, and correspond-
ing widths Aw¥~6.3T", 1.9T, 4.7T, and 7.8". As we
have noted before, the four components are also circularly
polarized, the two M= + 1 resonances being right-
circularly-polarized about -+ ﬁo, and the two M =-—1
resonances being left-circularly-polarized. We also note
again that although ‘“enhancement” gives strongly
broadened resonance widths Aw(m M) =~25T following a’
single reflection, the sharpening effect of four reflections
reduces the widths to Aw =~ 8T".
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III. TIME RESPONSE

An alternative filter technique is “time filtering,” first
suggested by Ruby.? The synchrotron radiation from
SPEAR or DORIS operating in the single-bunch mode
consists of sharp pulses of about 10~° sec duration and
about 10~° sec separation between pulses. Excited nu-
clear states of energy < 100 keV commonly have lifetimes
in the range I'~!'=10"°—10"% sec. If the pulse impinges
upon a sample containing the resonant nuclei, then the
electronically scattered x rays, photoelectrons, etc. will
emerge promptly during the 10~ '%sec pulse, while those
processes involving nuclear excitation will be delayed a
mean time I’'~!. Therefore, by using a timed detector
which can recover from the prompt pulse in a time short
compared to '~ 1, the resonant and nonresonant events
can be separated temporally. In practice, to avoid detec-
tor saturation, it is necessary to use time filtering in con-
junction with some form of pure nuclear reflection to
suppress the prompt nonresonant pulse.

The time-dependent photon flux following excitation of
an m mirror system by a synchrotron pulse of polariza-
tion € incident at #,=0 is given by (see Appendix A and
Ref. 9)

I'™(t,¢)=[2m#l,($)] | R ™(1,;8,) | 2, (12)

where R'™(t,¢) gives the amplitude response to a &-
function pulse,

R'™(t,¢;€0)=(1/2m) fj: dw R'"™(w,d;€)e " .
(13)

Here,

R"(w,$;€0)=R "™ (0,¢)&

is the reflection amplitude of the filter system as given by
Eq. (2), and as before, Io,(¢) is equal to a number of
photons/eV per mrad? per synchrotron pulse incident at

I (t,¢)dtd¢ A, then gives the expected number of pho-
tons reflected between ¢ and ¢ +dt in the angular region
d¢ about ¢ and A, mrad in the ¥ direction (see Fig. 1).
The total 1ntegrated flux N of Eq. (7) is then also given
by

Nm=a, [, do [~ dt1™s¢). (14)

For the particular cases of orthogonal eigenbasis, I (¢,¢)

simplifies to
|

—ilogmogM)+wg(moM)]t _
R,(,,’")(T,¢)=(—-l)m€ [@glmg @pglmg ]e Tt/2,,

Jmlop(moM)t]
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I'™(t,¢)=27Alo,(¢) 3, |RY(1,4)|% |€58,]7,
7=LII (15)

where R('" (¢,¢) is now the Fourler transform of the
elgenpolarxzatlon response R, (m)(w,¢4) given by Eq. (1).
As discussed in paper III, the effect of the impedance-
matched quarter-wave film is to effectively remove all
electronic scattering, so that, to very good approximation,

R (,,'”)(w,zﬁ) is a pure nuclear reflection,
I—BN('T]) i
RM(0,)= |——— | (16)
n @d)= T
where

By =[14nA2fy(n)/m($*— % +inko,)]'?. (17

As discussed in paper III, the nuclear scattering amplitude
fn(m) is a superposition of oscillators,

v =3 folmoM;&,)/[x(mM)—i], (18)

mg,M
where
x(moM)=2[E(jimo+M)—Eo(jomo)—#iw]/T ,

and the oscillator strength of the moM resonance for €,
eigenpolarization is given by

2hge —kXxNp
2jo+1

Ty

SolmoM ;&)= T

X C¥joLjy;meM) €3 Yini(ko) |2, (19)

Here the notation is that of Eq. (5) of paper III

A. Isolated resonance: Dynamical effects

We first consider a well-isolated resonance and examine
the dynamical effects of enhanced decay, dynamical beats,
and multiple-reflection delay. The quantum beats occur-
ring between different resonances w111 be discussed in the
following section.

