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Towards 3D polarization analysis in neutron re#ectometry
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Abstract

General equations for spin-#ip and non-spin-#ip specular re#ection and o!-specular scattering are analyzed for the
case of multidomain states of magnetic multilayers. The results are illustrated by numerical calculations performed for
Fe/Cr multilayers using an original software developed on the basis of the supermatrix formalism. This routine allows to
calculate the re#ectivities and scattering cross sections from the layered structures of any complexity for any directions of
the incident polarization vector and directions of the polarization analysis. � 2001 Elsevier Science B.V. All rights
reserved.
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1. Introduction

During the last decade polarized neutron re#ec-
tometry (PNR) has received wide recognition [1}4]
as a powerful tool, which delivers the most com-
plete information on the magnetization arrange-
ment in thin "lms and multilayers. In combination
with the polarized neutron o!-specular scattering,
it gives experimental evidences on magnetic do-
main arrangement and interfacial magnetic rough-
ness [5}8]. In the mean time, the re#ected and
scattered intensities are measured in a single direc-
tion of the initial polarization and polarization
analysis, and at most four quantities: two spin-#ip
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and two non-spin-#ip components of the re#ectiv-
ity (scattering cross section) are available for theor-
etical evaluation. However, it is well established for
bulk magnetic systems that quite often measure-
ments at one direction of the polarization do not
render a su$cient amount of information needed
for the unique solution of the model. More com-
plete information is obtained from measurements
at three, usually orthogonal, directions of the polar-
ization, providing 36 instead of four experimental
quantities. This technique, called polarization vec-
tor or 3 Dimensional (3D) analysis was "rst de-
veloped for the direct beam and small angle
scattering experiments [9,10]. Nowadays it is used
in a number of di!raction and inelastic scattering
measurements [11].
In the case of re#ection kinematics the situation

is more complicated from both experimental
and theoretical points of view. One of the main
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Fig. 1. Sketch of the domain magnetization (thick arrows)
arrangement of the [[Cr(9 As )/��Fe(68 As )]�12]/Al

�
O

�
multilayer.

experimental problems is quite general and related
to the e!ects of the demagnetizing "eld outside the
sample. If this "eld is su$ciently homogeneous and
does not lead to a noticeable spatial splitting of the
neutron beam [12,13] (Stern}Gerlach e!ect), then
the Larmor precession can either be avoided by
a proper short circuit for the magnetic #ux outside
the neutron path, or taken into account [14]. In the
simplest case one may analyze only the projections
of the outgoing neutron spins onto the direction of
incoming polarization, subsequently directed along
each of three Cartesian axes. Usually, the condi-
tions for non-adiabatic transmission of the neutron
spin into the "lm can be ful"lled at any direction of
weak "eld guiding the initial polarization, and this,
3-directional (according to Mezei), or 3D, version
of 3D polarization analysis delivers 12 measurable
quantities * an amount often su$cient to de"ne
a theoretical model.
In [6,7], the data of polarized neutron re#ectivity

and o!-specular scattering measured for Fe/Cr
multilayers are well described within the model of
small antiferromagnetic domains. In these experi-
ments the initial polarization vector P

�
and vector

of the "nal polarization analysis P
�
were chosen

parallel to the net magnetization of the system. In
the present communication, we shall present the
model calculations made for forthcoming experi-
ments on the same system, but with the vectors
P
�
and P

�
directed also along two other axis ortho-

gonal to the magnetization and either parallel or
perpendicular to the axis of antiferromagnetism.
We shall demonstrate, that 3D analysis can deliver
an additional information, which can be used to
verify the model proposed in Ref. [6,7].

2. Re6ection and scattering matrices

In Ref. [15}17], general explicit equations were
derived for the re#ectivity, R"R(P

�
,P

�
), and scat-

tering cross section, (d�/d�), in the invariant form
independent of the coordinate system and for an
arbitrary mutual orientation between the vectors
P
�
and P

�
. These equations are derived using the

general de"nitions:

R"Tr��( �RK ��( �RK �, (1)

d�
d�

"Tr��( �(FK �
��
)�( �FK

��
�, (2)

�( �"�
�
(1#�P

�
), �( �"�

�
(1#�P

�
), (3)

where the re#ectance matrix RK and the scattering
operatorFK

��
are averaged over the spin states deter-

mined by the density matrices �( � and �( �, which
describe the properties of the polarizing or, res-
pectively, analyzing devices, �"2s