For a well-isolated resonance with transition frequency
wo(moM), we take

fN('n)=fo(m0M;?,,)

in Eq. (17). With the approximation (16), the integration
of Eq. (13) can be carried out analytlcally as shown in Ap-
pendix B, giving (for ¢> 0)

, (20)

where J,, is the mth-order cylindrical Bessel function, and the complex dynamical beat frequency is given by

B(moM;gb;’é,,)—:—‘w};(mM;xﬁ;’e‘,,)—ia)l';’(mM;¢;’é,7)=1T?£2nf0(m0M;?,,)F/(¢2—¢f +inko,) . 21

For *'Fe coated with Te (¢=4.4X 1073 rad) with B||k,
then wp~10I" and wg~1.4T for the strong M = *1 reso-
nances.

From Egs. (15) and (20) the time spectrum is then

f

1™, ¢)=[27Al 0 ()le T T8 | md, (wpt) | 2762 . (22)
For intermediate ¢, m (%)~ ! <t <m(wp) ™!, then

I (2)~V'2/7z coslz —m/4—mm/2) ,
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so that

—(P+20p)t

I("')(t,(b)fw e—_ta—COSZ((U'Bt —7/4—mw/2),

(23)

while for large ¢, t >>m (wj3)~}, then

—Tt

I'"(1,)~ < (23)

From Eqgs. (23) and (23') we note first that there is a
sped-up nonexponential decay exp(—TI't)/t3. As dis-
cussed before, this is a consequence of the enhancement ef-
fect:'® For waves incident near grazing incidence (or
Bragg) on a resonant medium, there is a broadened width
to the frequency response due to coherent reemission into
the reflection channel, and, correspondingly, the time
response for coherent scattering is sped-up relative to the
natural lifetime for incoherent decay and internal conver-
sion absorption. This gives an enhancement of the
coherent scattering and consequent suppression of the in-
coherent processes. As discussed in paper IIL! enhance-
ment is further augmented by refraction.

Secondly, we see that there are dynamical beats in the
spectrum at the frequency wp(moM): Again, this is a

I(".)(' ,¢) / [l‘ Top/ T]

év

I(M)(’ r¢)/ [F Top/" T]
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dynamical effect, and is essentially a competition between
the natural “ringing” at @y and the collective response at
wo+wg. For the case of B||ky and ¢=4.4< 1072 rad, the
dynamical beat frequencies are w3 ~10I" and 3. 3F for the
strong and weak M = *1 resonances, giving wp 1~10 and
30 nsec, and the beats should be observable.

In the absence of photoabsorption wp is purely real,
wp=0wpg. However, for the example considered above wp
is appreciable and acts to damp the dynamical beats. For
impedance-matched quarter-wave films for which ¢o~¢,,
then wp will even be the dominant term (wp—0 and
wp—ool /40, as ¢—d.) and the beats are completely
damped.

Finally, we also note there is a multiple-reflection delay:
For small 1, t <<wj !, then J,,(z) ~z™/(2™m!), so that

T2, §) mt2m =2 ~TH20B" (24)
We see that multiple-reflection suppresses the initial
response o t? =2 This produces a delay in the response,
giving a sharper frequency spectrum, in agreement with
the discussion in Sec. II.

Qualitatively, the nature of the delayed response from a
compound system is clear: Following the initial sharp
pulse excitation, the first reflection sends out a delayed,
long-coherence-length wave

1"™tt,)/ [ Lop/z]

1™t .4)/[M v/

FIG. 4. Time response I"™(t,¢)/(T'Io,/7) vs t followmg excitation of m mirror system with a synchrotron pulse for m =1—4.
The resonant 3"Fe mirrors are each coated with 76 A of Te, so that ¢ =4.4 mrad, and all internal fields are taken B| |ko. Here we only
include the effects of a single isolated resonance and use the parameters appropriate for the two strong M = *1 resonances for which
wp~10T"—i1.4T. The solid oscillating lines give 7"(¢) in the limit wz =0, while the dashed lines include damping. The upper solid

lines give the natural decay exp(—I't).
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—iexp{ —i(wo+wp—il/2)t}J (wpt)/t .

In the second reflection, resonant absorption-reemission of
the incident nearly monochromatic wave gives an addi-
tional delay ~TI'g!, where L'l is the effective delay of
the collective response, I‘e"fflzcoil. Speaking classically,
the near-resonant incident wave must first build up the os-
cillations of the resonators in the second film before any
appreciable radiation is sent out. Each additional reflec-
tion will induce similar delays. Thus the initial response
from the compound system is zero, as given explicitly by
the t?"~2? dependence, with the maximum response
occurring only after a delay ~(2m _2)Fe_ffl. As noted
earlier, the delayed response should be a useful aid for
time filtering.

The features of enhanced decay, dynamical beats, and
multiple-reflection. delay are shown explicitly in Figs. 4
and 5. The solid oscillating lines give I'"™(t,¢) versus ¢
for m =1—4 reflections in the limit of zero photoabsorp-
tion damping (wp =0), while the dashed lines include the
damping. The upper solid line gives the natural exponen-
tial decay exp(—1I'?), normalized to the same initial value
as I'V(t,¢). In Fig. 4 we have taken the oscillator
strength appropriate for the two strong M =1 reso-
nances of >'Fe with B||ko, €;,=€11), $=4.4X 1073 rad,
which gives wp =10I"—i 1.4I". Figure 5 gives the corre-
sponding plots with the oscillator strength of the two
weak resonances, so that wp=3.3I'—i0.5T.

1™tt,6)/[MTop/]

1™4,8)/[F Lop/]
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B. Quantum beats

The dynamical beats discussed above are a dynamical
effect occurring for each isolated resonance. A funda-
mentally more important “quantum-beat” spectrum will
be superimposed on the dynamical beats whenever there is
splitting of the nuclear levels.” The quantum beats are
due to the interference between the waves emitted by the
various resonances, and hence contain the information of
the hyperfine splittings. Of course, for our simple filter,
the hyperfine splitting is well known, and our purpose
here is to see the exact form of the time spectrum.

The quantum-beat spectrum will be strongly dependent
on the orientation of the magnetic field because of the po-
larization response of the oscillators. Thus, if B||kg, then
as noted before the eigenpolarizations are circularly polar-
ized, with the M = +1 transitions emitting €, ) radia-
tion, and the M = —1 transitions emitting € _;, radiation.
Since there can be no interference between orthogonal po-
larizations, quantum beats will only arise from the in-
terference between the various M= + 1 oscillators, and

separately from the interference of the M = —1 oscilla-
tors. For “’Fe there are two M= + 1 transitions and two
M = —1 transitions, and since

AEM=+1)=AEM=-1),

then for B||k, there will be a single beat frequency
Qp=AE~60I". [Actually, as discussed below, dynamical

1"t,6)/[MLop/]

1™4,8)/ [ Top/]

Y

FIG. 5. Time response I'™(t,¢) vs ¢ as in Fig. 4, but now with the parameters appropriate for the two weak M = *1 resonances,

for which wp~3.3"' —i0.5T, for m =1—4 reflections.



effects produice shifts, so that two different beat frequen-
cies Qp(+1) will be observed.] On the -other hand, if
Blk,, then the four M = +1 oscillators ail emit linear €,
radiation, producing four beat frequencies, while the two
M =0 transtions emit linear €, radiation, producing a sin-
gle beat frequency. The quantum-beat spectrum is then a
superposition of four unigque frequencies (increased to
seven by dynamical shifts).

Noting that the quantum-beat frequencies are much
larger than the dynamical beat frequencies, we have
(correct to terms of order wg /Qp), for B||kg,

I'"™(t,¢)=5[ | R{TyH(5,4)|?
+ | R{™)(5,8) | 21[27# o] (25)
where for M =+1,

RiP(t,d)=(—D)" e

mo

—i[wymoM)+wg(moM)]t

xe T 2mJ, lwpg(moM)t]/t . (26)

For ’Fe with M,=++ we see from Eq. (26) that rather
than a single quantum-beat frequency Qp, dynamical
shifts will produce two distinct beat frequencies. for
M=+1,

Qp(+1)=Awg(£1)+Awj(£1) . 27)

For pure >'Fe, Awg(*1)~60T, while Awp(+1)~F6.8T,
giving Qp(+1)~53.2T for the M= + 1 resonances and
Qp(—1)~66.8T for the M = —1 resonances. This split-
ting is obvious in Fig. 4(b) of paper III, which shows that
due to the frequency asymmetry of the response about
each resonance, the median responses of the M= + 1 res-
onances lie closer together than the M = — 1 resonances.
As given by Eq. (25), the total time-dependent spectrum
for "Fe is a superposition of the two dynamical beat
terms J,,(10I't)? and J,,(3.3T't)?, which are plotted in
Figs. 4 and 5, and the quantum-beat interference term

{cos[Qp(+1)t]+cos[Qp(—1)¢]}J,, (10T 1), (3.3T2) .