�
is the vector

of the Pauli matrices and s
�
is the neutron spin

operator.
The re#ectance, RK "RK (�), and the scattering,

FK
��

"FK (�), operators can formally be expanded
[15], similar to Eq. (3), over a set of the Pauli
matrices:

RK "R
�
#(R�), FK

��
"F

�
#(F�), (4)

where R"(�
�
)Tr�RK �, R"(�

�
)Tr�RK ��, F

�
"(�

�
)Tr�FK

��
�,

F"(�
�
)Tr�FK

��
��. For scattering from a multilayer

FK
��

"�
�
FK �(Q

		
,p( �

�
,p( �

�
;�), where l enumerates layers,

Q
		
is the lateral momentum transfer, p( �

���
are the

operators of the wave vector components normal
to the surface.
Substitution of Eqs. (4) into Eqs. (1)}(3) gives the

equations for R and d�/d� [15}17], which we
reproduce here in a particular coordinate system
for the model proposed in Ref. [6] and depicted in
Fig. 1. We assume that the mean magnetization in
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each layer is directed along the "eld applied within
the surface plane along the>-axis (perpendicular to
the re#ection plane), and the Z-axis is orthogonal
to the surface (see Fig. 1). The mean magnetization
M contributes to the specular re#ection, while the
components of the domain magnetic moments per-
pendicular to M, cause o!-specular scattering. Due
to the mean magnetic "eld, the neutron waves
(transmitted and re#ected at the interfaces) are bir-
efringent inside each layer in accordance with the
Zeeman splitting of the neutron spin states. The
spin components of a neutron wave propagate,
inside a layer with, the wave vectors p�



"

�p�
�
!p�

�

��	� (the eigenvalues of p( �), where

p
�
"p���

�
is the incoming or scattered wave vector

projection onto the normal to the surface, and
p
�


"p�
�

are the critical wave vectors of the total

re#ection: p�
�


"p�
��

$p�
�

for that or the other

spin component. Those components are transmit-
ted into the layer with the amplitude t�



, or re-

#ected from its interface with the amplitude r�


,

which are the eigenvalues of the transmission,
tK �"t�#(t��), and re#ection, r( �"r�#(r��), oper-
ators represented similar to Eq. (4). All these ampli-
tudes, including the re#ectance R



"r�



for the

whole multilayer, can easily be found via an
ordinary matrix routine, and t�"(t�

�
#t�

�
)/2,

t�"(t�
�

!t�
�
)b/2, r�"(r�

�
#r�

�
)/2, r�"(r�

�
!r�

�
)b/2,

where b is a unit vector along the mean magneti-
zation.
As soon as the (complex) eigenvalues

R$"�R



�exp(i��


) are found, one can substitute

R"(R
�

#R
�
)/2, R"(R

�
!R

�
)b/2 in Eq. (4)

and calculate the re#ectivity matrix R��




"R($P�
�
,$P�

�
) and R��


�
"R($P�

�
,GP�

�
)

at each of the orthogonal directions of the vector
P
�
, i.e. at P

�
"P�

�
, P�

�
, or P�

�
, and at P

�
"P�

�
, P�

�
, or

P�
�
. The results of 36 possible measurements can be

collected into the supermatrix R���� , with
��,��"�x, y, z� and 	,
 denote #, or !. How-
ever, in our simple model there are only 3 indepen-
dent functions, �R



� and (��

�
!��

�
), which can

experimentally be determined from this supermat-
rix, and most of its elements are interrelated.
Indeed, the quantities �R



� and (��

�
!��

�
) can be

found from measurements of the diagonal elements
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where it is assumed that �P
�
�"�P�

�
�"1 and

�P
�
�"�P�

�
�"1.

Non-diagonal elements of R���� with ��,��
"�x, z�, are as follows:
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�
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They do not contain an additional information, but
can be used to check the consistency of the model,
anticipating that domains are smaller than the lat-
eral projection of the coherence length. If this is not
the case, one cannot use Eqs. (5)}(11), and the
re#ectivity must be calculated for each domain, and
afterwards the results should be averaged over the
domain distribution [15}17].
If the domains are small, then Eqs. (5)}(14) are

valid, but true specular re#ection can hardly be
discriminated from di!use scattering within the
range of their overlap. As we shall see, the polariza-
tion analysis can substantially help to solve this
problem. If we assume, that the magnetization of
each layer l is decomposed into domains with mag-
netic moments M� tilted at a certain angle � with
respect to the mean magnetization directed along
the applied "eld H (see Fig. 1), then the strength
of this mean "eld is B"H#4�M cos�, with
M"�M��. The components M�

�
"M sin� perpen-

dicular to B are alternating in neighboring domains
within each layer, and if the atomic magnetic mo-
ments in neighboring layers are coupled antifer-
romagnetically, as it happens in GMR systems,
thenM�

�
components also change sign from layer to

layer. O!-specular scattering from such a system of
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domains is concentrated within the range of
Q

		
r
�
)1 (where r

�
is mean lateral extension of

the domains), and has enhancement factor for
q
�
d+�(2n#1), where q

�
is the wave vector trans-

fer component normal to the surface, d is the multi-
layer period, and n is integer number.
In the Born approximation (BA) the magnetic

scattering operator in Eqs. (2) and (4) reads:
FK �
��

"(F�
��
�), where F�

��
"b



F



(Q)m

�
, b



is the

magnetic scattering length density, F


(Q)"

F
		
(Q

		
)G�(q

�
) is the domain form factor with its

lateral, F
		
, and transverse, G�(q

�
), components,

m�
�

"m�!e(em�) is the component of the vector
m�"M�/M perpendicular to the momentum trans-
fer, and e"Q/�Q�. At low angles of incidence and
scattering, this vector is almost orthogonal to the
surface, and thus, to the vector m�. Then, in our
model m�

�
+m� is directed along (or opposite to)

the x-axis.
However, BA is invalid at such low angles, that

the re#ection from the mean potential is su$ciently
strong. Then, one should take into account refrac-
tion e!ects and the scattering of the waves re#ected
from the interfaces. This was done in [15] in the
framework of the Distorted Wave BA (DWBA),
and the result for each layer l looks as follows:

FK
��

"tK
�
FK ��tK

�
#tK

�
FK ��r(

�
#r(

�
FK ��tK

�
#r(

�
FK ��r(

�
. (15)

Beyond BA, FK �
��
is no more a function of only the

momentum transfer, but depends on each variable,
the incident and scattered wave vectors, separately.
The vector F� in Eq. (4) is not proportional to m�

�
,

but receives the components perpendicular to this
vector also. For our model, F�"F�

��
has, however,

only two components:

F��
�

"
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2
(G��

��
#G��

��
)F

		
(Q
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F��
�

"

ib


2
(G��

��
!G��

��
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). (17)

Here F��
���
are the linear combinations of the trans-

verse form-factors G���� with ��,��"�t, r�:

G����"�e����
����

�
�� ��!1�/i(p�

��#p�
��), (18)

G����"�e����
����

�
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�� ), (20)

G����"!�e�����
����

�
�� ��!1�/i(p�

��#p�
�� ), (21)

where a
�
is the layer thickness.

It is important to note that scattering in our
model is always associated with transition between
di!erent spin states denoted by �	,
�"�#,!�.
Therefore the functions G���� and G���� depend on
corresponding `ordinarya wave vector transfers
q���"p��#p�� , while the functions G���� and G����
depend on the `anomalousa ones: q� ���"p��!p�� .
Substitution Eqs. (15)}(21) into Eqs. (4) and (2)

yields a general equation for the scattering cross
sections [15], whose diagonal elements are written
in the form similar to Eqs. (5)}(9):

d���

d�
��

"

d���

d�
��

"0, (22)

d���

d�
��

"�F
�
!iF

�
��, (23)

d���

d�
��

"�F
�
#iF

�
��, (24)

d������

d�
��

"

d������

d�
� �

"�F
���

��, (25)

d������

d�
��

"

d������

d�
��

"�F
���

��. (26)

From these equations it follows that, if at polariza-
tion along the "eld (see, Fig. 2a) o!-specular scat-
tering is not detected in non-spin-#ip channel, but
is found in spin-#ip channels (see Figs. 2b,c), then
one still needs to accomplish a set of additional
measurements in order to obtain all possible in-
formation on the source of scattering. This set must
include the experiment, with the polarization per-
pendicular to the mean magnetization. Indeed, the
amplitudes F

���
"�F

���
�exp(i�

���
) are complex

functions and the model is characterized by two
absolute values �F

���
� and by two phases �

���
.