This response is shown in Fig. 6(a) for a triple reflection
from Te-coated mirrors. Here the solid line gives the
response time averaged over the rapid quantum-beat oscil-

lations, while the two dashed lines give the upper and ‘

lower envelopes with the quantum-beat term included.
The actual spectrum then oscillates as

5 {cos[Qp(+1)t]+cos[Qp(—1)t]}

between the two envelopes. In Fig. 6(b) we give the corre-
sponding results for a double reflection from Se-coated
mirrors. Here the dynamical beats are slower (wp~2.0I"
and 0.7') because of the larger incidence angle
$~6.0x 1073 rad.

If the internal field is rotated so that Blk,, with B in
the plane of the film, then the time spectrum is changed
to

I'(t,6)=[0.9 | RI™(1,¢) |2
+0.1|R(t,¢) | 21[27Ail o1 , (28)
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FIG. 6. Time response following excitation by synchrotron-
radiation pulse for *’Fe mirror system: (a) Te films, ¢ =4.4
mrad, B||ko, m=3; (b) Se films, ¢$=6.0 mrad, B||k,, m=2.
The solid lines give the response time averaged over the rapid
quantum-beat oscillations (3, while the dashed lines give the
envelopes produced by the quantum beats.

where

. —ilwgmoM)+wz(maM)]t
Ri,'")z(—l)mz S e lwg(mg p(mo
mo M =21

Xmd,, [og(moM)t]/t ,

. (29)
R < (—iyn S IO onmaO

mg
Xmd,[wp(mg0)t]/t .

Because of the reduced oscillator strengths, the dynamical
beat frequencies are now (for *’Fe, ¢=4.4Xx10"3 rad)
wp(t1;0)=4.8T" and 1.6I' for the strong and weak
M = +1 resonances, and wp==6.8T for the M=0 transi-
tions. As noted before, the €, radiation is a superposition
of the four M =+1 resonances, which, including the
dynamical shifts, produce six distinct beat frequencies
Qp, and the €, radiation is produced by the two M=0
resonances, introducing a seventh beat frequency Qz(0).

IV. SUMMARY

This paper has developed the theory for resonant filter-
ing of synchrotron radiation using grazing-incidence
antireflection films, examining, in particular, the resulting
frequency spectrum, the integrated response, and the time
response. As our example case, we have taken resonant
mirrors coated with nonresonant A/4 quarter-wave films.
With alternative mirror systems, such as discussed in pa-
per V,15 the detailed response can vary, but the general

features discussed here persist.
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The most important points are the following: In a sin-
gle reflection, nonresonant reflectivities can typically be
- suppressed to ~10~*-10—3 while maintaining resonant
reflectivities of $0.7, with half-widths strongly
broadened by enhancement to S20T". It should then be
possible to achieve effective filtering by multiple reflec-
tion from two to four mitrors, or alternatively, with one
to two reflections plus time resolution.

Operated in a single-bunch mode with time resolution,
there will be the interesting time aspects of quantum beats
exhibiting hyperfine splitting, superimposed dynamical
beats occurring for each isolated resonance, and sped-up
coherent decay due to the enhancement effect. Also, the
effect of multiple reflections will be to induce time delays,
corresponding to the width-sharpening effect of multiple
reflections. The delayed peak response of multiple reflec-
tions, in contrast to the prompt peak response of a single
reflection, should be a useful feature for signal detection
in time-filtering experiments. :

A particularly important feature of these mirror filters
is that the response can be varied. For example, by using
Se rather than Te as the A/4 coating for the *’Fe mirror,
the widths are decreased by a factor of =35, giving a
sharper resonance signal, and correspondingly, a longer
time delay. More generally, by using different combina-
tions of films and substrates as discussed in paper V,!* the
response can be tailored to give narrow resonance widths
Aw~T and long delay times, or at the other extreme, to
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produce filters of broad width with Aw~100I". Also,
even for a given system, the response can be strongly al-
tered by simply rotating the B field from B||k, to BLk,,.

Because this is an index-of-refraction technique, ‘no
crystals are needed and the system is freed of the severe
restrictions imposed by a Bragg condition. As a conse-
quence, the filter can accept the full beam divergence of
the synchrotron, and the system is stable against lattice-
parameter changes, such as might be caused by heating or
radiation damage. Because of the high resonant reflectivi-
ties and strongly broadened frequency response, grazing-
incidence filters offer potentially brighter sources than
Bragg filters. Furthermore, the films are relatively easy
to fabricate, and the techniques can be applied to a num-
ber of low-energy Mdssbauer transitions. On the negative
side, the grazing-incidence geometry is difficult to work
with, and one must contend with small-angle-scattering
“noise” which limits the possible signal-to-noise ratio for
a single reflection.
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APPENDIX A

The incident synchrotron pulse from a single electron is a packet of spread AQ(¢dg)~(0.1 mrad)?, centered at grazing
incidence angle ¢ (the A, “fan” in Fig. 1 is produced by the continuous emission of such packets as the electron

traverses its circular orbit).
For an incident pulse

+ ’ ~
Art300)=2m~" [ "do [,o, 40 A%kywexpli(kor—an]

the reflected (k,w) amplitude is
A(k,0)=R(0,4)A%Kkq,0) ,

(A1)

where ¢ is the grazing angle of incidence of ko,k=(kq,,, —ko.), and R(w,) is the grazing incidence reflection matrix.
The origin of the coordinate system is taken on the surface of the mirror. The time dependent scattered wave is then

given by

Ar9) =@~ [T do [, d0 Ri0,6) A%k o)expler—w)] . (A2)

Alternatively, letting

A%ko,0)= [ do’' A%ke,0")8(0' — )
and taking

8o’ —w)=(2m~" [ dr'expl —i (o' —0)],
the time-dependent reflected wave at the detector is
A tigo= [T drR(t—1, g0 AN0 150 . (AD)

Here A%0,t';¢,) is the pulse incident on the mirror,
t*=t—r/c is the retarded time at the detector, and

R(t*—1t',¢y) is the amplitude (matrix) of the reflected
wave at time ¢* —¢’ due to a 8-function pulse incident at
t,

R(t* _t',¢0)=(27r)—1 f_+: do ﬁ(w,tﬁo)

xexp[ —io(t*—t)]. (A4)

In going from Eq. (A2) to (A3), we also made use of the
fact that for a grazing incidence nuclear reflection,

'R(w,8)=~R(w,¢) for all ¢ in AQ(¢,), and k-r~kr in the

specularly reflected beam at the detector.
From the scattered photon potential A®, the time-
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dependent scattered flux (cm~2sec™!) at the detector is
given by'713

S, 2
I(t,p)=—"— 277'ﬁc A(r,t;¢) | (A5)
and the frequency spectrum (cm~2eV ™)) is
Iw,$)= |A‘(ra)¢)|2 (A6)

Here wq is the nuclear resonance frequency, and it is as-
sumed that the frequency spread Aw of the packet is
<< This condition holds for both the reflected pulse
(Aw /o< 100T /wo~10"19) and for the premonochrom-
ized incident pulse (Aw/wy<1073). The radiation
diverges from the source electron, and multiplying
through by the source-detector (distance),? the fluxes will
be rad ~%sec™ .

As discussed in Refs. 5 and 9, the synchrotron pulse
consists of many photons emitted by the many electrons
in the bunch incoherently, one with the other. The pulse
from a given electron has a duration ~A,/c~10"" sec,
or, if this radiation is filtered to about 1 eV, the coherence
time becomes ~10~!° sec, which is still generally very
short compared to the response time of | R(t,4)]|? [the
shortest response time of | R |2 is ~(100I")~!>>10"1
sec, which occurs for resonant damping-stabilized films].
The duration of the entire pulse depends on the bunching
of the electrons and is typically ~10~'° sec. The scat-
tered flux should then be computed starting from Eq.
(A3), where A%t) represents a one-photon amplitude of
duration on the order of the coherence time T,. Since

expliwg(t —t')]R(t —t') ~exp[ —i (wg—iT/2)(t —1t')]

develops slowly relative to the coherence time [here wp is
the dynamical beat frequency given by Eq. (21)], and since
A%0,';¢) is only nonzero during t'~0—T,, then (A3)
gives