According to general principles, both of the phases
cannot be determined, but the phase shift (�

�
!�

�
)

can be found. However, this is impossible to do
using only Eqs. (22)}(24), and one needs to employ
one of Eqs. (25) and (26).
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Fig. 2. Intensity distribution of (a}c) specular re#ection (non-spin-#ip) and o!-specular scattering (spin-#ip) for polarization along the
"eld; (d) non-spin-#ip re#ection and scattering polarization perpendicular to the "eld, calculated for the model in Fig. 1.

All the other (nondiagonal) components of the
scattering cross section supermatrix (d�/d�)���� do
not contain new information on the domain model
under consideration. If either P

�
, or/and P

�
is di-

rected perpendicular to the "eld, i.e. ��,��"�x, z�,
then

d���
d�

��

"

d���
d�

��

"�F
�
#F

�
��/2, (27)

d���
d�

��

"
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��
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�
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�
��/2. (28)
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d���
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��

"

d���
d�

� �

"

d���
d�

��

"�F
�
#iF

�
��/2, (29)

d���
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�

"

d���
d�

��

"

d���
d�

��

"

d���
d�

��

"�F
�
!iF

�
��/2. (30)

Some examples of the numerical results simula-
ting the experimental observations in Ref. [6] are

depicted in Figs. 2a}c, where the intensity distribu-
tion is plotted as a function of the incident angle
�
	
and the angle of scattering �

�
(p���

�
"2�/ and  is

the neutron wave length). In those experiments, no
o!-specular scattering was detected at the incoming
and outgoing polarizations directed along with
(similar Fig. 2a), or opposite (not shown) to the
"eld. On the contrary, spin-#ip re#ectivities
R��

�����
"0, while o!-specular scattering is

rather strong, and the intensity distribution in
Figs. 2b,c reveal a number of remarkable features.
Thus, one can clearly see two antiferromagnetic
Bragg sheets along which (p�



#p�

�
)d+�,3�, and

a set of low intensity sheets running parallel to
the Bragg ones. The distance between them is deter-
mined by the total thickness of the system.
The other prominent property of Figs. 2b,c is

that the intensity distribution is quite asymmetric.
This is due to the asymmetry in the spin-#ip scat-
tering amplitude F

�
with respect to interchange of

the incident and outgoing wave numbers. It is im-
portant to remind that in BA, the amplitudes are
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real functions of the wave vector transfer. This,
however, does not hold for DWBA, which takes
into account the fact that the refraction e!ect for
the incoming wave (positive spin projection) is
higher than that for the scattered one, if its spin
projection onto the "eld direction is negative. The
e!ect is mostly pronounced close to the total re#ec-
tion, while at higher wave vector transfer the sym-
metry is almost completely restored. The results is
Fig. 2c are complementary to those in Fig. 2b and
show, that interchange P�

�
with P�

�
is equivalent

with interchange p
�
with p

�
, as follows from the

reciprocity principle.
The other e!ect of DWBA seen in Figs. 2b,c is

manifested by a short `anomalousa Bragg sheet
running perpendicular to the `ordinarya ones, and
positioned at (p�

�
!p�

�
)d+�. It arises due to the

scattering of the waves re#ected from the interfaces.
It has appreciable intensity only in the range of
strong re#ection and is seen in Fig. 2b only at low
angles of exit. The other process, i.e. re#ection of
the waves scattered from domains, is rather weak.
At low angles of exit, one can also see some modu-
lation of the intensity which is due to the inter-
ference of the fringes running parallel to the
`ordinarya and `anomalousa Bragg sheets.
The intensity distribution in Fig. 2d is, in con-

trast to that in Figs. 2b,c is rather symmetrical and
contains both specular and o!-specular compo-
nents. However, di!use scattering at the position of
specular re#ection is heavily suppressed and does
not interfere with the re#ection process. Indeed,
from Eq. (26) and (17) it follows that in this case
non-spin-#ip di!use scattering cross section is due
to the virtual transitions between two spin states.
However at p�

�
"p�

�
these processes are absolutely

equivalent, exactly compensate each other, and
F�
�
"0. The o!-specular scattering is concentrated

close to the range of the total re#ection with respect
to the incidence, or scattering, while it becomes
invisible in the range of BA validity.

3. Conclusions

In summary, we have shown, that 3D polariza-
tion analysis is useful to obtain the unique solution
of the model of magnetic arrangements in multi-

layers. In particular, even one experiment with the
polarization perpendicular to the mean magnetiz-
ation carried out in addition to the measurements
with polarization along the magnetization allows
to determine all possible components of the re#ec-
tance and the scattering amplitudes for the model
of antiferromagnetic domains.
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