As(rt_¢ ) E(t* ¢ )f+°°dt; . ’ 0 ’.
Jt300) = ,60) | __ dt’expliont’) A%(0,t';¢0)

=R (t*,00) A%0,w0;d0) -

Furthermore, it will usually be true that the response of R
is also slow relative to the duration of the synchrotron
pulse. Then, effectively all single-photon packets are in-
cident at t,=0, and the total reflected flux is simply the
single-photon result summed over all photons occurring in
the bunch, which just amounts to multiplying by the
number of photons in the pulse, and we obtain
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FIG. 7. Branch cut and contour for the integral of Eq. (B4).
The phase of z—1 is — along both paths I and II, while the
phase of z + 1 is zero along path I and — 27 along path II.

I(t,¢)= 3 [21rﬁ10”(¢)]|R(t ,¢)? [2. (A7)
p=xy
Here, I, is the number of photons/eV per mrad? per syn-
chrotron pulse 1nc1dent on the crystal at the rockmg angle
#, with polarization €9 u» at frequency wo. I(t,¢)dtd¢ A,
gives the expected number of photons reflected between ¢
to t +dt in the angular region d¢ about ¢, and A, mrad
in the § direction (see Fig. 1). Alternatively, if the dura-
tion of the incident synchrotron pulse is appreciable rela-
tive to the characteristic development time of | R (z)|?,
then the response must be folded over the incident pulse
shape Py(1), :
I(t,p)= 3, [2m#ily,(¢)]

n=xy
X [ dto | R(t* —t5,)20 | *Polte) . (A8)

Similarly, from Eqgs. (A1) and (A6), we obtain the fre-
quency distribution,

I{w,)= 3 |R(w
n=x,y
I(w,$) gives the expected number of photons/eV per
mrad? in the reflected beam (per pulse) at ¢ at the fre-
quency w. Of course, I(w,$) is not a steady-state distri-
bution: it is the frequency distribution obtained in observ-
ing for t =0— « following a pulse excitation at t=0. If
instead only delayed counts at tS'1/T" are observed, then
the effective frequency distribution will be narrowed.
Of particular interest is the integrated intensity,

N=a, [, d¢ fj:d(ﬁw)l(w,tﬁ)

=5y fod¢ f_+:

N gives the expected number of photons reflected per
pulse in the angular region A,A,, and the expected num-
ber of photons reflected per second is then n,N, where n,
is the number of pulses per second.

)€ | o (8) . (A9)

(A10)
datI(t,¢) .

APPENDIX B

Here we derive Eq. (20):
written as

R("')(a),(ﬁ)z( _ l)m[z __(22_ 1)1/2]m ,
where

I

Z =
2(03

2 .
’—I:(wo—w)——t ] +1,

For an isolated resonance, the m mirror reflection amplitude given by Eq. (16) can also be

(B1)

(B2)
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with wpg defined by Eq. (21). Thus R (w,¢) has branch points at z =+1.

The time-dependent amplitude R (¢,4) is then given by
+ .
R("')(t,¢)=(1/217') f— R(’")(w,qﬁ)e"‘"”da)

=2m) "N —1)"+Vpgexp] —i (wo+wp —iT/2)t] fc [z — (22— 1)?)"expliwgtz)dz . (B3)

There are two Riemann sheets associated with the branch points, and the correct sheet is determined by Imf(w) >0 on
the real o axis. For ¢> 0, the integration path can be deformed to the contour around the branch cut as shown in Fig. 7

and the contour integral reduces to

i 1 io
[ =V dz = [ [ —iVT=22"—(z iV T2 " dz . (B4)

Letting z =cosa then gives

[—i foﬂms[(m —Dale™® da+i foﬂcos[(m +Dale

iwgt cosa
B da

= — ("I —1(@pt) + T 4 1(0pt)]= —(I)"2mmJ,,, (wpt) /(wpt) . (B5)

Combining (B5) with (B3) gives Eq. (20). A similar result holds for nuclear Bragg reflections.” For ¢ <0, the contour is
completed in the opposite half plane, Im(w) > 0, giving R (¢ <0)=0.
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